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" FOREWORD 



Thm increasing contribution of mathematics to the culture of 
the Tnodern world, as well as* its importance as a vital part of 
scientific and humaBlstle education, * has made it essential that 
the mathematics in our schools be^both irell selected and ^ well 
taught * . ^ ^ ; 

With this in mind/ the various mathematical organizations in 
the United States cooperated in the formation of the School 
Mathematics Study Qroup (SMSQ). SMSQ includes college and uni- 
versity mathenratlclans , teachers of mathematics at all levels, 
experts in education, and representatives of science and tech- 
nology, > The general objective of SMSG Is the Improvement of the 
teaching of mathematics In the schools of this country* Thm ' 
National Science Pdundatloh has provided. substantial fwids for 
the support of this endeavor. 

One of the prerequisites for the improvement of the teaching 
of .mathematics In our sehools is an improved currioulum--one 
which takes account of the increasing use of mathematics in* 
science and terffn^qlogy and in other areas of knowledge and at the 
same time one whl^ reflects rectnt advances in mathematics lt= 
self* One of the first projects undertaken by SMSG was to enlist 
a group of outstanding mathematicians and mathematics teachers to 
prepare^ a series of textbooks ^whlch would illustrate 'Buch an Im- 
proved curriculum. • 

l^e professional mathematicians in SMSG believe that the 
mathematics presented in this -text is valuable for all well- 
educated citizens in our society to know ^and that it is Important 
for the precollege student to learn in preparation for advanced^ 
work In the field* At the same time, teachers in SMSG believe 
that it is presented in such a form that it can be readily graspe 
by students * ^ , 

Inmost Instances the material ^111 have a familiar notej 
but the preBentation* and the point of view will be different . 
Some material Will be^^entlrely new. to 'the traditional curriculum. 
This is as it should be, for mathematles is a living and an ever- 
growing subject, and not a dead and frozen prod^uct of antiquity* 
This healthy fusion of the old and the new should lead stu'dents 
to a better understanding oi' the ijaslc aoncepts and structure of 
mathematics and provide a firmer foundation fdr_understandl 
use of -mathemBtics in a . sdlehtif 16' soe lety . ^ 

It Is not J=ntended t^at this- book be regarded as the only 
definitive way of\ present 1 ng' good mathematics^ to Htudents at' this 
level. ^ Instead, it should be thought ot^ as a sample of the kind 
of Improved curricul'um that v/e need and as a source of suggestlonE 
for' the aulhors of .Gommeralal texttooks , It Is sincerely hoped 
that t^ese texts v;ill lead the v/ay tov;ard Inoplring a more meari^ 
Ingful teaching of Matnemj-i tic s , the Queen and Servant of the 
Scirtices . ' ' . 
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PREPARE 

To The Student : * 

J-Iave you ever thought of mathematics^ some- 
thing that you could read? Or has mat hematics ^ 
always meant only problems for you to work? HarV 
Is a textbook which' is written for you to read* 
It is not Just a list of prohleras, 

Reading mathematics is not the same as read- 
ing a story. You v/ill find that you may hatre^ to , 
read a paragraph several times before the meaning 
becomes clear. Sometimes you will find it neces- 
sary to use paper dnd pencil to v/ork Staples, 
QccaBlonally you v/ill need to ask for help* 

Careful reading of this textbook will help 
you understand some" of the Important ideas of 
mathematicB. You will need to understand these 
ideas in order to.v/ork the problems. 

You have a n&n and enriching experience 
ahead of you. Make the most of it. 



Chapter 1 
SETS AND Tm ^W^BER LINE 



1*1. Sets . 

This mathamatlce book la going to, begin in a strange way! 
We will start by thinking and talking about colleetlons of 
objects. The idea of a collection or group of things. Is a 
familiar one. We are using this idea when we speak of 

a herd qf cattle^ 
a floc k of geese, 
a crowd ot people, 
a swarm of bees, 

a bunch of bananas , 
Can you give some more examples?^ ^ ^ ! - 

A carpenter uses a set of tools; 

A golfer plays with a set, of clubs; 

A waiter drops a se^ of dishesj ^ j 

|/Th€re are other ways of talking and thinking about ^ " ^ 
eollections . Take the things in your pocket. You oauld 
describe this collection by making a list, such as 

[pencllj dimej penny, handkerchief, gum). 

As a further example, conalder the names of all the cars in a 
.certain parking lot 

(Ford, Chevrolet, Plymouth, Buick, Valiant, Lark), 
or simply a collection of numbers 

} ^ [1, 2, ^3. 5)^ . ^ 

As we have said, the notion of a collection or set Is a 
familiar one = It^ may come ae a surprise to^ you tp discover that 
this simple idea is going to be a big help to you in the study 
and understanding of mathematics/ To make things easy, we will 
use one word in place of all the othe^^ like herd, flock, crowd, 

or bunch. .This word is set. ^ 
% — ^ 

The various sets mentioned above contained such thlngp as 
insects, animal cars, people, o^r numbers, As a general rule 
we will call the objects in any given set "element^." In the 
mixed'-up set oft, things ^In- your pocket the pencil 1& an "element. 
So is the dime and each of the othe'r articles. 



We need somt definite way of showing that we .ar^^esariblng 
set0. If the "elements" can be listed, we will write the list 
and enclose it within these marks ( ), Garlled braces. It wlll^\ 
then be elear that when we read such things as ^ ' 

{2, 6, 8, 10) ' 

or * ' [Gallfornla, Oo^^adOj Gonnea^cut) 

or {2, 3> 5, T. a),, 

we are. talklr^ about seti 



* I Cheek Your Reading i 

1, What are som^ other words for'^the word "set"? ^ 

2. WhAt do wa mean by 'Lelement of a set"? 

Problem Set l^la 

1 . List the elements of the set of whole numbere greater than 
1 and less than 50 that gnd in \ 

(a) 9 i 

(b) 3 ' . ^ • ' r 
(o) 0 , ' ^ 

2, In problem 1, which set has the least number of eiements?/ 
3* (a) Llat the elements pf the set of letters of ,the alpha= 

bet from d to j, including d and J, 
• (b) List the set of vowels dn the name "Rhode Island." 

- (c) List the .set of. letters that occur more than onee In 

^ "Mississippi." _ ^Vi^ 

List the elementa of the set of all comm^ fractions with 
dendminators 2") 3 , or 5 that are between (means "not 
including") ^ 

(a) 0 and 1 , ^ 

(b) 1 and 2, X ' _ \ 

( c ) 2 and 3 . • 



V 



Problem Set 1-la 
(oontlnued) 



List the eiements^ of the set of all the states whose names 
begirr with • * " ^ 



(a) 
(b) 
(c) 
(d) 



the letter C, 
the l^t^ter N/ 
the letter H, 
the letter B. 



th 



Tfils question comes up, "To describe a set Is^ 1% always 
neceisa'ry to nrike a list?" Think it over* Suppose the- set you ' 
were working with was the set of all people living In your 
town— or the set of all numbers from 1 to 1000. In both, case*8 " 
making lists would be too much work and probably not worth" It , 

To get around such' 4iiT iculties we will agree that sets may 
also be indicated by givi^ng a verbal description of the elements 
To show two methods clearly^ %e will begin with cases where both 
methods can be used^. Check the following examples' carefully . ' 
See If you think the two methods Indicate the same set . * . 

List: ' l2, _ ^ 6, - 8, ■ 10] 

' ' Verbal description : all even numbers between 1 and 11 



Ve rb a 1 d e s c r 1 p t To n ~i ' 



(California, Colorado j Connecticut) 
all stages In tre 'TJ ."SV "AT, whoB^'^^^ ^ 
names begin 'with C 



Why have two ways? As we said before , there are times when 
onejoi' the ways may be imposslble-^=or neSnl^ so . Here are 
examples . ^ * ^ 



Ve rbal 


descript ion i 


^the set ,of ^all typss of 


insects 


List: 


(This is.pos 


sible, but very difficult 


.) - 




Verbal 


description : 


the set of all odd numbe 


fr> 


List: ^ 


(You could s 


tart this list, but don't 


t ry to 




f^lnish it \ ) 
























•1 















* .. In some cases there is a way to list a set even though the 
»um'oer of elements is very large. .Suppose we want the set' of 
all odd numbers. We begin by luting the first few-elements in 
the set as {!.» 3* 5* 7* Then to show that we want to inolude, 
all'tHe other odd numbers, we write the complete set as 

^ • . ^ n ,. 3. 5, 7, . . ■ , J , 

11^ Vie want -to shovf that the' set: . enda at some definite place 
we could write * ^= ^ 




^ ' \ 

'Here the verbal d|scripti©n is, "The set ol7^ all odd numbers up 

' -to 25 including 25 

Another example might be ' ' ' 

10, 1:^, 20. . . 50) . 

Can you describe this set in words? 

^ We m u s t b e v e r y a a re f u 1 ^ i; o s e e t ha t t h e elements o r n u m b e r s 
which we do^ write show clearly what we mean. It would be very 
.confusing tq see somephlng like ^' 

('I . 1 1 , 20^ , , , ] 

since^. there v;ould ^^ue no way ol' telling what the rest of' the 
numbers are supposed to t--e . 

Two very important sets can be described clearly in this 
nvay , One oV these is the set \ ^ 

" \ ^ {i; 3. . . J . ' 

Wecallthissetthesetofall ■ 

aoimbirii^ numt)ez"^s , ^ ^ 

i i ■ w e I a k e t h e n t o t ' nil a o u n t I n g n u ni t ) e r r a n H i n c 1 u d e with 
thin SOL the nunu^er 0 , we tain the set; 



This new set we call the set of all ' ^ 

whole numbers , 

For convenience we can use a Gapltal letter as a name for 
any particular set in which we may be interested. For example, 

. N - (1, 2, 3, ^1, ^ ^ J, 

Is a way of saying that^we are using N as a name for the set of 
all counting numbers, v/hen we write 

B - [ 1 , 2 , 3 ) . ' 

we are giving the aec of numbers 1, 2, and 3 the name B. 

Let us now consider the set of all whole numbf rs , We can 
call the net V/, That, is, let 

W - (0, 1 , 2, 3, ^ ^ j ^ 

Now suppose v/e foriF a new set . Lfet the elementB in this 
new set be the numbers v/hlch we would get if we multiplied each 
^element In the set V/ by the number 3 . Since 3 x 0 _^ 0, 3x1^ 
5 X 2 ^ 6, etc.j our new set, which we can call' T.^ would look 
like this I ^ 

T = [0, 3. 6, 9, 12. . ^ ■ ] 

This newly formed set we call ' ' 

the set of all multiples o_f 3^. 

— ' — - — — — " 

Thus ^ F = [0, 5. 10, 15. ^ ^ J 

is the set o f a 1 1 '*tt\u 1 r. 1 p 1 e s o f , 

The set *oi- all rnultlples ot 2 , " i 

E-[0,2, U,b, ..J, 
we cail the set. of all even numbers, 

By adding 1 to Gach element In the set K we get the set of odd 
numbers ^ \ 



1 , 



.■ . ..... I 

In each or the above examples Uhree dots have 'been uSed to 
replaae the missing element:.,s , Thi^s is the usual procedure and 
does not imply that exactly three elements of the, set have been 
left out . ' ' ■ ' 

"^You may also have noticed that the description or sbt T 
above nnclg^^s 5 actual-^ numerals while set has only ^\ There 
Is no general rule for this, We usually include enough elements 
to make completely clear what the others ane supposed to be. 



/ Check Your Reading 

'1 . Tell" two ways oV descrlbin^..^ set,' 
2 , What the meaning ot' tHiree dots ( . .) in a set 

deBcription? _ 
5. Describe the set "'N or counting numbers, ■ 
4, Describe the set W oi' v/hole numbers. *^ How does it differ 

frojn the set N? 

5> W>"iat is a multiple of a numuer? De sari be the. multiples of ,5 < 

Descrioe the set of even numbers, 
7. How can we get the set of odd numbers from the set ^of evjrn 

numbers? • ^ ' 



ProDlem Set 1-lb 

1, Describe each of the' follov/ing sets by means = c^f a list, 

(a) All counting numbers up to,, and Including 12 

( b ) .All whol e n urn pe r s u p t o and including 10 

(c) All -whole numbers %reater than 10 

(d) All multiples of 7 which are less than 50 

(e) All multiples oi' 3 which are less than 30 

(f ) All even numbers less than 14 

(g) --^ All even numoers greater than 14 ^ 
( h ) All o d d n 1 -I m b e r s g r e a t e r t: \\ a n 1 0 
( i ) All odd numoers fess than 40 
(J) All common fractions with denominator 7 

less than 1 and greater than 0. 



with 




1 3 



2. Qlve verbal descriptions for the following sets 



(a) 


A — 


f A o li A 1 s 
10, 2, ^, oJ 






B H 


1 1 1 3 , 5 ? r . . 


. 1 


\^ ) 


n ' — 


iO, .D, Id y XO y ■ , 


. • J 




D ^ 


^ 1 , e , J , , ., 


. j 


(e) 


E 


, 8, 12 , . 


J 


Iri 


F - 


[12, 15. lit, . . 


j 


(g) 


G - 


[23, 25, 27, . . 


.} 


(h) 


A' 


il, 3, 5,'"'. . 


171 


(i) 


I - 


[0, 6, ,12j . . , 


66] 


(J) 


j' = 


[28, 30, 32, . . 


98] 


(k) 


K = 


(September, April 


, June 



Noveuiber] 

Form a aet by dividing each element in the set of even 

^ numbers by 2. / What is the najne of the set which you ^obtain 
/ 

in this way? 



Suppose we are given two setSj A and B, If every element of 
the set B is also an element of the set we say that 

the set B is a s u b s e t of the set A . 

To obtain a clear idea of the meaning of subset let us look at 
the two sets ' . , 

A. - [2, 4, 5, a. 10}, 

and f. 

. B - [2, 4, 6, 8). ' ' 

It should%be Glear that every element in the sef B is also an 
element in the set A, In other words we cannot find an element 
of which is not an ^Glemant of A. The set B therel'ore is a 
subset of^ the -set A. * ' 

Now. consider the set consisting of all men v^ho have b^en 
president of the United St,ates . Call this the set P. Let 

Q - (Washington, Lincoln, Eisenhowei" ) . 

Is every element of the set Q an element of the set P also? Do 
you see that: the set Q is a subset " of the set P? 



1-1 ' 

Again Ifit us take the following two sets. Let G , be the set 

of ^11 counting numbers rrom 1 to 20 inclusive, (The v/ard 

vlnclusive means that both 1 and 20 are inc3luded in the set.,-:) 
Thut . ^ ' .. . . ' 

.C - [1, 2, 3, , , 20} . 

Then' let D - {9, 6/7, 8, 9, 10). 

Would you .say -that D is a subset oi C? Remember "that the 
three . dots,- in trie set C indicate that some of the elements of '| 
C a re n o t 1 i 3 n e d . By t h i time it should also b e clear t ha t the set 
C is not ^ a nubset of ^the set D, since there are elements in C. 
v/nlch are not: in D... The element 20 is one of these, so is IS'* 
Can you -rind others? ' ' . ' , 

Now comes an ' interesting question. Can we say that any set 
^ subset of itself? Look carefully at^ the statement about 
the v/ord suLsei . It. nays that. B is a subset of A when every 
element of 5 is also an element oi' A. - 

^Consider any set, for example the set " 

; ' A - [1,' 2, 0, 7, 8) , 

Now ask, "Are eacn of" the elements 1, 2, 5* 8 also in the 
same s.et A?'' Is there any element in A which is not in A? 
Th s 0 q u e 3 1 _: ion s m a y s o u n d foolish , ^b u t the obvious answers give 
un the fol lov/ing rule: , ' 

Every set is a surset of itself, ! 

Chec k Your I\eading . 

1. V/hat is one subset oi' the set oi'^all Presidents of the U. S.? 

2, ilow ran we tell it a set is a suDset oi' another set? 

I.{ a set a, subset of itselt^? V/hy^ ^ 4 ^ 

f'ro;..lem Get i=lc 



1. Given the set A [ 1 , 2 , , ^ ^^ . . .,25). Which of the 
I'ollovrlng nets are nubsets ^f A? Give a reapon for those 
wnlrh you deadde are not GULsets 01^ A , 

fne s^: t of al J rountlnp" numbers i.a^om 1 to 10. 

.1 ■ f 



30 J 



if 



Problem Sot 1-la * ' ^ ' 

(contlntied ) 
D - [1, 2, 3,/^^, . - .,,&^] ' / 
El ^The set o.i all even numuers Letween 1 and 2'j ^ 
F: The set oi' all multiples oi' 3 which are less than ^5 . 
0=[1.3>D, 7,..J 
Hi- [1] " ^ . ' ^ 

Let, S - [1, 2, 3. / 

Form .9^ nev/ set T by multiplying each element in S by ltself\, 
V:e call tnlvB set T the set o^ij all squai'^es of elements In the 
set S , 

Now "make' a list for a s^t R v/here R is the set of\ all 
el^ents which "are in S and in T. (This means that for an 
elemenL: to ue- in R, It is necessary i^or It to be in S and 
also in T.) Then answer the rollov/ing questions. 
^{a)ls2anelnmentorR? 
(d) Is R a subset or TV ,1V you:^ answer is "No," give a 
reaso'n , ^ 

(g) Is R a subset ob S? lb your answer is "No," give a 
reason , 

(d) Is T a subset ot^ S? If your answer is "No," give a 
reason , 

Make a list I'or a new set K w^here K has fll the numbers in 
it which are either Ir^ S £r in T from pr^'oblem 2, In other 
words, if a flumber Is in S, put It in the new set K, If a 
n urn b e r L s i n T , p u t that in K al s o , ( Vie n ever 1<] o 1 u d e t he 
same element more than once in a set. For example, K 
s h Qul d have o n I y one --^ in 1 1 . ) Now a n s we r t h e f o 1 1 o v; i n g 
questions about tne sets S, R, and K: 

(a) Which of the sets S, t, R, and K are subsets oi"- K": 

(b) VJhich Ob tne sets T. R, and K are subsets of 
(g) Wnich of tnese sets l^as ^the most elements in it? ^ \^ 
(d) V/hich of th^^se sets has..:^th^ fewest elements in it? 

( a ) If we a d d a n y t v; o o ad n n m h era, will their s u m be a n 
odd number ? Give the reason for youn answer, 

(b) If we multiply any two odd.numoers, will their ^ product 
ne an odd number'"' Give tne reason for yourjanswer , 
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5, Consider the set T - [1, 2, 3i , It we select any element 
of this set and add to it any element of the set (inolutllng 
the same element),, what is the se:: S of all possltle sums? 
fs S a 'suDset of T'? Why'? 

6. Co^nslder the set Q ^ [0, l]. Choose any element of Q and 
multiply it by any\alement oi' Q Including the same element. 
What is the set P of hll possible products? Is P a subset 
of Ql^ / . . 

T. Consider the set R - fO, 1, 2). Find the set S of all pos^ 
slL.le sums^ and the ?et p of vill posslLle products of pairs 
cBi" -eleiTients -Dl" R (including an element and "Itself) as we did 
if) proulems o ^nn ot Is a a suuHet of R'^' Is P a subset of 

8 . * II' the sat r e s u 1 td ng f rom a n op e a 1 1 o n s u c h as t h e addition 
or multiplication of pairs as we did' in problems 5, 6, and 
7 is\a subset of the original , set , then we say the set is/ 
''closed under that operation," ■ 

' (a) Ls set T of protaem o ''closed under addition"? ^ ^ 

(b) Is sat 3, of problem 6 "closed under multiplication"? 
under addition"? - ' 

(c) Is set R 01' proulem 7 "closed under addition"? ^<jnder 
murtipliaation" 7 

(d) Is tne set N of all countlhg numcers "closed under 
addition"'^' "under^ multiplication"? 



He r e i s . a n o t a& r q u e s 1 1 o n . p u p p o s e v/e w e r to describe a 
few s e t s b y using A::^-"" ^ ^ 0 1 1 □ w 1 n g / w 6 r d s : \ ^ 

Le t S b e the s e t of all counting n um b e r s ijhk. c h a re less 
, than 5 and at the^same time l^^^er than 6./ 

Let D be the set ot' all*^omen v/ho have been President of 
the United States . % 

^ Let G be tne net oi' all giraffes who own sports cars. 

Let H be the set of all even numbers which are elements of 
the set [1 , 3 , 5 , 7 ] . 

Notice that we hav^ used the v/ords set in talking about S, 0* 
and B. -Tne question, "Ar^e they really sets?" 



\ 



10 

1 J 
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Two thoughts might to you, The ulr'sn Lhey 

are/ not sets at all becaijse they do not have any el'^'^^ieo^'i^'s The 
second idea is "that they , are seiB because they nRVt-- \_'t^Bf^ .'iesc rl Ded . 

Wlflch is right? To! settle the argumeni. we wllj, ag^^^ that.- 
each of these is to ue called. a seu . Vie" snail p !. ve - 1 ]i 1 r \yp^yo f X' 
set a special name. We call It , ' 

tht f 1 u 1 ]. set 
or ■ . ^ * the ^ empLy sei 



To ajjbreviate, we use the s^nnbol 0 tq reppesent this 





. - /^Wkrningl ^Uie set Z [0]^ is* not\the^^same as 

the null set. It is not empty. It contaips i 
one element; tne element the whole numuer 0.^^ 

There Is one special thing about" tne set ^ which is ImpQr- 
tant to rememDer, It is 'a su bset ot every set, Why^ is this - 
true? An example will hj^lp us understand .this Idea, Let A be \ 
any set. For example suppose A ^ [1, 2, 3, Now eofislder 

ttxB set 0. Can we tind an element or 0 which is not in A? 
Since 0 does not, have any elemenLs, the afrjswer Is^no. Thus p is 
a 3 u b s e t of A . Do y o u see t r \ a t t h 1 s w o u 1 d a 1 s o d e t i^u e no 
matter what set is chosen in place oV A? 



> 



' Gheck ^- Your Read! ng 

1. V/hat do we call a setiwhlch contains no elements';^ 
2 , Wli a t s ym n o 1 d o w^e u s e t o re p r e s e n t t he empty a e t 

Protlem Zet 1=1 d 



1 Which of the tollowing sets would- you call ty the name p? 

(a) A: The set oi' a!l 1 plements whlcn are in roth the set 
; "^l ^nd the s6^., F -.fl, 2, 
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(b) The set of all elements which are In both^ the set 

0^ [2, 5, 7, 9} and the set H- (3, ^) 8) , , | 

(o) The BBt of all whole numbers which a^e in the set ^ 

'(d) The set of all whole'yiumbers which are =in both the set 
Co, 3. 5) and the set [0, 2, 4, 6] 

(e) The se,t of all whole numbers whicl^.are greater than. 6 
and less than 7 

(f) The set of all whole .numbers which are less than one. 
ir you were asked to de'lcribe all the sets which are subsets 
of the sat A ^ [1, 2}, the aorJ^^t" answer would be: 

A has '-t^^e four subsets! i ^ 

^ flpemember -the null set is a subset of every set) 

"Now^descrlbe all Subsets of the set 

^ ■ X ^ ' _ 

^ [1, 2, 5). How many are there? 

set 



*_3 . you are reallyi Drave , try describing all subsets for the 



C s [1 , 2, 5, 4], How many are there? 

Can you suggest a short-cut for counting the number of 
subsets of a givkn set? ^-^^^ 



i 

1=2. The Number Line , 

In your study of 'arithmetic you began by uslp^-the numbers . 
to count. You" also eworked with rulers and scales * which can "be ' 
thought of as lines 'with certain points marked on them. We will 
now make a connection, or association/ between numbers and points 
on a line , 

First we draw a line. 



12 n- 
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Then we chooseitwo separate points' on the l^ne and^ mark th# one 



F 

on the left with a 0 and the one on the right withA 1 



— — I I ' — r 

/ - 0 1 , . 

Using the dla^atice between these two points as a measiire, mark 
off other points to the right of 1 all . the game distance aparf . 



. ■ I — - f I i- h . 

0 1.. ■ V 

We think of this fprocesl' as continuing without end even though/** 
we cannot show the process beyond ^ the edge of the page. An "ejtc 
at the right of each line indicates this endless proceis . Noy^ \ 
label the points to the rights oT -1 marking each point in ^ , v 

succession v/lth the next whole number. 

-H— f e t c . 



0, ' 1 



We call each numb'er the successor oi' the one on its left , Thus 
3 is th'e euGGessor of 2 , \S is the successor of 7, 51 is the 
successor of 50, and so forth. Wiiat is tfd successor of 105? 
of 100^000,005? It is easy to see that the succ^essor of any 
whole number can be found by adding 1 . 

You can always add 1 to any number i So every whole number 
has a suGcessor , Therefore, there cannot be a largest whole^ ^ 
numben. i 

^/myat about the set of all whole numbers? If one tried to ' 
' count the elements in this set ^ the counting could not possibly 
come to an end * 

if, 0 n t he o t her n an d , t he el eme n t s" "in any given set c an be 
counted with the counting coming to an end or if the set is the 
null set, we aall it a i^inite set. If not, as in the case of the 
set of all whole numi^ers, we call it an 

/ ' infinite 3_et , 

We say th^^t such a set has infinitely many elements . 

It is very Important nou to confuse the idea of an infinite 
set with the idea of n very large net. ga^^^ example , the set of 



1^. 



ail tuun':lfu: :i:.rru ^-r;:; ' LcLweeri 1 and ten l 11 lion is not inf iri^e . 
^ VJhai: v;ouM you :-i;/_^nhout Ihe sei or all grains of salt in 
a ::arrel? 

1:. mjj^nr. nuliii'wi l-c tnink oi" our mothoci or listing sets 
n3 - me'inr:; of d : n - 1 np'; ! £:r: 1 ri)-^ Inrinltf? Bets iTorfi those which ^p^"^'' 
noz . Tri dP3ur:L Ln^i: an Intln.iwt^ £et: one v/ould pfiioe the .dots on 
tne nlgn: . ^ 



It a ne-: wore rij^)-. I r; t i a I '.e, lao tlrvjl numbeT would be wpltteJi at 
trie r:.gai- . Tn a: , : av sol, o all counting numbers from V to x 
1000 lnatu^:lve v:oula wrtllor- 

To roturri 'o '-.a' ; no , v;e must understand that ^wery whole 
numcer^'Ls nov; at:^ : -i^.r -^ w : v.a :i poln^ on the- extended linej Also, 
evory no ! rr.. t aai. va_ aa^a: loc.itfv,i so i^ar on this line 4s matched 
witn a whole * n'j:Ta..or* . /': matoalng of points ^nd^umbers like\his 



etc, 



t t t / a 1 1 t 

0 i 2 3 4 5 6 ^ /T 

f! 

it3^ an example oi what we call a Gorrespondence . The ^matGhing of 
the ele^rTcm^ o:' one set v/lth the elements of another set is a 
cora^espondench ot tne tv;o seta , 

We snalo/cali i i : no on whicp^^^ixol nts are labeled with num— 
D e r s a number 1 .Ine^ , Or i a n u m e 1 1 n e t h e n u m u e r associated with 
the point is ^jailed uat ^o^grd 1 nate of the point. 

Cneck Yoi^r rieaainR 

] , Desurl-n- i nuiru -vr How i s 1 t 1 at.o 1 ed 

2. V/hBt in the suGoesDau"' of a wnole num^^eta' ^ 
5^ Hov/ many v;ao[e ;u.jmLera; ^ir-e thei'e^^ 
. V/han i s an iar^ ^ nl :av net 

\ 
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' Cheolc Your Reading 
(continued) 

V/hat Is a finite set? 

Vifriat^-do we mean by 'a co^respondenQe uetv/een a set of points 

and a set of numbers? ^^^^ 
4 



' ^ ' FroLlem Set 

Describe the set S of suGcessors of the elements of~=&at 
P - (0, 5. 10. . ^r^^^^^ - ' 

ClasQlfy the foyirv/ing seta (finite* or infinite): 
iail odd numbet-s betV^^en 0. and lOO. 
^All whole' numbers. 

,The squares of all counting numbers. 
All citizens of the United -States , 
All counting riumbers less than one billion. 
All counting numDei'^s greater than'o^ne ^ftllon. 




Starting with the line on which certain points are labeled 
with whole numbers, we can label other points by dividing the 
distance between the points into halveSj thirds, fourths, etc. 



etc. 



0 



0 

\0 



2 

4 

a 



0 
3 



H 


1 








■c 


I 

) - ( 


f' 1 




— ^ 


3 









H 

c 


) 1 





1 k 

4 ^ 



-hetc. 



7_ 
2 

etc. 




h etc. 



» } 



We should think this priOGess oi^ dividing our line into ^ 
smaller and smaller pieces as continuing wiihout end. The 
bel'^^; the diagram indlcktes an endless process , Now put all the 
points togetii^r on "one l^ie and we have a labeling' like this 

* 

' — 1 h-l i I 1 '"f I ' 1^ I I I I I J I i 1 Mi etc, 

0 2 13 " 4 5, 7 

£ 
3 



/ 
1^ 



I i If fill If'^V^, 

etc . . . ^ "^"^ ^ 



of poij^s corresponding to a set o^^ numbers . This line is 
another example pV a n urn per 1 ine . 

kt this timW let us review what if nfeant b-r a "rraction," 
Notice h a t the go o r d i n a t e of t h e p o :. n t on the number 1 in e wb; i c h 
corresponds . t:o 2 has many naaiesr ' ^ . '.^^ ^ 

' ^ . f r 

Each oi" these is a t'rac t ion , and each is a different name for 
the s am e n u m b e r , The n i ] m b e r 3 o a n also be represented by 
fractions: 



Some .tract lonal form^ o.t v/ould be 



10 ^ 



In general, v/e cnali mean ty a t'l^acuion a name or symtol 
which represents tne quotierit or two numbe rs . ^^-fi^ember that 
"quotient" is the v;ord used to aescrlr.e tne resuldsoi' a division 
ol one numDer d;/ another. I'riu:- '.hr: ti'acti.on rr stands for 
numuer H divided r.;/ tne nLmi;.--:' . . In a i. i. cases the number on the 



<ijO" 
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A 

bottom, often called the denominator^ is^the number v/e are 
dividing jtey/ % . ■ 

■ A number which we can write as a fraction where this fraction 
shows the quotient of two whole numbers is call^f a rational 
number . DiviJ-StXDji by zero ^ is"-' Sot Included. ^ 

1 2 1 
^ \ ' 0, 2, .2|, 

are examples of* rational numbers since 

.0 may be written as ^» ^ 

^ ' . 'd may oe written as =, 

^ ' ^ ■ &i may be written as and 

may be written as ~. 

2 

How would you write 3 7, 2^, and aa quotleni.s of whole 

numbers? ^ 

The numbers which, -can be written In the way described above ^ 
do not make up the complete set^ of rational numbers. The^'e are 
Others which we shall meet later,. We \^ill find these when we 
study numbers which correspond to points to the left of 0 on our 
number -line , 

Prom these ideas we can see that the set of whole numbers is 
^ subset of the set of rational numbers, A whole number is a 

rational number. A rational-^ number is not necessarily a whole 

2 ' ^ ■ 

number*, For exampiG, ^ Is a rational number, but not a v/hole 

number . 

Suppose we are 'given any rational numbe.r of the type we have 
been talking about. By our .-description v;e can represent this as 
the quotient of two whole numbers. As illustrated above, we can 
loaate the point- on the number line which cor^responds to this 
quotient. For an e x a m p 1 e t a k e t ■ n e r a t j o n a 1 n u m b e r 2^ . A s a 
.quotient oV t^K whole numbers, we wi'lte this 

, u ■ / ; • 

i 
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On the numbfir ]^n« tJie pofllt ean be located as followi'i 



4 



2 

4 



T3 

4 4 



A big question Is oomlng up, When we get the answer we 

shall havtv^^sooyered a very important mathematical f^ct. The 

question ean be stated^as foljlowsi ^ 

^- , f . • f . • 

■''"If we are given two rational numbers , can 

>m.?alwayB find ^ third rationa]^ number ■ 

' between the two given ones?" - . - 



By means of an example we shall learn a* general method for 
finding such a number. Suppose we start v^ith the two numbers 



i and I 



IS there a rational number- ^#tween t'hesa two? . Let us write each 
of these numbers in a different way.' wp See that ^ has the names 



etc* 



and ^ has the nMes 



3 4 16 



ifsing the najne for i and^ ^^v it is now easy to see 



that there Is a number between 



5 



One such number is 

Since we have a number, we also have a point on the numb^^'line 

The process for I'lViding the number | ^ ^ ^ 

and locating^^the .point is illus- 0 
trated by" the picture. 




J. 

2 
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NOW that wt have found the new number ^ let ui aik the 
same question about the numbirs and ^* Is, there a rational 
number btt^een ^ and 
Again, ' 

4 . 8 
^ may fee written as ^ 

and ^ IW '"^^ ^® written as ^ . 

Certainly lies between ^ and i| . 

This process of finding a number between numbfrs ean be 
carried out fo^* kny two numbers no matter how elose* Thus we 
pan locate third point between any two points. Here, then, Is 
\a surprising fact , ^ ^ ' , . 

Thtre are not only a great many points between 
J any two glvjen points, but Infinitely many. 

It should now be clear that every rational/number corres- 
ponds to a point on the number line. What about asking the 
question the other way around? Does every point ^on the number 
line to the right of 0 correspond to a rational number? The 
answer to this question may come as a shock. It is, 

NO? 

Later we shall explain this fact to you. 

Meanwhile, we assume that every point to the right of 0 has 
a coordinate. The set of numbers conslatlng of 0 and all numbers 
corresponding to points to the right of 0 Is cailed %he set of 
numbers of arithmetic , In chapters 1 through 5 we shall te 
concerned with this set . 

Check Your Reading 

— — — - ^ ^^^^ 

1 . V^at is the meaning of the word fraction? ^ 

2, Give some exaniples of rational numbers. Is the set of whole 

' numbers a subset of the set of rational numbers? 
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^ CKeQk Your Reading 
(cQntinued) 

How can we find a rational number between the rational num- 

1 1 4 5 . ' 

bers y and ^? Between and ^? , 

it possible to locate a point between any twb polnte on a 
number line?f ^ , 

Doea mvery point on the 'number line have" a coordinate "tha% ie 
f rational number? , ' . 

Problem Set f-^b 

Draw a number line for each of . the following. Label the 
points whose coordinates are. 0 and such a way that there 

will be apace on your paper to label the point whose coor- 
dinate is 5 . Then label the points whose eoordinatei are 
(a) 2,,>v X 5. 



'2' 2' 2^ 

■(c)J:o, .5. ^7, 1.1, l'5^ 1:8, 2.0, 2.7^ 33, ' - 

Circle all points labeled in la^ b and c that have whole ■ 
number ooordinates . . - 

Draw a number line more than 5 inches long -on your^' pap^r* 
Near the left margin mark a point "O"^ 6 Inches from zero 
mark a point "1". Using your ruler mark all ^he. points 
between 0 and 1 which correspond to fractions whose denomi- 
nators are '2, 5 j 4 J 6 J 8, 12 . , " 

(a) What is the largest rationar number you have represented 
on the number line between 0 and 1? Can you suggest 
one larger? WhBt is the smallest? Can you suggest one ' 
smaller^? ^ " 

(b) j What names do you have, for the coordtaate of the point 

r^'^ midway between 0 and 1? . = - ■ . ^ 

/ . 1 ■ 2 ' 

' (c) Name a rational number between ™. and ^2' *5how how you 

could find it without reference to the number line. 

(d ) If yoi^^re to continue the process you ^started j for 

how ^many rational numbers between 0 and 1 would you be 

able to find points on the number line? 



■ Problem l-2b '"""^^ 

' . (oontinued) ■ . . , 

i*. (a) How many r^tibjial nj^bers are there between 2 and J? 
between^ ^gl^^d ^? , ' • 

(b) List two rational nljmbans between 2 and. j.^-^@*^en- ™ 

SOT loo ^; < ^ 

(e) Ti^at Is the -hext rational number aftej" 2? 

5. Write three other jnamef *f or the coordinate of the point ^ 
assooiated with ^ • 4^ 

6, Write six riumtrala which could be. used as namee for the 
coordinate of the point associated with 



7- On the number line we see that some points lie tq the right 
of others J. some to the l6ft of others, some between others. 
How is the/point with Qoardlnate^ 3 3 located with respect t< 
the point with.^iboordinate 2? Compare 3.5 to 2. How is the 
'point with coordinate I.5 located with respect to the point 
with coordinate 2? Compare 1,5 to 2, 
8. Classify the following sets .(finite or infinite): 

'(a) All rational "numbers between 1 and 2 whose numerators 
^ are whole numbers and whose denomiTiators are whole 

numbers jDetween 1 and ^0. 

(b) All rational numbers between 1 and 

(c) All rational numbers between 1 and 2 whose numerators 
^ are' between 1 and 10. . 

if 

, 1 

i 

Let us return to the Idea of a set of numbers and^ Imagine a 
set on the number line. For example, eaQh element ,of the set 

A - (1, |, 3, 5} ^: . 

is a number associated with a point on the number line. We call 
this set of a^isociated points the gfaph of the set A. Let us 
indicate the points of the graph^ by marking them speGially with 
heavy dotsi 



.2 3 4 5 
1 
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mus thm jrafh of a set of* numbers Is the corresponding sa* of 
points on the numbwr line whose coordinates are the numbers., of ' 
tha set, and only those polpts , 

For the second example let B ^ CO, y, 2, ^} * • : The graph IS; '- 
the sef of heavy dots shoKn below i " V * ' _ = - * 

' ^ . . , 77 , . 

^- ^ . 9 ■ » > ' / 

2 3^4 5 

In passthg, yim note that the graphs of the set N of counting 
numbers and the set W of whole huni^ers Br^i 

N; — — ^ — — • — -#^^^^^#.^^ — - etc.: 



etc. 



Prom these graphs we see Immediately that N Is a subsypt of W 



Check Youn Readln£ 



SUDSfl 

:/ 



1 . What do we mean by the graph of a eet A? 

2, How do we Indicate points of a graph on a number line? 



Problem Set 1-2g 



Draw the graphs of the following sets: 

(a) A: ^ The set of all counting numbers less than 5- 

(b) B: The set of" all whole numbers leGs than 10 which are 

Squares of whole numbers , 

(o) C ^ CO. |, |, |,^^3). . 

Given the sets S - [0, 3> ^, 71 and T ^ (0, 2, 4, 6, 8, 10) 
(a) List the set K, the set of all numbers which belong to 

S and to T. List the set M, the set of all -numbers which- 
belong to S ££ to 
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, (b) Draw four number lines, ont btlow the other. On the 
first line show the graph bf the set Si on thp^ seeond 
the graph of T; on the third the graph" of Iti and on 

' (c) V^at way do you see for getting the graphs of K and M 



from the graphs of S and T? * 



Consider the sets A ^ (0, 5* 7, 9) and B J, 8, 10). 
(#;) toaw two nufflber lines, pne below the other, and on 

these llnea put the; graphs /of A and B, 

(bX If set C Is the set of numbers which art elements of 

A and ot. B, wj^at ean you say about set 0 from looking 
*at the graphs of A and B? , 
(a) Wiat is the name of the set G? 



\In this chapter we ^hav^ studied^the f ©allowing Important 
Ideas, terms, and definitions. ^ 

.1 , Braees - Marks used to enclose the list of elements of a 
^ set , ' ' . ' . 

Ooordin&te - The number associated with a- particular point / 
on the number line* 

3. Correspondence - Th^" paiVing of the elements^f one set wlth^ 

the elements of another set , J 

4. Counting number - An element of the set^Cl, £, 3, 4, 5, . , J 
5^; Elements the objects in a sat , > 

6. Ev^n r mbe^ ^ An element of the set^ [0, 2, ^,6, . . j]. 
7* Finite If the elements of a %et can be counted with the 

counting coming to an end or if the set is the null 
, * set / we call It a finite set.^ 

8, Praction - A symbol which repreaents the quotient of two 

numbers . * . 

9* Infinite' set - When the elements of a set can not be counted j 

that is, with the counting coming to an end, the set is 

said to be infinite. The exception to this is the null 

set which is a finite set . . 
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10/^:%Inf Inltely many - An Infinite set has Inflnltely"^ many eiementi 

11, MaliTpla of a nymbar - A number obtained by multiplying an 

element* of the set ^of whop.© numbers by the given number* 

12. Null ee/t - a set wl^ioh has no elements. This la also 

referred to as thfi empty set and is denoted by 0, 
13 • Number line a line whoar points have been labeled wCttt 
numbers / ^ ^ y - ' ' ' \ 



14. Odd number t An element bf tfm set: {1, 3, 5, 7, 9, . . J. 

15. Rational number - A number whlct^ can be represented by a . - 
^ fraction Indlbatlng the qu^ient of two whole numbers,^ 

excluding division by zeroj is called a rational 
number. (Such numbers do not make up the complete set 
ojf rational numbers.) 

16. ^Set - A collection of objects.. 



Sl7 * Subs^^ - If every element of a s^t B is an element of a 
set Aj then sat B is a subset of set A*^ 

18. Successor^ The successor of any whole number is found by 
adding one to the given whole number. 

19'. Whole number v« An element of the set:{Oj l/ 2, 3j 4, 5^ , 



Review Problem Set * 

1. List the set whose elements are the whole numbers which can be 
divided exactly by 3 and are less than 50. 

2. List the set of multiples of 3 which are less' than 50. 

3. if List the set of multiples of 6 which are less than 50, 

4. Is the. set 'of multiples of 3 a subset o& the set of pultlples 
of 6?-- Show why your answer is correct , 

5. Oive'a verbal description of the. seti (10, 12, .14, 16, . - ■ -Xr^ 

6. give a verbal description of the set4 [7, 9* 11, ^ - 59]-. 

7. Describe the set whose elements are numbers greater than 
113 and less than 112. (Remember the explanation in problem 
2 on page 9 J 

8. Ho^ many elements has each of the following sets? 

(a) lihe set of all whole numbers from 10 to 27, inclusive. 

(b) The set of all odd numbers between 0 and 50. 

(c) The set of all multiples of 5, 



(d) ThB sat of a 

(e) The^sat of a 
Siva . 



Review Problam Set 
(continued) 



11 multiple^ of 3 from- 0 to 99, Inoluslve 
11 multiples of 10 from 0 ^^1,000 inolu- 



11 counting numbers . 

11 eounting numbers greater than one 



(f) Thm set of a|] 

(g) The sat of il] 
billion. 

Olven the sets S 4 (5, T, 9) and T - (0, 2, 4/ 6, 8, 10} 

List K, the sat of all numbers belonging to. S and to 



(a) 
•(b) 

< 

(o) 
(d) 



(e) 
(f) 

\ 



Is K al subset .of S? of T? Are S, T, K finite? 



you draw the 



List M, the 
to S or to T 
on page g.) 
Is M finite? 
List R, the 
numbers in M 
a subset? 

List A, the subset of M which' Gontains all the elements 
of H which are multiples of 11 greater than zero-; Did 
you find that A, has no elements? What do we call this 

set?- 

'Are sets A and K the same? lr*not, how do. they differ? 



set of all numbers each of which belongs 
. (Remember the explanation In pro^'CTi 3 
Is M a subset of S? Is T a subset' of M? 

iubset of M which contains ali the odd 
Of wh^eh others of^ our sets is this 



Prom, your experience with thej last few probl 



could 



conclusion that subsets' of finite seta 
arl also finite? ^ i ^ ^ 

Let D be the set of all ratlopal; numbers from 0 to 10, 
: inclusive^ Is D a finite 'set? fls S & subset of D? 

Can you conclude that some infinite sets have finite 
subsets? Do you think all ^finite sets have some 
finite subsets? Is D a subset ^f D? Can an Infinite 
set have an infinite subset? 
On a number IJne indicate with heavy dots the points whose 
coordinates d\re 
(a) |»> ~, 



ji Review Problem Set 

' (Goritlnued)^ 

(b) rational numbers which can be wr^iten as common 

fraotloni with denominator 6^ beginning with and 
ending with • List the set C of numbers wrtleh^are 
coordinatei of points common to both graphs . 
* V^leh' elements of set ^ 6 are whole numbers^? Which are 
counting numbers? Which are rational numbers? 

. ^ , ' 22 

Between whle^h successive whole numbers do^you find ? Is 

po _ - 22 

greater than 3 .1? Does the point with Goord^nate lie 

to the left of the point with coordinate 3 .1? B^'twejen what 

22 

two numbers, expre^fett In tenthe^ does lie?- 
Another name for a counting number is natural nqmber , Every 
flni^set S is related to a finite set or jffStuv^l^ numbers 
in th^ following way*- There cj|n be found'^ correspondenoe 
between the elements of S and the elements df T In which eachJ 
element of S corresponds to exactly one element of T and 
eaph'ilement of T *borr^s^onds to exactly one element of S. 
Suoh'^ a correspondence is called one-to-pae . For exeimple, the 
set of all letters ofVthe English alphabet can be put dVi 
one-to-one correspondence with the set {l| 2, 3, . . .j 26). 
We illustrate one such correspondenci by the pairings: ^ 



a/ b, c, d, . . . , z 



/ 



An^ infinite set^ however^ cannot be put into one-to-one _ 
correspondence with a finite set. Purthermore, an infinite/ 
set (J has the surprising property that a one-^o-one 'corre€- 
pondence can be found between^ Q and a proper subset of Q. 
(A proper subset of ft Is not 0 and is a subset that does not-^' 
contain all the elements ^of Q) . How can the infinite set of 
whole numbers be put into one-to-one correspondence with 
the set of all multiples of 3 (which is a proper subset of 
the set of whole numbers)? % - ■ 
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Chapter 2 

- NUraiRALS, SENTENCES, AND VARIABLES 

Numbers and Their Names . -^^ 
W© nil know people who have iej4ral names," For example, 
John Jones, *Jr, may be called* 

"Junior" at jiome', . 

"Johnny" In the classroom, S ^ u 

■ r "Shorty!' by his btfsketball coach. 

We are also aware that the name arfti the person are not really 
the same thing , at all, : 

r>-You have beft^ reading, writing, thiy^king, and working with 
numbers most of your life. Each number, too, can be given many 
different names. The indicated^sum "6 +;2" *and the indicate^ 
product K 2" both name the same number: the number 8, Each 
of^the^ following Is a name for the number two : 

.? 2^ 3 - Ir II* 1 X 2, 1 + 1^, |, S^^. 
The names of numbers are ealled numeral5\ 

In the above list of^^dlf f erent names fof the number two we call 
,the first one a "common name." Similarly, 

"8" is -a common, name for 6 + 2 
"7"^ Is a common name for 10 - 3 

"3^" Is a common name for 1^ + 2^. 

A problem which occurs very often In arithmeti-^ Is the 
problem of finding a common name for a number which is given In 
another way. For example, 7 x 23 is found by arithmetic to be 
the number l6l. Thus, "ibl" is a common name for 7 x 23. 
"152" is a common name for 72 + 80. - * 

Sometimes we use more complicated iTinds of numerals suchSs 

;the indicated sum "3 + b", 
the indicatedr product "2 x 4", 

^ - ^the indicated difference -'6 - 2", 

" in'* '\ 
the ^ indicated quotient ^ , - ' 



2.1 • . ^ 

Theie ajl called numerical phrii^es > Each of these Involves nu* 
meral% along^ with one or more symbols for operations . For 
example, the phrase "2 x 4" involves the nurfveral|j "2" and "4". 
and the symbol for the operation of mul tipl'Ccatlon. 

Check Your Readina 

1. ' What .is a numeral? 

2. V^^t do we mean by the term "common name for a number"? 

3. ^How^mapy names can a number haVe? ' , ' . . 

4. What is a numerical phrased Give several examples, " ^ 

5. Give all texample of an indicated sum, an Indicated produtf^*, 

i 

an indicated difference, and an indicated quotient. 

/ 

! 

t ^ ' 

\ Oral Exercises 2 -la 



Givej# common name for each of ^e following numerical 
phrases : 

1. 10 + 2 5. 

2. 5 - 2 . 6. 



30_ 

10 ^ ^ 
30 



^ ^ X 3 7 ^ , 

J. - 2 ^'10 

4 3^1+5 g ±^ ^ 

7 °v 10 

8+1^ 



9. 



10 




Give an indicated sum, an indicated product, an indicated 
difference, and an Indicated quotient for which the 
following *are common namesi » » : ^ 

l6. 12 . ' j l8, I ^ 

. 15 ^ 19. 1 . ^ 

Problem Set g-la 

1, Each of the following numerical phrases represents a number 
What is a common name for each? 

(a)^^^ (d) 3|+l| (f) ^ j ^ ' 



(b) 5 + 10 (e) i-f^ (g) ^ , 

(c) 7 = 2 .M Iti 



1 



p8 



2-1 



problem Set 2 -la 
(continued) 

■J ^ ' » 

Pot each of the follow tng wrrte two other numerical phraaee 
that repreaent thp same number that is represented by the 
given phrase. , 

(a) 8 ^ 3 (e) b 

(b) ^ - (f) 3 ^ 1 

(0^9 +4 s (g). I ^ ? ^ 

^) 9 K 4 f\ (h) 

Write an indicated product^ an indicated ium^ an indicated 

quotient, and an indicated difference that represents the 

same number as each of the following:. 

(a) 10 ^ (c) |. 

(b) 35 ■ (d) 0 



Let us consider the expression 

5+3x4 

This ihvolves numerals and symbols for operations. It seems, 
therefore, to be a numerical, phrase . What number does It 
represent? ^f you look at it one way, you might say that 

6 + 3^9 and 9 >< 4 ^ 36, 

and that therefore , this numerical phrase represents 36" 
But look at it another way. We kno^ that 

3 y 4 ^ 12 and 6 + 12 ^ l8 

So, on second thoudht, the number could be" l8.. 

It might be iriteresting f©r yoUr 'class to see how many 
interpretations you can give for the expression ^ 

6 +^3 X 4 ^ 2. (The^ are more than two!) 

It would certainly be confusing if a nifrnerlcal phrase had 
more than one meaning. There are two ways to avoid this 
confusion. The first is to adopt a rule. In any given 
expresilon where there Is confusion as to which operation comes 

' ' ■ ■ J' 



2-1 ' - ' ; ' : 

before the obh&r, we agree to multl^y and divide before adding 

and sub^tractlng* Applying this rule *ie see that- our Qriglnal 
expresslonj 

b + 3 4, 

is now a numerical phMse* Since .multlpllca Aon comee before 

addition, we see that this phrase represents the number ifl. 



"3 X 5 - 6"^ 

reprejients the number 9* 

represents the number 1, 

* 

"4 K 3 - 6 ^ 2 + 1" 
is a numeral for the ^ 
number 10 . 



In this case J the multipli- 
cation Is ddne before the _^ 
subtraction. . 3 x b Is l5. 
Then 15 - 6 Is 9. 

Here, the division Is done 
before the subtraction* 
6 + 2 is 3* Then, 4 - 3 is : 

The multiplication and 
division are done first--- 
4 K 3 1 s 12^ 6 ^ 2 it 3. Th! 
expression tlien reads, 
' --12 3 + 1 Next, the 
addition and subtraction a^e 
dQne=— 12 - 3 is 9* and 
9 + 1 is 10. 

^ In the last example above, after the mul tlpllcatlQn and 
division were donej we were left with the expression '*i2 -3+1 
This expressiori Involves both addition and subtraction. We then 
proceeded from left to right, and this is the agreement we Bhall 
make concerning all such expressions. Two more examples of thlr 
kind are given below* 



"9 - 5 + 2" , 
represents the number 6. 



The expression Involves only 
addiction and subtraction, 
Reading from left to right, 

9 - 5 is 4, and 4 + 2 is 6, 

"7 + 9 - 3" Is a Perfoming the operatip;is in 

numeral for the number 13. order from left to right j 

"7 + 9" represents the 
number 16, and "16 - 3" is 
a name for 13, 



'J 



30 



' * Ch#0k Your Reading ^ 

1* Why Is the order of operation Important in the exprnple 
6 + 3 4? 

2. Whloh do we agree to do flrstj addition and aubtraetlon or 
multlplloatlon and dlviilon? 

3, When we have both addition and subtraction Indicated which*. 

of these Is done first? — ' * s 

) -- ' ' ' ^ - 

m 

r . . Oral Exercises g^lb ^ 



What Is a common name for each of the following?* 



1, 


5 + 


3 


X 


4 


6, 


. 7 




2 


X 


3 


11. 


1 




4 ^ 


1 


2, 


5 K 


3 


+ 


4 


7. 


7 


+ 


a 


X 


3 


12. 


4 


X 


S ^ 


1 
2 


3. 


5 - 


3 


X 


4 


8.; 


7 


X 


2 


+ 


3 


13, 


5 


X 


2 + 


10 


4, 


5 K 


3 




4 


9. 


1 

2 


X 


4 


+ 


1 

W 






+ 


5 + 


10 


5. 


7 X 


2 




3 


10 . 


1 
7 


+ 


4 






15. 






2 = 


1 



Proble m Set 2-1 b 





Write a common 


name for 


each 


of the 


following: 








1. 


+ 2 + 2 


5. 


120 


^ ll8 + 


2 


9. 


4o + 


4 


- 1 


2. 


ai + 1 X i 


6. 


2 X 


a - 3' 




10. 


^ 4o - 


4 




3. 


10 + 2"_+ 3 




13 ■ 


= 3 X 2' 












4. 


3 V 1 I 1 


8. 




f X 4 













There is another way to avoid confusion Irt dealing with 
complicated expressions. This method uses gome very helpful 
symbols called parenth_e jes > 

The Idea Is simple . When we enclose a numerical phrase 
aucjj as "7 - 2" In parentheses, we mean that the phrase "(7 - 2) 
to be treated as a singly numeral. 

Let us see how this. Works with our previous example: 

6+3x4, ■ ' ■ 



* 
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2-1 

Suppose that "3 x 4" is enclosed in parentheses. Then 
"3 X 4*' is to be treated as a numeral and 

6 f- (3 K 4) 

represents the number o +- 12, or iB, In this case, the 
parentheses are not really necassary because we had already 
agreed that in 

6 + 3x4 

multiplication is done first. This means that 

"6 + (3 X 4)" and *'6 + 3 x 4" 

are names for the same number. 

Now suppose that we want to add 3 to b first and then 
multiply 4 by this sum. What phrase can we write which would 
Indicate this? "6 + 3 x 4" is not correct, nor is '*6 + (3 x 4)", 
want "6 ¥ 3" to be treated as a numeral. The way to do this . 
to enclose "6 f- 3" in parentheses. Thus, "(6 + 3) x 4" is 
o r re c t ph ra a e , 

is important •* ^r you to notice that the two phrases 
'6 + ('^x 4)" and J'(u ^ 3) x 4" represent two different numbers. 

A convenient way to show that the numbers are not the same 
is to write 

( o + 3 ) X 4 ^ u + ( 3 X 4 ) , 

Here the symbol means "is not equal to", 

^ numerical p h like o x (2 f- 5) is often written 
d(2 f b) without the Wmbol " x" . When two numerals are pla,ciff"\ 
slde-by-sLde in this wmy , fclie opera t ton of multiplication ^ 
understood. Thus, ^ 

b(7 - b X (7 ^ 2); 

1 Lkewlse ' u{n) ^ o x k\ 

and^ (43)(L)2) ^ 43 x . 

Another case Ln which we need to agree on tiow an expression 
should be read Lo Lllustrated by the followLnp; example: 




It Is understood that ''13 - 3'' Is a numeral even though It Is 
not enclosed in parentheses . Therefore, the axprasblon is an 
Indicated quotient of the numbers 5{^^ - 2) and 13-3. It 
is a complicated name for the number 2. 
I* 

C heck You^r Reading 

1 ,\ What do we mean when we enclose a numerical phrase such as 
"5 ^ 3'' in parentheses? 

2. Do we really need parentheses to Indicate that the multl'pli 
cation is to be done first in "6 + 3 4'' ? 

3. How could we use parentheses to indicate that the addition 
should be done first in "6 + 3 x 4"? 

4. How can we indicate that ''6 + (3 x 4.)" and "(6 + 3) x 4" 
represent two different numbers? 

6. How do we indicate that two_ numbers are to be multiplied 
without using the "times sign"? 



Oral Exercises 2-lc 



Which of the following pairs of numerals name the same 



number? 






(a) 


2 + 4x5 


and 22 




(b) 


(2 + 4) X 


5 and 30 






.1x3-1 


and 6 




(d) 


2x5+1 


and (2 X 


b) 1 


(e) 


k + 3 X 2 


and (4 + 


3) X 2 


(f) 


(3 + 2) + 


b and 3 


^ (2 + b) 


(k) 


14 - 4 X, ; 


j and 2' 




(h) 


2(4 5) 


and 2x4 




(0 


(4 H 1) > 


c\3 and 4 


1 X 3 


(.1) 


(3 X.2) X 


4 and 3 ) 


< (2 X 4) 



2-1 



4 



• Problem '.'"t 2-le 
1, Write a common name for each numerical phraae, 



(a) 2 X 5 + 7 

(b) 2(5 + 7) 

(c) (4 + 15)(2 + 5) 

(d) 4 + 15(2) + 5 

(e) |(5 + 7 X 3) 

(f) 4(5) + I 

(g) 4 + (3 X 5) 

(h) 4+3x5 



( 1) 14-3x2 
(J) (14 = 3)2 

(,) LiJ^, 5 

(1) 4(3 + 1) - (4 + i; 
(m) 4(3 + 1) - 4 + 1 

(7 - 2)(3 + 1) 

15 



■n) 5(6 -.2) 
' 10 - 



(o) 
(p) 



_ 6 _ 



2. Place parentheses In the following bo that 

(a) "2 X 3--+^ 1" repreeents 8, 

(b) "2 +4x3" repreeents 

(c) "6x3^ l" represents 17 j 

(d) "12^ 1 X 2" represents 22, 

3. You are explaining the use of parentheses to a friend who 
does not know about them. Insert parentheses in each of the 
following expressions in such a way that the expression will 
still be a numeral for the same number: 

(a) I X 6 + 3 (c) 9x3+4x3 ' 

(b) 2x5 + 6x2 ^^^{d)'^T'^ 8-4 

4. Which^of the following statements are true? . - 

(a) 3 X 2 + 5 7^ 3 X (2 + 5) 

(b) (□ - 1)5 6 - 1 X 5 ' 
' ( \ ^ ^ g ^ ^ ^ 2 



4 > 

"at 



3 4 



) 

Problem Set 2-lc 
(continued ) 
3(4 + 2) ^ 3 X (4 + 2) . ' 

2 K>V ^ 2 ^ (3 X 4) * 2 

15 - (2 + 3 - 1) / (15 - 2) +'(3 - 1) 
(3 + 2)(4 ^ 1) ^ 3 + 2 K 4 ^ 1 



2-2. Sentences . ' ^ 

The idea of a sentence is familiar to- us. In mathematics 
we use sentences to make statements about numbers. 

6 + 2^8 

is an example of a sentence. The symbol is used for the . 

verb "is" or the verb phrase "is equal to". The above sentence 
says that the numeral "6 + 2" and the numeral "8" represent the 
same number. 

On the other hand^ 

5+3-7 

is also .a statement about numbers. It is a sentence. It says 
that "3 +^3*^ and^^"7" represent the same number. 

Since "6 + 2" and "8" do represent the same number, we say 
that the sentence 

o -f 2 = 8 

is true -: : -On the other hand, since "5 + 3" and "7" do not 
represent the same numbnr, we say that , 

b + 3 = 7 

Is a false sentence. It ia, nevertheless, a sentence. ,- 



(d) 

(e) 
(f) 
(s) 
(h) 



You remember that the symbol represents the verb phrase 

"is not'' or "is not ^gual to". We cart form sentences uslhg this 
symbol. Here is an ^xamp¥e. 

7 + 2^5. ^ 

This sentence states that the numerals "? + 2" bv "5" repreBent 
different numbers, W# see that it is a true sentence. On the 
other hand, ^ , 

is a false .Sentence; 

The important fact about a sentence invol ^ng numerals Is 
that it ia either true or false, but not both. Some examples 
of true sentences are: 

2+5-7. 
5x3^ 10. 
2(4 + 6) - 20 * 

Some examples of^ false sentences are: 

3 + 5^7 ^ . 

5 K 2 ^ 10 
2(4 f 7) - lb 

Check these. 

There are other symbols which are used In^fprming 
mathematical sentences. The symbol is read "ii greater than", 

The Sentence J 

"8 is greater than 5'' , 
can be written - 

8 > 



1 



Is this sentence true? ^he following is also sentence: 

4 > 10. 

Is It a t'rue sentence? a 

To make a statement ^Ihat one number Is less than another, .. . 
we use the symbol . It is read ''is less than." Thus ^ the 
sentefice^ < 

k < a, 

is read "4 is less than 8"/ Is ^^Ms sentence true? Try to write 
a false sentence using the symbol 

It is' important that you remember which of the symbols 
/or ">'' says "is less thin" and which one says "is greater than" 

* Can you see that every "is less than" statement can also 
be written as an "is greater than" statement? For example, 
the true sentence 

\ ' . 5 < 7- 

can be written 

7 > b/ 

These two sentences express the same idea. Can you write 
the sentence 

' b > 3 



in another way^' 



t 
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Cheek Your Reading ' 

If 

1. What do we call an expression like "6 +2^8"? 

2. What verb does ^the symbol represent? ^.^ 

3. What verb phrase does the symbol represent? 

What is an important fact about a sentence involving 
numerals ? 

5. How do we ^ead the symbol " >" ? 

6. How do \& read the symbol 

7. Can we use and to form mathematical sentences? 

8. How can you remember which of the symbols or teays 
"is less than" and which one says "is greater than"? 

9. How can the sentence "5 > 3" be written in another way? 

Oral Exercise 2-2 
Which of the following sentences are true sentences? Which are 



11 . , 4 + 2 > 7 - 2 

12. 4 + 2 < 7 ^ 2 

13/ 1+1^1 

14. 7(6 4- 3) 1^ 7 X ^6 + 3 

15. ^ ^ 85 

16. 65 X 1 h^^i)^ 

17. (4 f 2)(3 = 1) ^ 4 + 2 K 

18. 3(2 + 1) < 3 X 2 + 1 

19. 15 < 15 ^ 

20. 13 X 0 > 13 



false? 




1. 


4 + 8 - 10 + 


5 


2. 


4 + 8 |/ 10 + 


5 


3. 


8 + 3 ^ 10 + 


1 


4_. 


8 + 3 / 10 + 




5. 


4 4- 8 - 8 4 




o . 


12 - 4 + (4 + 


^) 


7. 






8, 


13 ^ 0 ^ 15 + 


0 




13 > 11 




10 . 


12 < 10 
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Problem Set 2-8 

1.' Which of thfe 'following sentences are true? Which are false? 

(a) 4 + 3 < 3 + 4 

(b) 5(2 + 3) > (5 + a) + 3 

(c) 3(4.2)^3x4-2 

. (d) |(7 3) ■= (1 |) + of = 2|) 

( e ) 2 + 1 . 3 > 3 . 3 ■ ■ 

(f ) 2 + 1.3 3.3' 

(g) 2 + 1.3 - 3.3 

(h) iH^< ^.2 
(1) il^> 4^ a 

(J) ' • . ■• 



T 

/I ^ Ig + S 12 , ,j 
(k) o = ^ + 2 



^Insert parefttheses in each of the following expresBions so 
that the resulting sentence is true: 



(a) 


IQ ■ 


- 7 ■ 


- 3 ^ 


^ 6 


(h) 


3x5 + 


2x4^ 68 


(b) 


3 X 


5 + 


7 - 


36 


(i) 


3x5^ 


2x4^ 36 


(c) 


3 X 


5 + 


7 


22 


(J) 


3 X b - 


2 X 4 ^ 'f 


(d) 


3 X 


5 - 


4 m 


3 


(k) 


3x5- 


2 X 4 ^ 52 


(e) 


3 X 


b - 


4 ^ 


11 




12 X i ^ 


- i'x 9 ^ 51 / 


(r) 


3 X 


5 + 


2 X 


4 ^ 23 






.1x9.3 


(g) 


3 X 


5 + 


2 X 


4 ^ 84 


*(n) 


12 X = . 


- i X 9 - 18 



Tell which of the following sentences are true and which are 
false: 

(a) (3 t 7) - 3 + 7(4) 

(b) 4(5) + 4(8) < 4(13) ^ 
'0 2(5 + i) = 2(5) + 2(i) 



34 . 
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Problem Set 2-2 
( continued ) • 

(d) 23 - 5(2) ^ 3b 
(a) 7. I 

(f) i| + 4 = 3 + (4 - 3) 

(g) 5(7 + 3) > 10(P + 1) 

(i) 3(8 + 2) ^'b K 5 

(J) 12 ^ 2 X 3) < 12 (9) 

Wr^ite each of the following sentences In words. Underline 
the verb or verb phrase in each. Is the aentence true? 

(a) '4 8 - 10 + 5 

(b) 5+7^6 f 5 

(c) 13 < l8 - 7 

(d) 1 + 2 > 0 




2-3. 4 Property of the Number One. 

What do you get when you multiply 5 by" 1? You gat 5, 
don't you? We write k 

-^^1x5-5. 

It is true also that 5x1^5, Similarly^ "l x |" and x.l" 
name the number What number named by *'l x 4,28" or 

'^4,28 X 1"? 

You surely agree that if you multiply a number by 1, the 
result is the given number. 

Let us ask if any other number behaves in this way. If you 
tnultiply 5 by 5, by 8, or by ^, is the resul% 5 in any 
of these pases? No. In fact^ if you mi^iply 5 by any number 
other than one, you do not get 5. It l%ks as if we have found 
a prDperty which only the number 1 possesses. We call it tlne^ 
mu 1 1 i p 1 i c a 1 1 on prpperty of one . 



^0 

i 



2-3 
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Property, In the most familiar sense of the word, is some- 
thing you have, A property of one is something the number one 
has; that is, a oharacteristic of the number one, A similar 
usage of the word would be "sweatness is a property of sugar." 

You have known this property of one for a lo^g time but 
perhaps you have never thought about how useful It Is. 

All the numerals below, and many more, are names for the - 
number 1 , 

2 8 r 3 . 5 31 
■ 2' P 5^ IT 

'Any number may be given different names by multiplying by 
one> using different names for one, /■ 

^ may be written as ^ x ^ , and as ^ . 

1 "l "h" 

y may also be written as ^ x r ^ and as ^ , 



5 may be written as b x g- , and as ' , 

It ,=jll M g I! 

^ may be written as g x a ^ and as 



In each of the exampJ^As above > the fraction at the right 
is another numeral for the number at the beginnlng^^'of the line. 



You may also have noticed that using the multiplication^property 
of one amounts to "multiplying numerator and denominator by 
the same nuinber/' as you may have said in elementary school. 
There is nothing wrong with speaking in this way, but you should 
realize that it is the multiplication property of one that 
makes it correct; it is not really "another way" at all. In 
.this course, since we are going to emphasi-ze properties of 
'numbarSj we shall always speak of the process iti terms of using 
the multiplication property of one. 
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The multiplication property of one makes It' p'osslble for 

12 



us to write a common name for 



12 



6 X 


2 




3 






6 


2 


o ^ 


3 




2 


1 X 


3 



2 
3. 



fig,, ^2 
-We say that j is a corTimon name for * 

The two examples below show some other ^ys In which you 
can use the multiplication property of one\ 

Example 1. Write t^e number as a fraction having "l8"j^as 
denominator. i 



The problem can be put in the ,rorm 

What fractional numeral for -^V' shall we use? 

Since l8 = 6 X 3^ ^ Is the correct choice* 

\ - 

' 5/3^ ^ 15 
/ - ' "15'* 

/ This s'hows that m and ^ are names for the 

same number. It 1b important to notice that * 
In writing instead of ^ we have changed 

the name but w^ have^ no^ chjinge^ th& numbe r , 

V2 1 ( 

Example 2_. Add the rractlons ^ and , 

Remember that there are at least two other w^ys 
to write this problem, '{ 



4? 



2-3 



)ne way looks like this: 

2 
3 



Another way looks like t'h^ls; 



Let's agree to use the second form hare< 
Then we can write: 



5- + 1 
1 + T 



12 
11 



15 



So we have shown that the sum of =■ and ^ 



is 



Do you see, how we have used the multiplication 

property one here? We chose the name ^" 
li ^ It 

and the name j for one because they gave us 



the same denominator for both fractions. ^ 



/ 



11 



Check Your Readlnp^^ 

What do we mean by the multiplication property ^of one? 

How is this property used to give different names for a 
"^umber? ^ ^ 

^ ~ if 

What numeral for one is used in writing ^ as i^" 

" 6 " 15 

■What names for ^qne are used in writing ^ and ^ as 
fractions having "12'' as , denominator? 



/ 



r 



^3 



Oral Exercises 2-3 



Use the multlpl leatlon property of one to c^nge the names 
of the given numbera on the left In the way Indicated, 
1 



(a) If X 

(b) yk=- 

(c) ~x — 

(d) ^x — 



IT 



(f) Jx — 



(s) 



3- X 
(h) ix 



100 




Problem Set 2-3 



Use the multiplication property of orie to change th^names 
of the numbers on the left- In the way Indicated. 



(a) 


3 

^x - 




(e) 


(b) 






. (f) 


(c) 
(d) 


1 x = 
fx- 


^ Bo 


(h) 



4 X - 

12 



3" 



Use the multlpl leatlon prf^erty of one to find a simpler 
numeral for each of the f blowing numbers: 



(d) 



3.2 
¥+7 



3 
If 



(c) 



(e) S(|) . ^ 
f f 1 -3 + 12 



Show What numeral for one Is used in finding a common name 
for each number below. 



Example: 



5" 



r ' 



2-4 



i 

Problem Set 2-3 
* (continued) 

(a) Ir ' ' ' M ^^^H^ 

i») . (Tf iiif^ 

(c) • • M^Si^ 



2-4' Some Properties of Addition and Multiplication . 

Try an experiment on yourself, -Try to add the numbers 
7, 2, and 4 all at the same time. What happens? You will 
find that you always begin by adding two of the numbers firsts 
Then you will add the third number to this sum. In other words'^ 
you may start by saying to yourself ' . 

7 + 2 ^ 9 and 9' + 4 - 13, 

or, .you may say 2+4-6 and 7 + 6 ^ 13. 

Your experiment should bring out two ideas. One Is th'Sft 
addition Is really an operation that is applied to only two 
numbers at a Jslme. For this reason we say ^ 

A ddltion is a Blna^_ Op e vk tiQn . 

The other ld#a Is that the two final Answers are the same. 
Both are 13. 

Let us use parentheses 'to Illustrate what happened. The 
first approach wouid look like this: 

; 7 + 2 + 4 - (7 + 2) + 4 

- 9^ + 4 

- 13. 

Ttfe secc3nd approach would ba as follower ^' 

7^^2^4^7f-(2+4) ^ 
= 7+6 . ^ 



The ••ntenae whloh atatei that the end results 

(7 + 2) + 4 ^ 7 + (2 + 4), 



are the same isi 



We sea. that this sentence Is true. 
Examine thB following sentences: 

/ (6 + 5) + 10 ^ ^6 + (5 + 10); 

and 

(| + |) + 3 - I + (|- + 3). 

These sentences have same pattern and each of them is true. 
In fact, all sentences having this pattern, are tTOe, We say that 
this Is a property of addition of numbers. We call It the 
asspplative prpgfirty of addition . 

How can we state this property in words ? One way might be 
to say that If you add a second number to a first and then add 
a third number to their sum, the outcome is the same as If you 
first add the third number to the second, and then add their sum 
to the first. For example, 

; (3 + 4) + ^ ^.3 + (4 + 5). 

Perhaps the best way to undergtand the associative property is 
to study carefully the way in which the parentheses were placed 
in the above example. Where do you think the parentheses should 
be placed In the example, 

2+7+6-2+7+6, 
to illustrate the associative property ? 

Check Your gead 1 ng 

1. What do we mean when we say addition is a binary operation? 

2. What do^es the associative property of addition tell you 
about the addition of throe numbers? 

3. How do parentheses halp in expressing the Idea cff the 
associative property of addition? 

^, What is the pattern Ln the examples on pages 45 and 46? 



4u 

5u 



Oral Extreiaas 2* 4a 

Add aaeh of the follQwlng In two differfnt ways, as shown by 
th# sxamplt. 

ixamplt ; 3 + 4 + 5 (a) (3 + 4) + 5 ^ 7 + 5^ 

(b) 3 ^. (4 + 5) * 3 + 9 

^ IS * 

1,4+2 + 7 . 5*|-+|-+^ (which Is easier?) 

a, 6+5+3 6, ^ + I + ^ (whleh Is aasler?) 

3.1+9+4 7 2 + .25 '+ .75 

4.5+6+1 (whleh Is aaslar?) 

Problem Set g^4a 

#t Plaoe partnth^ses In the following sentenees so that eaoh 
becames an example of the asooolatlva property, 

(a) 4 + (2 + 7) * 4 + 2 + 7 \ 

(b) (6 + 1) + I - 6 + 1 + I 
(e) 3 + (4 + 11) ^ 3 + 4 + 11 

(d) 5+l+''6^5+l + 6 

(e) 11 + 13 + 121 ^11 + 13+121 

In each of the following use the associative property of 
addition to show two different ways of grouping the numbers. 
Choose the grouping that you think makes an easier 
computatlan and complete the addition. 



(b) 1^ 1^ I (d) 1+ 1+ i 
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PrDbltm Set 2-4i 
( continued ) 



+ If + 2l 



(f) 2,7 + 13.2 + .8 



sm'tht tip of a1nouse*3 nosa to th# baek of h^s head 4a 
32 mllllmatere; from the back of his head to the baae of 
his tall is 71 millimeters r from the base of his tall to 
the tip of his tail is 76 millimeters. What Is the length 
of the mouse from the tip of his nqae to the tip of his tail? 
Is he the same length from the tip of his tall to the tip 
of his nose? Why do you thlnlc tqls exercise is included In 
this book? 



~Th^e Is another important property, of addltdoni and It can 
be seen using the number line to add numbers. As one example j 
let us looi<^ at 

] . \ 5 + 3, 

which is a ^symbol for the number obtained by adding i to 5. This 
can be thought of as moving from 0 to 5 on the "number line and 
then moving from this point three units to the rights thereby 
locating/ the point whose coordinate is 5 + 3. 



5+3 



What doee the picture of 



3+5 



look like on the number line? 
3 + S 



J J= 



5;' 



D«9€Plb@ this tddltlon proeess, Yeur daseription shouli be 
similar to th^ one above , . ' ' , - 

I W# see by the ptlotures' thkt these 'two addition proeeases 
Hre different. We noticei ho>rever, that they end at the same 
point. That 18^ "5 + 3" and "3 + 5" are different Viafnes for the 
aame number 8, I^at iSj^ ! 

5+3-3+5, \ ^- 

Declde whether the following are tr^e sentences by using 
the number llnei 



0 + 6^6 + 0 

+ 5 - 5 + si 



We ,see that two numbers can be added in either order, the ^ 
results being the same. This property of addition of numbers 
is called the opmmutative property of addition . Below are some 
more examples that illustrate this property: 

^ si + 5 ^ 5 + 4 



. 3 _ 3 . V 
104 +2.4^2.4+ 104 



In problems of addition we often use both the commutative 
and associative properties. In general the associative property 
of addition tells us, in effect, that an indicated sum of three 
numbers does have meaning. It may be written with parentheses 
around the first two numerals, or the last tv/o numerals, to 
indicate which of these two numbers are added first; or it may 
be written without parenthes^^, All three representations are 
names for the same number . The commutative property tells us 
that the addition of two numbers is performed in either order. 

Consider the, problem: 

13 4^ 2 + 87, 

First, the associative property allows us to insert parentheses, 
giving us , ^ 

(13 f 2) f 87. 
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Next^ thi admrnuta^lve propePty allows *us to Intardhanga the 
numbers S.«^ar)d 13 j giving us 

i . . (2 .+ 13) + 8?. ' ■ * 

The associative projperty then permits us to cembine 13 and 87 « 
Instead of 2 aridJ 13, giving us 

2 + (13 + 87*) ^ 2 + (100). 

Chaek Your Reading ^ 

1, What la the aonynutatlve 'property of addition? 

2, What la the aisoo^latlve property of Addition? 

3, How do the commutative and associative properties of addition 
make some addition problems "easier"? , - 

Problem Set - g^4b 

V/hlch of the following are true statements? Which property or 
properties of addition have you used in arriving at an ansv/er? * 
1. 8 + 6 - 6 + 8*^ V ^ 
-r 2 ^ 3 -f 7^ 



8,3 -I 5.7 - 3.8 + 7.5 



5. S.3 4 5.7 = 5.3 + 8.7 

6. (3 + !i) + 5 ■ - 3 + H 5) 

7. (3 . ii) + 5 - V' + 3) I 5 

8. 3 r . 5) / 3 + (5 r H) 
J. (3 + 'i) + 5 = 3 r (5 - 'j) 

IC. 3 + (4 + 5) = 3(4 + 5) 

11. (7 . ) I 3 (7 , :). ^ 3 
1 . (7 ^ + 3 ^ 7 r- (- . 3) 

12. (7 ^ 1) -r 3 = (2 + 7) r 3. 
. (7 . ) : 3 3 (7 ^ 

(7 • ) 3 ^ 3 i ( 

. 3'.- (3.3 . :.'0 . (3.i ■\'-) . --.'i 

17. {j ' '0 ' (5 - ") = (" ^ 5) -< i, . 3) 

l:. (j . ^) . ib ^ ^ 5) (^ . 

19. (i + 4) • T ^ ^) - i 



SO 



to, 



^ ^ Pl^lim Set 2-4b 

(obntlnued) 



Perform aaoh of the following additions in the aaslest way^ 
using the properties we ^ have dlsoussed, 

(bf 1 4^1+ ^ + i.-^ I (f) (4+ 1) I 

(c) + 6 + 144 '^(g) (1.8 + 2,1) + (1.6 + ,9) + l.S 

(d) . (h) (8 + 7) 4^ 4 + (3 + 6) 



We have seen that' addition Is a blnai^ operation and that 
It has the associative property and the commutative property . 
Another way of saying this Is^ 

Addltlon,,ls both ASSOCIATIVE and COmUTATIVB . 

Are there similar properties of multiplication? For exampl* 
consider thq^lndlcated product 

, - 2x3x5- -■ i 

Can the multiplication be done all at once? Try it! You will 
agree that multiplication can be performed with only two numbers 
at a time. We see that mul tlplication^ like addition^ is a 
blnai^ operation, 

Let us look again at our example, 2x3x5. Is the follow- 
ing a true sentence: 

(2 X 3) "K 5-^ 2 X (3 X 5)? ' 

Since the phrases inside the parentheses are to be treated " 
as numerals, the sentence can be written as follows t 

6 X ^ S X 15. ' 

"6 X 5'"^ and "2 x 15" are both numerals for the same number. 
Therefore I the sentence is true. 

Can you determine In ^the same way whether or no=t the follow- 
ing is a true sentence • 

(7><6)xi-7x(6xi)' 
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2-4 ^ 

..m this time you hi|V# probably deblded that multlplleatlon 
is associative. Just as addition is assoelatlve. Pajphaps tha 
following table, will help to make this clean 



- Addition 


* Multlplicattb^ ^ 


(1 + Ji) + a = 1 + (ii + 2) - . 
^(U + a)' + SO = k ■+ (8 + 90) 


(1 X ii) X 2 - 1 K (4^'X 2) 
(fi x 8) H;90 * U X (8 X 90) 
^ .(U X l|) X 2| - it X (l| X 2|) 



Check to see that aaqh of the 6 sentences in the table 
is true. ^" . ^- ^ 

The number line can help us to decide whether or not 
raul tlplication is commutative. We shall use ^n example to 
illustrate this. 



3x2 



is a symbol for the number obtained by adding three 2*ti. On the 
number line this is accomplished by using the length of the line 
from 0 to 2 as a measure and moving to the right from 0 a 
distance of three such lengths. In this way we locate the point 
whose coordinate is 3 x 2. 



h 



J =L 



3X2 



J J= 



23456789 



Can you guess what the picture of 

2x3 



will Ipok like? 



r 



^ ^Mtre it lii 



2X3 

$ — 



J I I I t I 

0 4 2 3 4 5 6 7 

^From the pletur^ we see that the two multiplications on the 
number line are dlfferentj butj again, they end at the eame point 
The aoordlnate of this point Is 6. Thus^ ' 

S^x 2"i 2 K 3. * 

We also see that 
and 

1 . 5 ^ fa ^ 6 >< 1 . 5 

are true sentenees. 

These examples Illustrate the fact thAt multiplleation Is 
oommuta tive . 

We see. In summary, that addition is both associative and 
commutative and that multiplication is both assoclatlve'and 
eommutative. 

Check Your Readli^g 

1. What is meant by "multiplication Is a binary operation. " ? • 

2. What 1^ the associative property of multiplication? ^ 

3. What Is the commutative property of multiplication? 
* 

Oral Exercises g-4c 

Which of the following sentences are true and what properties 
were used? 

1. 7 X (2 X ^ - (7 X 2) X 5 

2. 7x4^4x7 

3 . 7 + 4 - ■ 4 7 



b3 



Oral Ixerelsee 2-4c 

(continued) r 
3{it,+ 1') - (M + 1)3 . .* . 

3 . 3 *3 ^ 2 

3 + (it + 5) - (3 X 4) X 5 
3+(4+l)^^(4+l)+3, 
3 + (it + 1)»-\(1 + 4) + 3 • • 
(6 ■+ 2)(7 -,2) « (7 - 2*)(6 +2) 
(6 + 2)(7 - 2) * (7 - S)(2 ^ 6). 

Problem |et^ g-4e 

Consider various ways to do the following computations 
mentally, and find the one thit seems eaflest (If the^ 
Is one). Then pbrform the Indicated operations In the 
easiest way. 

Example 1 (4 x 9) x 85 (^ x 9) x 25 

(9 X 4) X 25 36 x 25 

9 X (4 X 25) ? 
9 X 100 

' 900 I- 
Using thi method on the left; the arithmetic Is easier 

(a) h X 7 K 25 (J) -('I X 8) X (25 x 5) 

(bj 4 X (26 X 5) (k) (3 X ii) X (7 X 25) 

■ (o) 73 -; 63 + 27 (l) 12 x l!i 

(d) 2 X 3c:, X 5C (m) i x 4 x I 

(e) i X 3J X (n) 6 x 8 x 125 

(f) X h3) K -3 (o) 1.55 X 5.5 X S 
(e) 5.x (13 X 15) (p) (; X 5) X I.J7 
(h) 5r X ,'7 X 2 (q) 5 x 6 x 4 x ^ 



1 
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Problem Sat 
(Gontlgued) 

2. Whleh Is easier to compute s 

■ ' 957 . 222 

X ggg X 957 



HOW about ^ ^i?f - ^ X 3^89 

What number "t" represent so that these aentendes will 
be true? 





t I- 3 = 3+5 






t + (3 + 4) = (3 + ^i) '+ 


8 


(o) 


4 X l|. = t X 4 % 






(| + 1)5 = 5 X t 




(e) 


3.7 + 7.3, = 7.3 + t 




(f) 


.5 + (2.4 + .6) = (2.4 H 


[- .6) + t 


(s) 


(7.2 + 5) X l| = l| X t 




(h) 


5 - 4 = t - 5 




(1) 


((3 + 2) + 5) +4 = 4 + 


t 


(J) 


4 + t = = 2) = 1 




M 


7 X (5 X t) = (i! X 5) X 


7 


(1) 


(8,5 X 6.2) + 9.5 - 9.5 


+ (t X 8 


(m) 


a + t = 4 + 8 





Are division and subtraQtion comniutative? associative? 
Give examples to support your dec Is ion. 
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Problem Set 2-4c \ "4, 
(continued ) 

A binary operation on numbers Is an InBtruction which tells 
how you may obtain fro/n two numbers given In a certain order^ 
a single number* If the operation Is commutative , then the 
same number ii obtained regardless of the order In which the 
numbers^ are given. We have already seen that the binary 
operation " + " of arithmetic Is commutative. 

Suppose the binary operation "®" means "add twice the 
second number to the first" . What single number would be 
obtained from 2 ® 3? What single number would be obtained 
from 3 # 2? Is the operation ©commutative? 

Suppose the operation * means "add 1 to each of the numbers, 
then multiply the resulting sums". What third number would 
be obtained from 2 ;K 5? What third numb%r would be obtained 
from 5*2? Does the operation of " ¥ " ^pear to be commu- 
tative? - ^ 

Recall that In tasting the associative properties of multi- 
plication and addition we tried to determine If sentences 
like * 

(3 + 4) + 7 - 3 + (4 + 7) 
and (3 X 4) X 7 ^ 3 X (4 X 7) 

were true. When we found they were true, we agreed the oper- 
ations and "x" were associative. Using the definitions 
given In exercise 5* let us find the number represented by 
(2 ^ 3) # 4 and compare It with the number represented by 
2 ® (3 @ 4) . 

Suggestion: 2®3^2+(2x3)-8 
(2 © 3) ® 4 ^ 8 ® 4 ^ 8 + (2 X 4) ^ 16 

Now determine the number represented by 2 ®(3 ®4) by first 
finding the number represented by 3 ® 4 and then completing 
the operation involving this result and the number 2, Does 
" appear to be assocLative? 
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fi^hlm Set 2^4o 
(jeontlnutd) 



♦8, Find the number represented by (2 )fc 5) ;k 3 and also that 
represented by 2 * (5 *3), using as defined In 
fr^lem 6, Compare the resultSj then repeat the proeess 
uatnl three other numbers. From the results do you think ' 
"it" is associative? ^/ 

♦9* Describe an Inq^ructlonXfor operation then find the 

third number^^^^^rih^ by^ 3 ® £ "^and 2 © 3. State whether 
as yo^have defied It^ Is eommutative, 

•ID. Using th^fiame definition for the operation "® " as you used 
in ProbJ^pn 9* determine whether " Is associative, 



2-5, The Distributive Property 



array . 



Below are some dots ar^nged in rows and columns. This Is an 



In this arrays there are 3 rows and 4 columns, ThuSj there are 
12 dots in all. In fact, this array lllustratei the basic 
multiplication fact, 3x4^ 12. 

Below is another array. 



Heri th«rt art 7 rows and 13 columns. So the total number of 
adts is 7 K 13* Tha array can be "split" Into two smaller 
arrays ; like this • 



rows 



7 

rows 



10 eolumni 3 eolumns 

In the array to the left of the dividing marki the number of^dots 
is 7 5< 10 ; In the array to the rights the number of dots is 
7x3. So, the total .number of dots In the original array Is 
the sum of these two numbers, ( 7 x 10 ) + ( 7 ^ 3 ) . We have already 
stated that the total number of dots Is 7 k 13, Therefoi^f, 

7 X 13 = (7 X 10) + (7 X 3). > 

The statement in the line above Is on-e iflustration of a property 

r 

called the distributive property of multiplication over addition , - 
The following' steps may help to explain the name, 

"10 + 3" is an indicated addition. 

Multiplication by 7 is distributed 
over the addition* 

(7 X 10) + (7 X 3) 

The distributive property of multiplication over addition 
has many uses in mathematics j as we shall see throughout this , 
course. It is helpful in doing certain kinds of Gomputatlons 
mentally. For example^ It can ^ used to change an indicated 
product to an indicated sum. 

7 X 13 indicated product (of 7 and 13) 

7(10 + 3) indicated product (of 7 and 10 + 3) ' 

(7 X 10) + (7 X 3) indicated sum (of 7 x 10 and 7x3) 

70 + 21 indicated sum (of 70 and 21 ) ' 




.8-5. - , ■ ^ , r • 

fhus^ the product T^li ls equal to the sum 70 + 21* In this 
way, it is easy to da|ermlne that 7 x 13 ^ 91*" 

* Below Is ifnothtr dllustratlon of the distributive property 
of multlplieatldn over addition* You will notice the eama 
pattern as before. That Is, one of the numbers In an indicated 
product Is expreiied a^ a sum; then the mul tiplleatlon Is 
disti^buted over the a^Sltlon* 

5(20^7) i 

(5 x2or4 C5 X 7J& 

100 + 35 ^ ^ 

135 i 



20 columns 



7 columns 



In this case* the Indicated product "5(^0 + 7)" was changed .to 
the indicated sum " { 5 x 20 ) + ( 5 x 7 ) . " Do you see igaln that 
all of the steps can easily be done In your head? 

Check over the following to see how the distributive property 
of multiplication over addition is used, (An array might be 
drawn on the chalkboard of your classroom to llluetrata the 
steps* ) 

e 8 X 18 ^ 8(10 +8) 

- (8 ^ 10) + (8 X 8) 

^ 8o + 64 - ^ 
^ 144 



' The name "distributive property of multiplication over 
addition" is usually shortened to "distributive property." And 
we shall use this abbreviation. It is important to remember^ 
however, that multiplication is distributed over addition. Study 
carefully the followLng twoj^amples. In one of them, the 
distributive property applies; in the otherj it does not. 



^5 Uu 



8(3 ^ ?) ^ {b X 3) ^ {6 X 2) 



Here the distributive 
pro pe p€y"" 4Q£^- ^a ppl y * 
MtjltlbllGat ton Is distributed 



over sr^iciltLon, 

¥ 

8 f (3 X 2) ^ (B + 3) K (B + 2) Hero the dlBtrlbutive 

property does no t apply. 
Addition is nutr distributed 
over multiplication. 

In the problems that SolloM , you will have a chancre to test 
your understanding of the distributive property by changing 
Indicated products to indicated SLmis, In the table below are 
three more examples of this kind of change; each Is an illustration 
of the dLstrlbutive property. 



Indicated P r o duct 



Indicated Sum 



Hi + 3) 
b(100 + 30^ 
5(ltX)) 



4(7) + M3) 




Check Your Reading 

What is meant by the phrase "multiplication is distributive 
'over addition" - ■ 

How la the distributive propern.y used to find the product 
7 X 13 ment -ny? 

Give an example whLcii bHows that addition Is no t distributive 
over m u 1 1 L p 1 1 c a 1 1 o n , 



C' ral Kxer^c Isea 2 -5a 

Teat the truth of theae sentericas and tell which llluHtrate the 
distributive property. 

1^ 3(b ^ P) - 3(^j) K HP) 

2. 4(2 f 4(2) f M'O 

L ; uO ^ i) i^. ) , 



2»5 

V * orefi Exercises 2-ba 
(contLnued) 

4. 3(?) + 6(3) ^ 9(2 + 3) 

5. 2 + (3 X 5) ^ (2 ^ 3) X (2 + b) 

6. 6 + .(3 X 4) ^ b + 12 

7. 6(10 + 7) - u(l0) + u(7) 

Which of the foil o w. L ng are L n ci I c a t e d sums a ncl whl c h a re Indicated 
pro due ts ? 

8. 3(4 + 5) 11, b(u ^ 3) 

9. 3(4) f 3(t;) 12. u 4- (3 K 4) 
10. bio) + b(3) 13. (u f 3)4 

Problem 5)et 2=ba 



Complete the following sentences so that they express ^the 
distributivr* property. 

For example: 2(3 b) ^ ? 

2{3 b) - 2(3) f 2(1.) 

1. 0(8 f 4) = ^ u. 7(2 h 8) - ? 

2,,9(7 + u)-'^ 7. 3(80 + 3)-^^ 

3 , 0(8+9)-^ B . 4 ( 100 + 7 ) - ^ 

V 

4, 9(B ^ n) 9. 13(10 f 1) - ^ 

5, b(8 ■+ ^) = " K . id(?c + 2) = " 

Which (J f thf f n 1 low In).'; gentnrices are true? Which are true by 
t h e c i L 8 1 r L b u t i v e p r < i [ > ert y 7 

11 , 4 f (d X >) = ('t ^ d) - ('t ♦ 'j) 

IP. ^ X (4 t- y) ( 4) X (n H 2)' 

13. '+(0 4 b) (>j t- L:,)Jt 

14. 5(4 + 2) ^ (y X n) r X 2) 

15. 7 X (u X 4) . (7 X -j) K (7 X 4) 



2-b Problem Set 2-5a 

( continup'l ) 

'16. 5(11 ^ 3) ^ b'j ^ lb 

17. 4(3 ^ 11) - {4)(3) + {4)(11) 

18. 0(4 + b) - 6(4) ^ 5 

Phow how you could use the distributive property to perform 
these multiplications mentally. 

Example L 8(4?) ^ 8(^0 t 2) 

- B(4o) h 8(2) 

19. 7(33) 22. 8(13) 

20. 6(109) 23. I4(l6) 

21. 13(21) 24. 15(23) 



^ 'In the previous section j our work with arrays led us to th 
distributive property. In working with arrays^, we worked only 
with counting numbers. Howeverj the distributive property 
applies to all of the numbers with which we have worked. For 
example J 

4 x-si ^ 4(8 + i) 



(4x8)+ (4 X i) 



32 + 2 

- 34. 

'\gain in this example ^ the fol lowing may be noted: 

(1) The indicated product "4(8 h i)" was changed 
to the indicated sum "(4x8)+ (4 x i)". 

(2) The dLstributive property makes It easy to 
compute 4 x 8i- mentally. 

Below is a no the r e x amp 1 e , 

- 0(b) + u(i) 



2-b 



Plnally, here Ls a table containing two more examples of 



1 , 
2. 



changing 


an Indicated product to an 


indicated sum, 




Indicated Product 


Indicated Sum 




, ^ |) ■ ' = 


o(|) + ofi) 




lS(l| +2) 


12 + 12(2) 



Check Y our Reading 



How 13 the dLstrLbutive property used to multiply 4 x B^*^ 
Express the indicated productj ^ x Si, as an indicated sum. 



0 ra 1 Kxerc ises Irf - 3b 

Use the cilotr Ibutive property to express the following Indicated 
p ro duct 3 as I n d 1 c a t e d s urn s . 

1. bii ^ ^) o(j f i) 

Mb . i) ■ Ho + |) 

3. 12(2 f i) ^ u. u(i 4- i) 



We have boen using the dlBtributive property to change an 
Lnd 1 ca ted p rodu c t to an i nd 1 c a t ^d sum . For examp le j . 

a{ic ^ ?) 8(10) + 8(?). 

Of course, It would alno cnrrpct uo write 

B( 10) H b(?) - 8(10 -f 2) . 

T h is suggests that t h e d L s t L bu 1 1 v e p r o p e r ty can be used t o 
'W^o the other way," to chancre an Indicated sum to an indicated 
f^product. Tn the case above, the Indicated sum "8(10) + 8(2)" 
was changed to the Lncilcated produrt. "b(lO + ?)." 



Below are some examples of the use of the distributive 
property in this way. 

Example 1. 13(8) f 13(2) indicated sum 

13(8 f 2) \ indicated product 



su^^esi 



This example suggests again a way in which 
the dis tributi've propferny may simplify 
computatioru Instead of multiplying 8 
by 13, then muj.tiplying 2 by 13, and then 
adding, one can simply multiply 10 by 13\ 

Example 2. 19(7) + 19(3) 

One way Another way (ur.lng distributive 

property) 

19(7) + 19(3) 19(7) 4- 19(3) 
133 +- bl 19(7 + 3) 

190 19(10) 

i 

Which w.;^/ is easier? 

Example 3. (.3)(1.73) h (.3) (.27) 
( ,3)(1.73 ^ .27) 
(.3)(2) 



Example I3d ^ 92 = 6(2.. j \- 4(23) 

- 23(u f- 4) 

- 23(10) 

- 230 

C he a k Y o u r Read Lng 

1 . Use the d L s t r I hCi 1 1. v e p ro pe r t y t o e x p re s s the i nd i ca t e d s urn , 
''8(10) + 8(2)% as an indicated product. 

2. Why is it easier to compute 19(7) +^'19(3) after an 
appl Lcat Ion of the d La; t r L bu t L property? 



Oral Exercises 2 -be 



Express the following Indlca ted sums as indica ted produc ts , 



1 . 


2(3) + 2(5) 








2. 


l8(3.2)_+ l8i 


(.8) 


7, 


|(8) + |(4) 












3. 


(3.1)(7) + (; 


3.1)(3) 


8. 


I4(.u) + 14(.4) 


ii. 


6(19.2) + 6( 


.8) 


9. 


9(7^) ^ 9(4) 


5. 


3(37) + 3(3) 










. / 


Probl em 


Set 


2-5c 



Perform the indicated operations in the easier way. Show your 
method. 



1 . 


110(8) + 110(92) 


10 . 


7(8 + i) 




2, 
3. 


12(|. ^)' 
27(J) + 27 (|) 


11 . 

12 , 


16 + (8 > 
0(17 - 8; 


< 5) 
0 


4, 




13 . 


88(200 + 


1) 


5, 


H^) - 3(ii) 


14. 


|(o + 9) 




b . 


6(| + |) 


15. 


9(|) + 9( 


|) 


7. 


9( 11 + 9) 


16 . 


7(3.2) + 


7( .8) 


8. 


100(98) + 100(2) 


17. 


8(43) + c 


K57) 


g. 


oir; ^ 3) 


18. 


7(i) + 7( 


|) + 7(5) 



Show how you would uae the diatributive property to perform 

these mul tip! ica t Ions mentally. Can you finish the woi^k mentally? 

19. 8(13) 25. (75) (1001)^ 29. (A-)(l|) 

20. 7(108) 

21. 12(13) ^ 30. 13(2002) ' 

22. 12(24) 27. ( 9 ) ( Sj) 3.,.^. 



2-5 ! 

Problem Se%, 2-5o 
^ (continued) 

Write a common name for each of the following, 
33. 3 X (17 + ^) X i 



34. 

35. 5X1^ 

Use the distributive property to write the following lndica,ted 
sums as indicated products. See the example below: 

Example: 4(7) + 12 

4(7) + 4(3), 
4(7 + 3) 

36. 2(5) + 2(fa) 39. 5(7) + 15 42. 25 + 5(&) 

37. 3(5) + 6 40. 4(9) + 12 43. 25 +^.30. 'r' 

38. 14 + 21 41. 20 + 4(8) 44. l8 + 24 

^ / "^^ ■' 

*45. Write a common name for ' 

(| 4- |)ii + (| + |)7. 

(HLnt: Think of ^ + ^ as one numeral^ and don't start working 
until you have thought of a way of doing this exercise which 
isn't much work.) 

*4o. Write a common name for 

(a) (3 . |)8 . (|+ |)7 : 

(b) (I + h)lO ^ (I + i;4 



2-6 . 

2-u. VarlablaB \ 

"Take a number, multiply it by 3, and then add 4,*'\^This 1 
a simple exercise. If you choose the number 7., to start wr^l>-,=-- 
you get as the answer to the exercise. The steps could be 
shown as follows: 

7 

3(7) 

3(7) + ^ 

NcTtlce that **3(7) + is a numeral for the number 25. It is 

no\ the simplest num^^ral for 2p, but it shows clearly the form 
of 'the exercise. Sometimes the forTn of an exercise Is more 
important than the answer, ^ 

Le t u s c o n s 1 de r a s e c o n d example f "Choose a c oun 1 1 ng 
number between 1 and 100, add and divide by 2," This 

time the Starting number is to be taken from the set 
[2, 3, 4, 99), If you choose the number 8g, the following 

Steps s ho w t h e p ro c e s s , ' ^ 

89 ^^.^ 
ci9 f 5 

2 

^ \S u p p o s e t h a t: ;/ o u r f r i e n d J o h n follows the i n $ .-^ u c t L p n s of 
the e X/ r c 1 s e . H e d o e s n o t tell y n u h L s s t a r 1 1 n g n umber, / Y o u ^ 
o V /Hj u r* 5 e , d o n o t k n o w h i s VJ n a. 1 a n s w e r . Hut ; : o u d o know \t h e 
p^t t e rn of' h 1 s wo r k . Y o u m I gh t t h 1 n k o f 1 1 as follows: v 

^ J o h n * s n u m b e r J 

=T>"jhn*s number ^ b r 

John's number 4 o 
2 
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Suppose we let the letter "n" represent John^s starting number. 
Then we think as follows: 

. ' /' 

n 

n + b 
n -f S 

Here "n" represpnts one number: It happens that you da not know 
which number it is except that it comes from the set [2, 3^ 
. , - / 99), 

In our example we chose the letter "n''. We could Just as 
well have chosen a different letter such as "c" or "x" , 

When a letter is used Ln the way "n" was used in the above 
example, it is called a variable. 

^ variable is a numeral which represents a definite^ but 
unspecified J number chosen from a given set of numbers, 

A number that a variable can represent is called a value 
of th^ variable. The set of numbers from which the value of 
the variabi^e may be chosen is called the domain of the variable. 
Thus J in the example at the beginning of this section^ we used 
n to represent a number. But we were told that n was a counting 
number and that it had to be taken from the set (2, 3, 99) 
That is^ the value of the variable had to be chosen from the 
set [2, 3^ ...J 99)^ Therefores in this example^ the set 
[2, 3, .... 99] is the domain of the variable n. 

You remember that we called an expression 1 Lke "3 + 5" or 
"8 - o" a numeric-al phraj_^ . When a phrase contains a variable j 
we call It an open phrase . For examples "n + 7" is an open 
phrase. In the table below are 'some more examples of open phrases 
and their word meanings. 



Cperi phrase 




Word' phrase 


n y ^ 


a 


number Increased by b 


n - b 


a 


less than a number 


on 


0 


^times a number 


n 

12 


a 


number divided by 12 






8. 



I I 



2-6 

Each the four open phrases in the above table involve 
the varlable\ "n, " In each case, the value of the open phrase 
•depends on th^e value of n. Suppose that the value of n must 
be chosen f rom\ the set [8, 12, l8) , What we are saying of course 
Is that the set\ (8, 12, l8) is the domain of n for these examDles. 

Then If n Is 12 (n certainly may be 12, since 12 is In the 
domain), the value of "n ^ 5" is 17. What are the corresponding 
values of "n - 8," "6n," and ~ ? The table below summarizes 
the answers to these questions together with the same questions 
in the cases where n\ Ls l8 and where n is 8, 



n 


n i:) 






n 


1 








1 


In 


m 




L 0 0 


ii 




1 ,i 




hn 





1 . 
p. 

3. 

6. 

8, 
9- 
IC 



Is a variable a ni 
-Do-ea a* variable rg 
In what way is a 



Check Youj- Reading 

leral or is it a number? 
present a definite number? 
rlable different from numerals such as 
"b% "li% and '^/7b'"> 
What Is a variable^ 

W ha t is a nume r i c ph ra s e Give an example. 

What is an open phrase'^ Give an example. 

What do we mean by a value of a variable? 

Whiat du^ we mean by the domlin of a variable? 

What letters can we use for variables? Give some .exampl es , 

What do we mean by the value of an open phrase? 



o9 
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Oral Exercises 2-6a 



4 

Find the possible values of these open phrases If the domain of 
n is the set: (2, 5, 10] , ^ 

1 , n 7 

2, 5(n) (this can also be written 5n) 

3, n(ll) 

4, 3(n = 1) 

5, 5(n) - 7 

D . 9 = 3 ( n ) + D ( n + 1 ) 

7. 8(n) ^ 3(n) (this can also be written 8n - 3n) * 

8, 7(n ^ 2) + k{n) 

9, 



10 
11 . 
12. 



n 
E 

n + 6 

'-4 



g(n) ^ 3 

"5 

6(n + 3) 



11 (n ^ l)(n + 2) 
n f 3 

14, Would your thinking have been changed in any of the above 
exercises if we had used a, b, x, or y. Instead of n as 
the variable'^ 

State a mathematical phrase, using a variable, to represent 
each wo r d p h ra s e , 

1 5 . Two mo re tha n s cj m e n um be r . 
lb. Seven less than some number. 
1 ( , T) L X tirrtes some number, 

io. Some number divided by h, 

19- Four more than twice some number. 

State a word phrase describing each open phrase. 
20. n + 5 9b. 3a ^ 2 

' c - 2 26. 7(n - 2) 

2?. Hx .3. 

V • 27. ^ + ^ 

24. in f 3 SS- (n + 5)(n ^ 



Problem 3et 2-6a 

Find the posnible values of therse open phraco^ if Una aoinaLn 
n in the net: I , 3, 10] , 



1. 
2. 

3 . 



2 i n 1) 

3(n) - S 
4 

(n - l)(n -H 11 
n J. 



SI 



Tli^r> Q'tn a In- J be v/i'ltton 




(n = l)f:i -1 :,}(n -i- "lO)_ 




















a ban Urio valao L 


ban the valuio 




C ha:: 





value 3, V'.nu Urie valuer ai thcne open i^^rane^ 



3c ■!- ' b 



r> 6b = Q , 3b 

9. (3a h b)(b - c) 



10. 

11 , 

12 . 

13 . 



7c (a b) 

(3a - 0G)t2b - 10) 



1 1 2 



Unin5 a variable ^ vjrlte a inatheinatlcal phranu Cor each word 
phrase. 

1^^ Seven lean than thauo tUiien none number. 
15. Six more than one halb oi' a number. 



16. (Jne half ol' the ::o;:; 



a M'Kiibor and r b 



17 , Geven tn^re Uiiaa tbf; 'i''jUlent ) C :\i..\a nu;:: 



cii viae 



e le van . 

18. olx lean taaa tlw an'it^lent oi' a naau er dlvUled 1. '.iu'C; 

19, The nurn Ol Uv/lo'. a nu::r''r and uhree . 



20. Tia; -a::i of a noinl ei* nud neven all d.'vla^d 'by uv/elve, 



Problem Set 2=Da. 
( cont inued ) 



for each mathematical phrase. 



(Hint: One way would be to state It 
as an instructions- 
take a number J subtract, , . . . ) 



You have been introduced to the meaning of ■'variable". 
How Is S variable used? You v/111 be interested to discover 
that variables are used not so much to find answers as to 
discover forms of problems or number relationships. 

Let's consider a number game: 

What number do you get if you take the number of years 
in your age, multiply by 3, add 12, divide by 3, subtract 
2? (Don't tell us your age?) 

Perhapa^.you thought of the following numbers, as the 
Uis tructions were given: i4, 42, b^, l8, lb. We ask you 
your final number and when you say lo, we tell you that 
your age is 14, = How did wa know? 

Try another number, say 34, the age of your father. Let 
write your reasoning procesB this time as well as the result 
of each calculation. It would look like this: 





.h ■■ii' i.ii!': Ft' jf;C';::r; 


AniU'/f w ' ■ 


3(3'0 


102 




3(:r:) 


" 11^ 




38 






3o 



Wri te a word phrase 

21. 8n 4^ 4 

22. ^ ^ 4 

23. 8(2n - b) 



Therq at*c tv/o Inl.n::;,: v/f; v;i:;n tr) notl.cn. rlrst;, hov; do tho 
^ two answers you have :'o Mnd rr) ;/ar relate to thc/ nurnLoi-^n you 

startaci wtth'i Try Borno other nu.:i;.er:- and -.r-epeat tha proco:..^u* 
* ^ each oV thCGO nniTj^vr: nnvL; trie ::n:.K.; r^clatl jU.^h Ip to ti.io 

original nuniLern; 

' ■ V/o can anr:v/e;r tnV:^ ia::t: :ruj::tLin Lcttup L i' v/c nov; n^VG 
our attent loa t ) the nuoond point oV hnportanCG. Look at the 
la^t 'expi^ei:::! jn :.n the GCODnci GQlu.nin oi tiic tatlc, 

^hin oxpronr-:. )n ;:hov;:^ the Por::! oT the problem. IJo matter wb^t 
nujpbcr v;e Gtart v/lth, the Porin In the L^anie . If v/e ntart 
1^! / we c^t' 

TP vjc L^tart- with ' v/e cet 

f ■ 3 (■hi) -i- i:r 



^6? /' 

\1 V 



ppa^e v/e chMi^t tel.!. tne ne..u er v/l.tii v/i. Ich v/e started, V/hat 
v/oi-il^ the Kri i r tdi-} pr)ti..:n lo^ Do you re;ncniber that a 
variable r-MiUeeentu; an juo . .h. '.00 nuinler ih^om n cpeaLPied 
aetir Our v;i'ouLc;.i aeveiwpe m.:: :"o L 1. 3v;e , L ■ ' vie donate the 



nnlnj naut oe by ;;n*- va:.\hh 'n 

/■ 

r ^ u 

(7 



r 

i! 



V3 
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Does the final open phrase a^ee with youp idea of what the form 
should tie?- This open phrase 

i . .. ^— - 2, 



provides 'us with any possible answer to the problem , depending 
on your etartinG number. Let us eKamine the open phrase 

---- -g — - - 2 more closely. 
\ 3n t 12 - 3n 3(4), 

and by the distributive property* ' : 

3n + 3(^' ) - 3(n + 4) . 

Tl^erefpre, 



: , 3n + 12 _ 3(n + 4J , . 

3 ^ 3 

, = I X (n + 4) 

^ ' ' = n + 4 

and oxxr operl phrase can be v/ritten more simply 

3n + IS _'2 = (n + '0 - a 



This tolls ua« that the? answer civen v/111 alvmys be two more than 
the starting number, Does this agree v; It h^ your earlier obser-- 
vatlon? ■ Thin v/ar; our "sedrei^t", Thlc v/as the v/ay we could tell 
your age whon you f^'^o '.uj your I'lnal answer. 

Ther.o v/llL be many placeic. in tlvLs course and in^ future 
matheniatlcs v/hoc^e tho pa t: t c p n or ror::! .of a nroLlcm is much more 
'important than any nl!if;:Lu an::v/cr. 
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If the domain oV the vnrlablc in ^our problem abave had been 
the set S - (1, 2,^3, - - 1,000,000), then our toTm 

" 3-"-^ ^ 2 ^ n + 2'V could immediately provide us with any one 

of a million dlfrercnt annv/crD. 'If the donia^Ln had been the set T 
of all whole numLern, the farm v/ould have provided iiz v/lth 
Infinitely many ansrv/crc. Do you agree that thia do so? 

The dlscussloh above lllustrateG the great^ pov/er of methods 
based upon pattern or form. rather than on simple arithmetic . 
This approach is made possibld by the introduction of the Idea 
of variables . 

Chec!c^^.ir Re&dln^^ . ^ 

1. Are varlabLos unod n^jrc to ^'Ind answern or to discover forms 

— - — - ^ -i- ^ 

of problems or nanLur r(jlatlon;::hiprr? 

2. If your "DtarULnj-; nuniLu-'" \n the niunbcr [^amQ of the preceding 
section Is 'j, vihnt Is tiic final ancv/erV 

3. If the dOiria In of tiio variable in the niunber game had been the 
set (1, 2^ 3, ■ . 101, hovi'rnany different answers would the 

f ornf 35^4-^ ^ y - n I 2'' ^ provide^^ 



froLicrn Set 2-6b 



If the nufn of n. ceL^taUi niiiTitcr^ t. and' 3 is doubled, wliich 
of the rollov/lnr; v/o-. La be a correct form: - 



\ ^ 2t -f- 3 or 2{t + 3)? 

In adfiori to bv;icc a certain : numbc 



If 5 Is adfiod to twice a certain : number n and the sum 
is divLdcd Ly 3, v/hlch is the corroot fc 



2.6 



Problem Set 2-6b 
(continued) 

If Qne-fourth of a certain number x is added to one-third 
of four times the same number* which is the correct form: 

4, 



|(x) + |(%) or I + |(x)? 



If the number of gallons of milk purchased is which Is 

the oorrect form for the number of quart bottles that will 
contain iti - 

or I ? . 

If -a is rtie number of feet in the length of a certain 
rectangle and b is the number of feet in the width of 
the Bame rectangle^ ^ich is the correct form for the 
perimeter: j 

\^ a +,.b or ' ab,7 
Find a common name for * 



lOo 



(a) |c + 32, v/hen C 

(b) when>--h - 4, a - 6, b - 8. 

(c) P(l + rt), wh,%ri P ^ 500, r - 0,o4, t 



(e) _J^wh, v/h'fcn. X - v; ^^"^V^S =5 

Write the form of the anGvjcr, upinG a varlaLle, for this 
serLes of instruct lonn . "Thinl? of a number, add 2, ;nultiply* 
by 3, o^btract 6, dl.vLdG by 3. V/liat Is tiiG rinal number?" 
Simplify \h' e f o rm 1 1" y n\x "c a l^k Do y o^i i g nd u p v/ i t h t h e o r i o i na 1 
number? 

Do as Ln ProbLGt!! ■ :-'jr Uh's :^qvvqz j Inst :.M.ict Lone : Think of 
a number, multiply by 4, add B, di.vldc by 2, subtract , 
subtract tv/lcc your nrj.nl-nal numtcis Vfliat docn the pattern 
reveal? 
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Problem Set 2-6b 
(oontinued/) 

Tell which of the following sentenceB are true if x has the 
value ?: 

I 

O = O j- V i 



9. 


X 4- 


2 ^ 2 + X 






10. 


(x + 


3) + n ^ X 


+ (3 + 




11 , 


X = 


5 ^ 2x = 10 






IS. 


3(x 


+ 4) ^ 3x + 


12 




13. 


X - 


10 ^ 3 






14. 


fx. 


6 ^ X 






15. 


(x - 


t.)(x - 4) ^ 


- X - 1 




16. 


8x + 


9x - 17x 






17. 


3x + 


2 > 3x 






18. 


(x - 


U)(x -h 7) ^ 


" .x 




19^ 


llx 


- 2x Y 63 






?^0. 


X ( 3x 


+ 7> - 3x^ 


7x 





3 umma ry 

Among the important Ideas of this chapter are the following^ 

1, Numtrals are names for numbers j as diatingufshed from 

numbers themselves . ^ ■ 

\. 

2, The presence of this symbol between two numerals Indi- 
cates that the numerals represent the* same number, 

3, The symbol represents the .verb "is not eaua] to" and i 
used to Indicate that two numerals do not name the same 
number, I 

^. The symbol "> represents the verb phrase "is greater tha 

5. The symbol* "<" represents the ve^ phrase "is less than". 

' ■ 

b. Indicated multiplication, for ex^ampie, of 7 by 3, may 
be written 7 x 3, 7(3) or (7)(3). ^ 
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?• In order that the meaning of the numeral shall not be In 
doubt, we agree to give multiplication precedence over 
addition and subtractlonj unless otherwise Indlcatedj In 
expressions Involving theie operations, 

8, Parentheses may be used to enclose those parts of an 
expression to be taken as a numeral, 

9, A numerical phrase Is any numeral given by an expression 
which Involves other numerals along with the signs for 
operations. - 

10. Numerical phrases may be,. combine^ to^ form numerical sentences, 
which, may be either true or false, but not both, 

11, A property of an operation is "something which it ha^'" or 
one of its characteristics. 



12, ^%binary operation Is one which is always performed upon two 



13, 



numbet^. Addition and multiplication are blna^ operations. 

The associative property of addition, , ' [ 

Example: ( 2 + 3 ) + 4 ^ 2 + ( 3 + 4 ) 



The commutative property of addition. 
Example- 2+3-3+2 

15^ The multiplication property of one. 
Example: 8x1-8 

16. The associative property of multiplication. 
Example: (2x3)x4^2k(3x4) 

17. The commutative property of multiplication. 
Example: 2x3-3><2 ^ 

18, ' The dlstrlbutive^roperty (of multiplication over addition). 

Example: 2(3 -^^4) ^ 2(3) + 2(4) 

19, A variable Is a numeral which represents'^ a deflni te , though 
unspecified J number from a given feat of numbers. i 

20* A numbei^ which a given variable can represent is called a 
valus of the variable. 

21. The set of values of a variable is called its dcmain. 



Review Problem Set 



V/rlfce five different numerals for the niimber three. 

What do we mean when we refer to a "aommon naJne" of a number? 

Vniat Is the order that v/e agreed upjfcn for carrying out opera- 
tions, in problems involving^add^tion^ subtraction, multipli- 
cation, and division? 

VJhat is a common name for th^numerlcal phrase '-7 + 5 x ^"'^ 
V/hich of the following sentences are true? 
(a) (5 ^ 3) ^ 2 = (5 - 3)2 

(L) 6 -H X 3 7^ 6 (i' K 3) 

Kc) (5 H 1)(6 + 2) - 5 + (l)j 

(d) 42 ^ 4(2) 

(e) 6 K'2 4^ X 3 ^ 6(2 + 4)3 

(f ) < 1 V. . • 

Which symiol, > or '^<'', means ^'is less than"? 
V/rite the follov/ins sentences using the symbol " > 
(a) 5 <^7 (b) X < 3 (c) M < N 




V/hat do v;e mean by a binary operation? 

V/hich or the ^Lgllov/ino phrases are indicated products of 
two nujnters? 

(a) 3x6 id) (3 + 6) (5 + 2) ^ ' 

(b) 3(b ^h' 5) (e) 3 X 6 K 5 X 2 

(c) '3x6-h5 (r) 3x6-^5x2 

V/hich of the roll'ivrin^^ i.l lust rate the associative property 
of additi^on? ^^i/ m-i I tip 1 1 cat I in? of neither? 

(a) ^ + (3 + 1) = -r 3) - ]. ' 

(t) + 7)0 + S)(t) - + ^0(2 - 3)(i) 
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Review Probltra Set - 
(continued) 

(o) (3 X 1 = |(|x|.) 

(d) (1+1)1^1(1+1) 

11. For each of the follov/ing s-tatements teil what numeral for 
one has been uced In changing the name of the number. ^ 

(a) f = = T 

12. V/hich of the £■oll□^^inG are true DentenceG? Tell vrhat 
property or properties of addition and mul tlpllcatinn are 
Involved In those sentences which you consider to be eorreet 



(a) 


(3 - 


H 2)7 = 7(2 -h 3) 


(b) 


(3I 


+ 5|) + = &| + (3| + 


(c) 


5(9 


- 8) = 5 


(d) 


6(7 


+2) +4^4+ (7+2)6 


(e) 


3 X 


4+2x3= 3(2 +|4) 


(f) 


9.2 


- 8 = 8 - 9.2 


(£5) 


3 X 


8 . 


(h) 


3 + 


4 X 6 + 3 = 3 +- ( 4 ) ( 6 ) 


(i) 


i3(; 


; + 3) f (13 + 2)(13 + 3 



13. Fcrl^orm the indicatea oporation in^.tJie "'easiest" way. 

(a) 19 (| + |) (c) 9(|) + «/(|) + 9(29) 

(b) ij(iy) (d) (20^^(101) 

1^' . Vfiiat !□ a varLableV 
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Review Problem Set 
(continued)^ 

15, Given that the domain of x is the set [k, 5, 6) find the 
value of each of the fqllQwing open phrases, for each value 
if X. 

(a) X + 3 (d) 

(b) .7(x + 1) - 5 \ . x2 4. X 

■ ■ ■ \b) ^ can you find an 

(c) (gx + iHx + 2) I ^ ^^easy" war? 

li, V/rite an open phrase that gives the form of the following 
number game . ' 

Think of a number, double it, add two, multiply by 
four, divide by elsht and add seven. 

Can you simplify the form^ 'Wliat "trick'- can you use to find 
the answer quickly? , 
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Chapter 5 

* * . OPEN SENTONCES AND TRUTH SETS p 

5-1, Qpan Sentences . ^ 

In chapter 2 we ejdlad expreislons such as + 3" j "o - 5'* i 
etc., open phrases . (They are phrases whieh contain varlatales , 
In* the same way we c^i sentences which contain one or more 
variables \ 

* '*s ^ open sentences . 

Thus, the statement "n + 3 - 5" Is an example of an open sentence > 

Suppose we were asked whether the sentence "n + 3 - 5" is 
true. Of course. It Is 'impossible to decide until we know ¥^at 
number the variable "n" represents. The sentenoe 

'■He is President of the United States." 

presents the same type of difficulty. Again we cannot decide 
whet^^r it Is true until someone indlGates* the person referred to 
by the pronoun "he'' . 

The open sentence "n + J ^ 5" becomes a true faentenoe when 
n is 2, Therefore, we call the number 2 a truth number of this 
particular open sentence . Can you find other truth numbers for 
this same sentence? 

If we are given an open sentence, how can we determine a 
valufe of the variable which will make It a true sentence? Sup 
for' example, we consider the open sentence 

2x + 3 ^ 18 

We could begin by gueBslng various numbers and then trying each 
one of these In our. open sentence In place of the variable ""x" , 
In this way we might hope to hit on a "truth" number. This could 
be a long process. It might also happen that we Just never would 
guess a right number. 

It would be much better if we thought carefully about the 
results of our first guesses and used these to guide us. Let ua 



83 ^^l 




use our example to see how the process might work. Our open 
sentence is 

2x + 3 ^ 18 

As a firet guees, we might try 6 for x. Letting x be 6, the 
sentence * 

2x + 3 ^ l8 

becomes 

2(6) +3-18 

This Is not a true Bentenee because It says that 15 equals l8. 
Since the number 15 Is less thanl l8^ this means our guess, 6, 
is not a truth number and is protably too small . 

Suppose, then, that we try the number 8, By the same pro= 
cess we see \j^t the Bentence 

2x + 3 - 18 ^ 

beeomes 

2(8) + 3 - i8 

whl'ch Is again a false sentence. It nov/ says 19 equals iS,^ which 
seems indicate that 8 is too large. 

It seems natural that we would now try a number between 6 
and 8, possibly 7. Our sentence now becomee 

2(7) +3-18 

which is .still a false aentence . What number do you think we 
should try now? . Do you think it should be a number between 7 

and 8? If so, why? 

* - -1 * 

If we replace x by 7^, we find that the sentence 

2x + 3 - l8 

becomes 



^ 2(7i) + 3 - 1< 



which i^ a true sentence and we have discovered a number, 7^> 
that makes our open sentence true . • , ^ 

Check Your ReStflng - 

1. What is an "open sentence"? 

2. Are the following expressions open sentences? Why? Are 
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they true aenttnces? v/hy? 
n + 3 = 5, 

He la President of the United States. 
3. Doea 6 make tt^ sentence "Sx + 3 = 18" true-' Does jkn 
.What kind of nWber do we aay la In relation to thf 

/ 

Oral Exercises 3^Ia 

Which of these sentences are true if x is ? 

^ + 1-2 . (f) 4x + |=.7x 

W = 1 (g) 4(3, + 1) = X 

(c) 2(x + 1) = 3 (h) 2x + 1 =, 2(x + 1) 



■ (d) 


S(x + 1) ^ X 


+ 




(1) 


X + 2 1 


= 3x + g . X 


M 


X + a ^ 1 












2. Find 


a truth nu/nber 


of eg 


ich of these sentences. 


(a) 


X + ^1 ^ 6 






(e) 


3x - a 


= 7 


. (b) 


X + ^ ^ ^ 






(f) 


3x - a 


= 6 


(°) 


2(x 4- 2) - 6 






(g) 


3x - a 


= 0 


(d) 


2(x +2)^7 












3 . Pind 


the numbers , 


If 


any, 


that make- 


each of 


these open 


Bentences true'. 












(a) 


X ^ k m J 




(e) 


6-- y ^ 3 


(1) 


5m = 5 


(b)- 


X + 5 - 7 




(f) 


km ^ iH 


(J) 


X + 3| . 7 


(c) 


X + 6 ^ 7 




(s) 


^ 18 . 


(k) 


2x + 5 _ 12 


(d) 


6 - X ^ 2 




(h) 


5m ^ b 


(1) 


3m - 2 = 8 



Problem Set 3^1a 



Tell If the given value of the variable Is a truth number of 
the open sentence. 

(a) X + 5 ■ 8j X Is -5 

(b) X - n = 12- X Is lt3 



(c) 
(d 
(e 
(f 
(8 

Find 

(a) 

(b) 

(c) 

Find 



Problem Set j-la 

(continued) ; , . 

2x = 6j X is 3 

(x'+ 5)(x + 3) = 24; x 'is 1 , , 
(x - 5)(x - 4) = 0; X is 5 
3x - 2 = 12; X is ' 5 

ac + 5 ^ 3x - 7i X is 12 . 
a truth number for each of these oaen sentences . 
X +'7 = IS (d). 2(x + 4) = 17 / (b) -Sx + 4 = 12 



X + 7 = ^ (e) , 4x - 7-= 18/ 



(h) 5x + 4 = 19 



2(x + 4) - 12 (f) (x - &)(x M) = 0 (1) 12 = 2n + 7 
a truth number of each of l_ihe following open sentences. 



(a) 


2{n + 2) 


= 14 


V(3) 


y + 25 = 2y + 7 


(b) 


2(n + 4) 


= is' 




y + 7,« sy + 7 


(c) 


14 - 3y - 




(1) 


3a + 5 = 2a + 10 


(d) 


17 - 3y = 


8 


(m) 


3a + 10 = 2a + 15 


(e) 


3 + 2y = 


10 


(n) 


6a + 5 = 5(a + 2) 


(D 


19 + 4y = 


61 


(o) 


3t -.2 = 5 


(g) 


20 - 3y = 


8 


(p) 


4t - 3 = 8 


(h) 


y + 13 - 


2y + 7 


(q) 


6t + 5 = I't 


(1) 


y +' 19 - 


2y + 7 


(r) 


lit - 14 = 44 



In each of the above exerolses we found only one number that 
made the liven aentenoe true. There are open sentences, however, 
which have many truth numbers. There are also open sentences for 
which there are no truth numbers. _ ConBider, for example, the 
expression 

X > 3 

AS discussed in chapter 2, the s;/mbol " means "Is greater 
than" . Since our sentence contains the variable x, It is an 
open sentence. We now wish to determine those values of x which 
make the sentence true. Can you think of some of 'them? 
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Vte sea that the sentence is true when, x = 4, x.^ 5, x = 
X = lOOj and so on . In faet the sentence is true when x Is any 
number whleh ie greater than 3 * ^ 

As a further example, consider the open sentence 

2n + 1 > 7, 

Ie this ^ true sentence when n ^ 5? 'In this case we are really 
asking tfta question, is the sentence 

11 : 7 

a true sentence? What can ^you say about tM.s same open sentenee 
wheTi n = 3? For n - 3 our open sentence becomes >i 

2(3) + 1 > 7. 

Can^you see that this is not a true sentence? For n - 1 our open^ 
sentenee becomes 

2(1) + 1 > 7. 

which is also a i^alse sentence. Prom this we should see that the ' ^ 
open sentence .2n ^+ 1 ; 7 is true v/henever n is a number greater 
tharr three . Another way of describing this is to let T be tht 
set of all numbers greater than 3^ Then we could say that our 
sentence is true whenever n is an element of the set T. 
Suppose we consider the open sentence 

^x+g^x.+3. ^ 

Let us look for A truth number. The question we are really asking 
is, "What number plus two equals the same number plus 3?" Notice 
that a given variatle appearing several times In any one sentence' 
must always represent the same number . Thus if x were to have 
the value ^, our sentence would be ' ^ ' 

^ ' .1 / 

Is this a true sentence? Do you see that it is impossible to find 
a value of x which ^would make our open sen tence ' true? We see, 
then, that there are open senteFices which have no truth numbers. 
Can you suggest some others? 

. Let us now examine the open sentence 



What can ws, say about^the truth numbers for this sentenee? Car 
you think of any values of g which will make this sentence 
falie? . 

FJ'om the above examples we can see that there are varlpus 
types of open senteribeB, Some of them have one truth number* 
Others have many truth numbers^ and gome have no truth numbers 
at all , w - . = 

^^'^ ^ . 

Check Your Reading ( 

i \ 

1..* Does an open sentience always h^ve one truth number? How 



many truth numbers can an open sentence have 
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How many numbers of arithmetic make the sentence 2n + 1 ^ 1 
a true sentence? 'I 

How many numbers of arithmetic fcake the sentence x + 2 ^ x 
a true aentencei - 

How many numbers of arithmetic make. the sentence x + 1 ^ 6 
a tru'fe sentence? ' ' . 















Oral Exercli 


les 3 


-lb 




Which 


of the follgwing open i 


lentences 


are true If the" 


Of X 


is 9? 








(a) 


X - 9 


(1) 




X 


(b) 




{,0 


X - 


X 


(c) 


4x ^ 36 


(k) 


3x ^ 


. 2x 


(d) 


X < ^4 


(1) 


+ 


5 ; X + 4 * ^ 


(e) 


X + 5. - 14 • ' 


(m) 


x" + 


3 > 7 


(f) 


x - 5 > 0 




X - 


X + 1 


(s) 


X + S = X + 8 


(oj 




■7 




Jx - 2x ^ X 


(P) 


2x - 


^ X 1 



1 



lue 



2- Which of the open sentences in Exercise 1 have no trutr 
nymiJer? i ^ 

3. Which of the open senten^s Inv Exercise 1 have exacTt^y/one ' 
truth number? 

4, Which of the open sentences in Exerolse 1 have* infinitely 
many truth numbers'^ o 



Problem Set g^lb ^^^^ / ^ 

pOT eaah of the following ^pen sentenc&s flrfaorlbe the. set of 
nunib#M sueh'that eaeh element of the set makes.the open sentence 
true . (Remtmber a eet may be jaescribed by listing the elements ^ 
In the* set 

1, ^x^5 ' ^ , ' 11, 4 < ax 

2, X + 3 > 7 ^ , 12. 4x + 3^.^ 4x . ^ 

3 , m + 1 , 13 . ^ 2 ^ 3a 

^. ?x ; 15 . . 14. Sir - 6) -.0 

5* X + aV^o , . ^ 15. 0 X b ^ 5 

6, 8 ^ X + 5 ^ 16 . (a + 3) + 2 ^ a + (3 + 2) 

7^ . 2y ^ y + y ' 17. | ^ 9 ' ^ 

8. 3k ^ 0 ^ >18, 3y + 2 < 17 

9. X + l' > X * *19, 2y + 2 y + 2 
10, m - m - 0 - *20, 2y + 2 ^ y + 2 



Sometlraes a ^varlable occurs in sfn expression which has the 
form s^ This means- "s multiplied by s'S and Is i^ead ^ 
"s squared'^. Consider the open, sentence ' -4^- 

This becomes, a false sentence if we let s be 5, arjd'it is 
true If s is 3 , , Can you see why? 

An interesting thing happens when we try to find the truth. 
*numbera for the ft'ol lowing open sentence 

X" + .2 - 3x = 0/ 

in which phe domain of the variable is the set 

~ ^"^ ^ ' "^ ' ' S ^ {a, 1, 2, 3^ 4] 

What elements of the set 3 are truth numbers for^ oiAr open 
sentence? If you keep working at this probfem, you may find that 
more than one of these elements is a truth number. 
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3-1 



j tOheck Your Reading 



2 " 2 

1* vmat is a common name for'(5) ? Pgr (^)"? 



2 , 

3 
4 . 



What doetf^"s-^' mean? How do we. read it? 



MMt number is a tru;th number "of the sentence "s /a 9"? 
What" number is a, truth number of the sentence 
-'x- + 2' - 0"? Are there more than one? 

\ Oral Exerci ses J-lC 
^ / " 

Pot the following sentenoea-, let the domain of /the varlab^ 

be = the set "Sj^ [0, ^1, 2, 5, i^, 5],^ Find the tfuth numbers 

(a) 

<b) r 

(c) x2 = 25 

J- 

(d) 9 = 
(a) -.30 

V/hart is a commonjapame ror^theoe expressions?/ 



^ 0 





y2 = a 




(eX 


2 1 
.m - 5 




(hr 




10 


(1) 


x" + 2 = 


6 


(,]) 


2x2 ; 4 ^ 


3 



(a) 


(5)^ : 


(f) 




if 


^a 


/ ^® 


12 


(b) 


(10)2 , 


(s) 


Q 


if 


m ] 


Is 


8 


(o) 




(h) 


2 
n , 


if 


n/ 


X s 




(d) 


ll'f . 


(i) 


2 f 

n , 


if 




is 


1 


(e) 


^ x^ j- -IfV X la 9 - 


(,}) 


- 11- 


if- 









Find the valueE of the variables that mal^ these open 
BBfiterujeB ti"-u& . Ltt tli© coLaitlng riwijnber^ be", the ^bmaln 
of the variable . 





• (a) 


X^ = 


ii 


(s) 


x"^ - 




(b) 


O ■ 
X~ = 


16 


(h) 


Q 

X^ " 




(c) 


6^ - 




(i) 




I. 


(d)^ 
(e) 




225 

10000 


(J) 

(10 


n 

+ 




(!■) 


X ^ 
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Problem Set 3^1g 

Flnd^the valueE of the varlablei whieh raake the following open 
sentenaei true. Let the domain of the^ varl^blea be the sat of 
nurabers of arithmetic . ' , • 



1. 


x2 




9 


8. 


x2-x 




25 






9. 


"x2=(7)2 


3. 


. 25 




X- '+ 16 


10. 


x2 = (5.1)2 


■ u. 






3+1 


11 . 


x2 + 6, - 5x 


5, 




+ 




12 . 


0 = Sx'2 + Jt 


■6, 


a 

X 




-0 

\ 

1 






7. 


2 

X 




»14. 










- , *15. 


(x + 1)2 





3-2. Truth . Sets of Open SentahGes , 

In the preceding sectl'on we have been working with the 
problem of finding truth numbers for certa^ open sentences . ^ 
Let us review quickly some of the-exampp.es we used by means of 
the following tiable: ^ .."^ , ^ 



1 — ' 

open Setitence 


p— — ™^ —1^ — 

Truth Numbers 1 

r 


. n ;i 3 - 5 
X > 3 
X' + 2 ^ X + 3 ' 
3 4.c + ^^^c-+7 
x'^ + 2 - 3x - 0 


2 . . ■ . 

all numbers greater than three 
no' numbers at all 
all numbers ^ ' ,^ 

Z ^ ' 



From -these 'i^xamyles and others which we have studied we ca^ 
see that the truth numDeps for any given open sentence can be 
thought of as forming 'a set. We call this set the truth set of 
the open sentence , ' ^ ^ 

f As you riemember r rom *^^chapter one, sets may ^be indicated', 
either ly n jlLst^or Ly a .veraal description. You sAould also-_ 
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remember that a set with no elements In It Is callad the null 
eet, or the empty set. The symbols for this set iff . 

"In the iafiguage of sets out table would look as followar 



'open Sentence 


Truth Set 


/ ■ n + 3 = 5 

x.> 3 

X + 2 p X + 3 
3 + d + 4^^c + ? 
+ 2 ^ 3x - 0 


T - ■ ' ^ 

Ti the-set of all numbers 
greater than three ^ 

T - ^ .- 

the- set of alii numbers 

T - 2] 



It is Important to remember that in forming the truth ^et 
for a given open sentence we must include all of the truth .num- 
'bers . Furthermore there, must be no elements in our set which are 
not tnuth number S'-. - ^ ' . 

In dealing with truth sets oi' open sentences we must also 
pay'particular attention to^ what^ we called' the domain of the_, 
variable: You recall that the domain of a variable Is" the se^" 
of all numr)ers from \vlftch the v&lue of the variable may be ohosen . 

In certain examples and proolems the domain of .the variable 
will be stated spec^il'lGally . On ^he other handj whfn no mention^ 
fls made af the domain v;e shall assume, in this chapter tha^ the 
domain in question' will be ^the set of all numoers of arithmetic - ' 
_fbr . v/aich' the given sentence has meaning. . - 

' Suppose, for exsimpleH v/e Gonsider ^ne following problem: 
"Let'^the oben sentence be ' . . . ' ' "' 

. ' ^ ^ X > 3 ^ ' ' 

and let the . domain of x ^ be -t hp set * - . 

i ' ' ' ' ' ■ ■ 

D - {0, 1, 2,, 3, ^, 3] ^ 



Find the trutn set/. 

Tnis mebris /nn' we Hve 
set D v/nich. make our open ^eente-nce 

V/e see tnac our i^rutn se 
see that T;he set of numLert: F 
pWhlch mnke the apen ^er^tence 
part Leu jar ex'imple n'ty 



pick out all the elements from the 
rue. Can yo/a do this? 



is the set T '^^f^, 5K We also 
^ [0,. I, 2, 5) is the set of numDers 
^.Ise . One v:ay of lookj^ng at this 
aar \ae open sentenae sort^ the 
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5-2 , 

set D into two subirts, the truth set t', and the set P. 

Let*s take another example. Co-nslder the open sentence 

. K + k ^ 7 , 

Nothing is said here aboud the domain of x . In this case we 
aefume therefore that the domain bonslsts of all the numbers of 
arithmetic. What Is the truth set? What is the set' of numbers 
which make the sentence false? 

Once again we see that this open sentence sorts the set of 
all numbers into two subsets: 

T ^ [3) and P the set of all numbers except 3. 

Prom these examples we see that an open sentence actually 
does act as a sorter . Just as you might sort a deck of cards 
Intojtwo sets J black and red* an open sentence sorts a set of 
numbers into two sets: one, the truth set, and another^ the set 
.of all numbers in th^ given domain which make the sentence false 



Check Your Reading 

1. If we are going to describe the truth set of a sentence, what 
must we be careful to consider? 

2. WLSit do we call^ the set from v;hlch values of the variable 
may be selected?*' 

3. ^ What is 'the truth set of a sentence? 

k , What is zne truth bbz qV the open sentence x > 3 If the 
domain, of x is the set [0, 1, 2, 3, ^r, 5}? 
"5^ If the dornain of the variaDle 01' a dentence is not stated, 
what will the domain De? 

Oral Exercises 3-ga 

If the domain of x is the set [0, 1, 2] i'ind the truth set of 
each of the i'ollov/ing sentences . 

1. x + 2- 2 • "6. 3x4^ 1^4 

2. x>0 ^7. 3x + 2^8 

3. x + xs2 , 8,3-5+3x 

5 . 3x = 6 ' 10 , 3x ^ 2x 



•i.3 
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11'. 
12, 
13. 
14/ 

15. 



X + 5 > 12 
X + 5 > 3 
X + 5 > 5 
2x + 5 ^ 8 
8 +'x = 10 



Oral Exereises 3-2a 
(continued ) 

2(x + 4) ^ X + 10 
5x + 8,^ 2(2x + 5) 
3x > 0 



16, 
17. 
l8, 
19. 
SO. 



3x > 6 



Problem Set ^-Sa 

For each of the open sentenoes determine the truth set T,« 
and the set P of numbers which make the sentence falBe, 
If the domain of tKeVarlable la the set 
W - (0, 1, 2, 3, 4, 5, 6, 7, 8) . 

(a) X + 2 - 5 (d) X ^ 5 

(b) Jn + 2 = 14 ■ (e) y < 6 

(c) X > 5 (f ) m + I - 4 

Do as In Problem 1, but list only the truth set T. The 
domain of the variable la the set 
W = [0, 1, 2, 3, 4, 5, 6, 7,8]. 



(a) 

(c) 
(d) 

M 



y < 5 

2x + 3 = 7 

+ 12 - 7x 
t = t + 1 



(s) 

(h) 

(1) 



5m + 10 

3 

X > 8 
X = 8 
X < 8 



= 10 



(.J) x^8 



Below several domains are described. For eachj consider tjia— - 
open sentence x + 2 < 9 and then determine the two sets\T 
and F as in exercise 1 . 
(aj [2, 3, 4, 5, 6, 7, 8, 9) *(d) 



(b) [0, 10, 20/ 30, 40/ 50) *(e) 

(c) [3, 5, 7, 9, 11] , *(fj 



the set of num^ 
.greater than- 

the set of numbers 
less than, .10 

the sat of ntJmbers 
greater than 8 
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^ Problem Set S-2a 

(□©ntlnued) 

4, PollQW the same instructions as in problem 3 but list only 
the set . ^ 

(a) (0, 1, 2, 3,, ^) .the set of numbera 

greater than y ' * 

(b) {6, 7* 8) *(e) the set of countlrti 

numbers « 

(c> (7, 8, 9) / *(f) the set of whole numbers 

5* \In each of the following test whether or not the given 
/number belongs to the truth set of the open sentence . 

(a) 7 + X ^ 12; 5 ^ ^ ' (f ) (x 2)- ^ k\ 4 

(b) 3 + t ^ B: 4 (g) I ^ ^4-1 

(c) m + 2 < 7; 6 (h) 3(x - 1) + 4 - 12; ^ . 

(d) 2s + 3 > 10; 3 (i) 2(x + 3) - 2x + 5; 3 

(e) . 2x + 1.- .0; 1 

6", Write an open, sentence whose truth set contains . 

(a) No elements 

(b) Exactly one element "x^/ 

(c) all numbers of arithmetic^- 

(d) an infinite nu^b^er of elements but net all numbers of 
arithmetic 

J, In the following exercise consider the domain R - [0, Ij '2^ 3, 
4^ 3). Find, and list when possl Die ^ the truth sets of the 



following sentences . 



(a) 4 + X - 6 ^ (qX:^ > 5 

(b) 4x + 3 ^ 6 ^ (d) X -f 4 < 6 . 

. 8.'_--.^R9_ P^pWf _7_ agalrij but this time consider the domain to be 
all numbers between 0 and 5 . Which of these truth sets are 
finite sets? * 

9* Find the truth sets of the following sentences 1 

(a) i + X - 5 (d) 2x + 1 ^ 2(x + 1) 

^ (b) ^ + I - 7 (^) |x ^ 4 

(c) X + i - 2' (t ) |x - 4- 



9b 

1 ' 



' .Problem Set 3-2a ^ 
(eontlnued) 

(S) fx - 4 (J) I = 1 

(h). ix - 4 . (k) I = 2 

(1) J« = > ■ 



Th our dieeuselon of sentences In chapter 2 we used the 
eymbols , . 



=, ^. <, >. 

We must be sure toat we CQmpletely understand the exaet maanlngs 
of these Symbols . Now suppose we wish to w]^ite an open sentence 
which says that a number n Is greater tham or equal to 7. Can 
you think of k teort way of doing this? A convenient way, and 
one whlc|i is most comnionly usedj is the, following: 

n > 7, 

where, as we see, the lymbol is a .combination of and , - 
Likewise, ^the open sentence 

■ n < 10 



means Z'n" is less than or equal to "10" . 

The truth set of the first sentenQe Gonslsts of the number 7 ^nd 
all numbers greater than 7* The truth set, of the second sentence 
consists of the number 10 and all numbers less than 10. As 
before, we assume that the dom^ain of the variable is the set of 
all 'numbers of arithmetic for^ which the sentence has meaning j 
since we have not indicated otherwise . However, if we chose as 
the domain of the get of all even numbers; that Js, if 

D - [0, 2, 4, 6, . / J,x 

then the open sentence ^ 

' x^< 10 

^ "7 

would have as its truth set 

i 

T - [0, 2, 4, 6, '8, 10). 



05 



^-3 



ay Is the truth set of the open sentence , . • . j 



n > V, 



If the domain of x Is the set of all odd numbers? 



Check Your Reading 
1 , What does the symbol jnean? ^at does .mean? 
2. What does the sentence "x < 10" say? 

3* If the domain of x is the set of all even numbers, what is 
the truth set of the open sentence "x- < 10''*^ ^ 

Oral Eii ycises 3-gb . ^ 

' If the domain of x is the set [0, ^1, 2, 3, 5], what Is the 
trutft set fo^each of these eentences?^ 

1^ X > 2^ 6. X < 0. 11,' X + 5 > 14 

2.x>3 7*x<7 l^.x+a<4 

3* X > 5 8. X < 4 13. 2(x + l) > 3 

^*x>7 9* x+l<6 14. ^3x + 1 > 2 

5* X > 0 . ao. X + 5 > 0 . 15. X + 4x < 12 

' ^ ■ " ' Problem Set 3-2b 

Find the truth sets of the following sentenceB . 



1. 


2(x + 2) ^ 6. j 


6. 


X + 4 > 


4 






11 , 


3x < 6 




2x + 4 > 6 


7. 


X + 4 ^ 


4 




X 


*12. 


7x + 2 > 12 


3. 


2x + 4 < 6 


, 8, 


X + 4 > 


4 


+ 




*l3y 


4x ^ 2 < 2x - 1 


4, 


2x + 4 > 6 


9. 


3x > 0 








*14^ 


4x " 2 - 2x^ 1 


5, 


2(x + .2) < 6 




3x. > 3 








15. 


X _^ X -H 2 



3^3 . Qrapfts of Truth Sets . 

As we have seen in chapter^l, the graph of a set^ S, of 
numbers is the set of all po^.nt3 on the number line that corres- 
) pond to tfhe numbers in the set . 
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Thu^f, the graph of the truth set of an open sentenGe Is the 
set of al^ of the points on the number line whose Goordinates 
make the open sentenGe ^rue . Let us see what the graphs of a 
_i^*ew open sentenoes look like . ^ _ 

StntenQes Truth Set * Graph 



X ^ 2 [2] 

X > 3 All numbers 

' V ^ greater than 3 

1 + X < 4 All nmibera 

from 0 to 3, 

including 0^, 
not Inoludlng 3 . 

' All numbers 
greater than or 
• * equal to S. 

3 + X - 7 Q4) 

V(y + 1) - 3y ' /lo^) 

. 3y ^ 7 ^ ^ ^ C|} 

X + 1 - X 0 



1 

0 


— -1— 

r . 




2 


3 


— (— 

4 


5 


t — 

0 


t 

1 


2 

f 

• I. 


— O"" 

3 


4 


5 


0 


1 


2 


— o— 

3 


4 


1 


0 


— 4 


2 


3 


4 

— 


5 


0 


1 


2 


1 

3 


4 


—— i- 
5 


— 
0 


1 


2 


3 ^ 
— »— — 


4 


5 


H 

0 
t 


— H 

1 


— ^-s- 

2f 


3 
— 1 


,4 
1 


5 
1 



(araph eontatos no points) 



You will ng^tice that we Indicate that a point is In the 
graph if it is marked with a heavy dot, but is not inoluded if 
it circled. The heavy lines indicate that all thi^'polnt^ of 
that portion of t^e number line belong to the graph . The arrows 
indicate that the heavy line is aesumed to continue without^end* 



Problem Set 3-3 

Draw the graph of the truth set of each of the foj^lowlng open 
santences: ^ , ^ 



(a) 


y 




3 


(<•) 


2x = 5 


(k) 


m 


> 3 


(b) 


X 


+ 


1 = 2 


(s) 


Sx > 5 


(1) 




= 4' 


(c) 


X 




2 


(h) 


3 + y > 4 


(m) 


5 


< 5n + 


(d) 


3 


+ 


y - 4 


(1) 


3 + y < 4 


(n) 


X 


^ 0 


(e) 


3 


+ 


y ^^ 


(J) 


m <_ 3 


(o) 


X 


^ 2 



1 'i ' 



ERIC 



3-4 

r % - 

Problem Set 3-3 

' * (Gontlnued) ' 

2. ^ Datermlne whether the indicated set of points. Is the graph 
^ the truth set of the given 'open sentence. 

(a) 2 + X - ^ — ^ 1 



(b) 3x ^ 5 




(c) 2y - 7 I I — i 1 • t 

O 1 2 .3 4 

(d) X > 1 H 1 %^ — » • 1> • • Stc. 

0 ^1- 2 3 4 % 6 7 

(e) 5S^< 5 < J I • V I J H ^ V. 

. 0 1 2 3 " 4 ^ 5 6 7 

For eaqh of the following find an open sentence whose truth* 
aet is represented by the* given graph; 

f Example: r/- 1 p = — =H 1 The sentence whose 

J- 2 3 4 

triiwset li 

(a) / 

(b) 



trii*n set Is repreaented by this graph is x < 2. 

H \ % 1 I I 



■ Q I I i > 

5 



( c ) ^ \ A 1 I r 

^ = 0 12 3 . 4. ^5 ^ 

(d) I ■ i I J I I i 

0 12 -3^ 4 5 



3 * ^ ^ Compound Open Sentences and the 1 r Graphs . 

In mathematics we Wvb often called upoq to deal with 
express idns of the following form: 

n + 1 s 5 and n- < t ^ ^ 

Your first im^l^ssion may /be that we have written t^v/o sen- 
tences But if you read the sentence from left t^^lghti It/'is 
one compound 5_g_ntenGe with the connective and Detween two 
clauses.. We shall use the v/ord clause to mean a sentence which 
is part 'Of a compound sentence . In the compound sentence above 
we call n + 1 ^ a clause and n < 7 a clause . Each clause has 
Its own truth set , 



I 
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In section 2 we learned that every open sentehfae has 
aaioclated with it a truth set . How, then, shall we determine 
tYyB truth set of the compound 'sentence it sell"? We do this uy 
first finding the truth sets for the ,,lnd^vidual clauses on eaGh 
' s\d^ of the connecting 'word "and",. In our example the clause on 
the left is ' r ' , 

f \^ n.l ^ , ^ ^ V 

Do yotJ see that, its^ truth set is 

. L = [4)? . 

The truth get for the dl^^e on the right Is 

R: the set of all numljers less than 7^ 

For convenlenGe we have ubM. the letters '^L apd R tp 
Indicate t.he*tnuth sets of the left and right clauses. To deter- 
mine the truth set or the compound open sentence we use two 

. ideas . First v:e say that a compound sentence with the connecting 

=^ - . 

word "and" is true v/hen the left clause is true and the right ^ 

clause is true . Otherwise it is false * Fpr example the compaund 

s^tence^ , ^ ' 

4 + 3-7 and O + 10^^ 13 ^ 

is a true sentence but 

u + 3 ^ 7 and^ 5 + 10 - 11 ' 

is a Xalse sentence. Second^, we remember that the truth set for 
any open sentence is the set of all numbers which make that par- 
ticular sentence true. From this we can then say that 

the tru set of a compound sentence wdth , ^ ■ 

^. ■ / conneciing word "and" consists of all those 
.. - num_bers and only those numbers . which are in 
both of the individual truth sets , 

* - 

■ 

In%ther v/ords, if an element is in the set L, and if it is also 
in the set R, it then belongs to the set Cj^whJre we use the 
letter C to represent the truth set of the compatind open sen- 
tence. If an element 1^ not in both sets L and R, then it is 
not In C. Hov/, then, would ^ou describe the., set C for the. 
example Wliich.we have been studying? Do you oee thr^t the only 




Element In R which, is also In C Is the number '^'? It. .should 
then be olear that '• « ^ 

As a further example, consider the compoimd open s^Rt'e^nce 

^ X > 5 B-n^^ X < 9 . ' - ^ 

For this example let say that the domain ^ oT .x is to oe the 
set of whole number^. To tind C*' that 1 3 , to, find .^he truth set 
Tor , the compound sentence we tollov/ the process used abrfve 
Remertberlng the meaning aV the syTnbbl we see that th% 

set for the cL^usa bn the left is 

' . ■ L = [b, 6, .7, . . .] . ^ / ', 

■ See iV you also agree that the truth set for the clauss orr the 
right is ' ' ■ . ' ■% : 

R - [0, 1/ 2, 3. 5. b/ 7, 8] . ' ^ 

What is the trui:h set ot uhe compound sentence? Do you agree = 
that it should be G = (b, 6, 7, 3]? This is the truth set>^9f 
the c omp o u nd sen t: e n c e be c au 3 e t h e s e a r e t he el erne n t a t ha t ^ a re i n - 
h and also in R . ^ • ^ 

'As we have pointed out before, there are some open sentences 
which 'have no truth numners . Their truth set , in other words, is 
the empty set,* This can also happen ^ in the case of a Gompound 
^jentence . Here is an example. ^ ^ 

^ . . n + 2 ^ ,7 and n < ^f. 

The t-rtrtti set or the left c-lause Is L [b] ^ Is the number 5 
an element of' the truth set of the clause, on the ri^it?V Since it 
is not/ we 'see that^^ the truth set^ ot this compound sentence is 0. 

! / Check Your Reading 

1, Whan is a compound sentence with connective "and" true? 

.2. Wien is it talae? 

3. The truth se^ ot the sentence "n + 1 b" is [-0? and the 
truth set ot^i < 7" is the net ot nil numbers than' 7. 

What is 'the truth set ot'^'n 4-4 0 and n < 7"? 



if,/ 



Oral Exercises 3-4a 

Is the sentence *'8^- I ^ 7" true? Is the sentence "5 + ^ ^ 
true? Is the sentence "8 ^^ 1 - 7 and 5 + 4 - g'^ true? Why? 

Is the sentence "15 ^ 7 ^ 6" true? Is the sentence 
' ."11 -f 12 ^ 25" true? Is the sentence "I3 = 7^5 and 
11 -f IS - 25" true? Why? * 

Is the sentence "5^ 5^ ^ 9" tr^ue? Is the sentence 
/'9 + ^8 ^ 37" true? Is the^sentence + 3i ^ g ' and 

9 + 18 ^ 37" true? Why? ' " . 

Tell which 01' the following compound sentences are true and 

which are false. If false," why? 

(aj 8 + 19 ^ 17 and 17 = 9 8 

. (b). 16 8 + 8 and 45 ^ lli^g = 1104^ 

'(c) . 37 + 8 ^ 45 and 9^6-. 2 

(d) b + 8 - 12 and 19 x 72t3 ^ 15225 

(e) 9 X (13 X 7) - (48 + 96) - 324 and 3 + if ^ 12 

Let the domain of x be the set of whole nuinbers . What is 
the truth set of the following compound sentences? 

(a) X > 3 and x < 5 (c) x - 10 and x < 14 

(b) X > 3 and x < 5 (d) x > 10 , a,nd x < 5 

Problem Set 3 -4a 

Which of these compound sentences are true? Which are false? 
Why? 

(a) 7 + 2 ^^9 and 8 < 10 

(b) 7 + 2^9 and 8 10 ^ '^j ' 

(c) 7 -f 2 = 9 and 8 / 10 

(d) 7+2^9 and 8-10 

(e) 6. > 4 + 1 and 3+1 = 4 
( f ) 6 - -f 1 and 3 + 1 = 4 

(g) b > + 1 and 3 + 1 ^ 

(h) 6^4+1 and 3+1/4 

(i) 4 <^ ^ and 5 ^ ^{ + 2 

(j) .6 = ,5 + .1 and ,9 / .7 + ,2 ,i > 
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3-4 



(1) 



3 1 1 ^ ii 

3 + 2 > 9 x 



Problem Set 3-'»a 
(continued) 

and 1 + I > 1 



I and 4 X & 



Let the domain of the variable -be the set of whole niJinbers 
Find' the truth sets of the following compound sentences . 



a) 


-X > 


5 


and X - i2 




X < 


7 


and X > 4 , 




^ = 5 


and n > 0 


d) 


n . + 




^ b and n > 5 


e) 


n + 




- 6 and n < 5 


f) 


n + 




^ 6 , and n < 2 


s) 


n -1- 


4. 


> 6 and n < 5 


h) 


t > 


3 


and t < 3 



> 



We have Just studied compound sentences Gonnected by the 
word "and" . There is another type of compound open sentence 
which we shall now study, Ttils is the type which has the 
connecting word "or". For example, 

X + 5 - 7 or X > 10 

is a sentence of this type . To detemlne the truth set ol' this 
t^^pe.of sentence we begin the process as before, We'must first 
determine the truth sets of the individual clauses to the right 
and left of the connecting word "or".. But here is the difference! 
ir our compound sentence has the connecting word "or" ^ we say 
that this type of open compound sentence is true if eii.her the 
left clause ;is true^ or the right clause is true, or if both 
clauses are 'true. Otherv/lse, it Is false. For example the 
c om p o u n d s e n t e n c e 



is a true sentence 



is n true sentence 



H 4-3-7 or^ b + 10 - 11 
Also the compound sentence 

^ 4-3-7 or 8 -\ 7-15 
Bu t the c omp ou n d sentence 



r 



1 r 3 



-1 1 



^ 4 4= 3 - 9 or 8 + 10 - 9 ' 
is a fal'se sentence. This tells us that 

the truth set of a compound sentenoe with 
' ^ the ^GorTnex^tlng word "or" •consists pf all 

th^^ numbers which ' aJ^. in at least one of 
the truth seUs of the Individual clauses, 

Consider the *^xaniple 

X + 5 n 7 I or x > 10, 
If we. examine the individual clauses to determine their truth 
sets, we see that 

X + 5 = 7 

has the truth set 



Lause hes the ti^uth set 



The r-^ight alt 

: R: the set of all numha_rs greater than 10. 

What is the truth set of ttw C-ompounsl sentence? Do you see that 
it can be described as ^ I / 

C: the number 2 and all i^^mbers greater than_ 10? 
In other words, we include the elements ±n the set LTnd the^^'"^ 
elements in the set R. 

As a second example , consider the op^n compound sentenpe 

X > 5 or X + 2 - 10, 
Here. we see that "Is the set of all numbers greater than ^ 5.\ 
It should also be clear that ^ 

R - [83. 

In this case the number 8 is already included in the truth set 
of the left clause.- In describing sets we do not count an ^ 
element twice. Therefore we can say that the truth set of the 
compound sentence is < . ^ 

C: the set of all Tiumbers greater than 
These ideas will become easier to understand as we take up 
the study oi' graphs of the truth sets of compound^ open sentences. 

Gh^uk; Your Reading , " . 



1 , Wnen is a compound sentence with 



P. Wtien it false?' 



the connective ^'^or" true? 



10 4 

11.: 



Oral Exe r c 1 s e s :5 - H b 



Is the aentence "8 = 1^ 7^' true? Is titF^sentence "5 + 4 ^ 9" 
true? la, the sentence J' 8 ^ 1 ^ 7 or 5 + ^ 9" true? ^ Why? 

I^ the sentence "9 4- 8 1?'' true? Is the sentence 

"13 - 7 - 5" true? Is the sentenQe "9 + 8 ^ 17 or ' * ' 

13 - 7 ^ .5'' true? Why^ 

I3 the sentence "92 11 - 33" true? Is the sentence 
"9 X 12 - 96'' true? Is the sentence ''22 - 11 - 33. or 
9 X 12 - 96" true?^Why? ' . ^ 

In ea^h of the following state whether the sentence Is true or 
whether it is false and tell why, 

(a) 7 + 3-10 or 99><^108 = 17 ' , 

(b) ^ - or ' 22 - 10 ^- 12 

(c) . 1 or ^ . b 

(d) --^ 866 ■ or^ 3" K 2 - 16 ^ . ' . 

(e) 9 X 9 - 81 or 7(325) - 2275 

If the clomal.n •3:' nhu variable; 1:; tiie set of v/hole numbers, 
find tlu^ "tr:itn r.;rrt ic'cach of the followino sentences. 

X - 2 

X - 5. 

X < 1. 

X < 1 ^ 

X > 1 



P rob lorn Cot ^ • ^ 

\#iich of the r^jlUwi-iu: :a:ntfjnco:: aro true? V/liich are^'false? 
V/hy? . . 

(a) 5 + 9 ^^r 5 2 / 7 * 

(b) 3 + 2 f 6 3 r 2 < 

■ / ^ 2 3 , I , b . 



(a) 


X < or X < 2 


(f) 


j|x 


< 


8 


or 


(b) 


X < X . 2 


(c) 


.6x 


< 


2 


or 


(0) 


X - |3 or X < 9 ' 


(h) 


6x 




2 


cjr 


(cl) 


X 2 ^ or X -\ 1 < 


' (O 


6x 


> 


2 


or 


(e) 


3x = o ir X ^ 1 


(.]) 


3x 


< 


3 


or 
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Problem Set 5-'fb 
(oontlnued) 

(d) .2 + 1.5 = 3.5 or . . ^' + 1 . 5 = 1*,7 

(e) 3 + = 7 c^r 3 + > 7 

(f) J3 H >-i > 7 or 3 + J; < 7 

, (s) 9(8) = 81 or 8(72) + 5 > 581 

(h) ^^5^+ = 1 or 7(6 ^ 2) ^ (6 ^ 2)7 

(1) (8 = 5) (5 + 8) - (8 + 5) (8 = 5) or ^5(5) - 10 
(j) (3)-(3) - 6 or ,7^6)(2)) / ((7)/S))(2) 
Describe the trut^i sets of the following sentences: 

(a) x':- 5 or X > 6 (ci) x < 5 and 4x > 20 \ 

(b) 3x < 9 or X - 3 (e) 5x < 1 or 2(3x + 1)^8 

(c ) 2x > 4 or 5x < 10 j 

Which of the following ■^ser^tences are tJrixe v;hen x Ib 8? 

= (a) '3x < 2 or x + 9 - 17 

(b) 5x < 5 and ^x > 2 

(c) 3x = 1 = 23 or 2x ^ l6 " 

(d) 2x - > 12 or 2(x ^t- 3) < 22 



(a) |v< < 10 or 9x - 72 , 



Graphs of trutrr^sats or compound open s'entenceB present 
ape c i a 1 f e a t u re s , Po r e xamp 1 e , o o n s 1 de r t he op e n s e n t e n c e 

X > 2 or x ^ 2', 

The right and lei't clauses of trie sentence arjd the corresponding 
graphs of their truun sets are: ^ ^ 



Remember Ui'il :i compourid sentence v:\th aonneclive or is true 
If at least one oV Its porta is true. If a numter belongs to tne 
truth set of the sentence "x =^ 2" or to the truth set of' the 
sentence "x > 2'' or 1:0 both truth setn, it is- a number belonging 
to the truth set of the compound sentence "x 2 or x > 2'' . 
3o the truth set of the compound neni.or;^~-e .! n 

C: the set of all numuerc greater uhan or equal f:o 2, 

Any numuer^ less tnan ? makes :;oth pa:u:G of the compound sentence 
false and so does not t;elor:^: 10 ihu '.a^uua set. 
Tne gi^aph of the tcutii set oi' 

( x-tQrx>2 
L'Orrned by ejnbLnlni.^ the tv;o f'EpphK above, Ls 

4 ' > ■ i I > 

0 12 3 4 

Do :/n-i \r/r. '.m Is ; 'uie nnme nr\ :.,he j-rapn of the Uruth 



SOL or 



WnaL is^-.;i.;' era;^, ■_):" MMiiui set Oi^ tne sentence 
W 

:■: :^ or x > . ^? 

Lei: ul; ei-'uv; ; cj:' ;.rie tL'uth set of the sentence 



0 ' i ) 2 ^ 3 4 
Now drav; ;ne raaun -t :.u«^ r^u^Ui set: oV the sentence "x > 4" 



Tia^fj, v/f^ place : ot;-^ pa,i;.!iS t jaeurier on the one Hue: we now 
have the .'ir-iph of tn^^ c^Tn:. -;\U!^1 seiM:o:in^v x < 2 or x > 



0 I ,2.3 4 
\ 



The r^aaph oi' trie tr;j^n ueL oi;- i^ompound sentence with the 
aonnective £r connlsts oi''~i\i r^oiriLS v;nlch tjelor.g to at least one 
or tne rr'ipns of the tv/o 'j-.auseu. 
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aheck Your Reading 

1. How do v/e draw the ^graph of theD truth ^et of a compound sen- 
tence with connective "or" if vie have the graphs of the two 
simple sentences? 

2. What is the graph of tho truth set of the sentence ''x ^ 2"? 
Of the sentence "x > 2"? Of the sentence "x - 2 or . x > 2"? 

3 * V/h at is t h e graph o i* t h e t r u t h s e t o f t h e s e n t e no e " x < 2 " ? ^ 
" Of the sentence ^"x > Of the sentence ''k < 2 or x > V'? 

Problem Set 3-^^c ^ ' 

DrB.vi the graphs ^ of the truth sets bf the follovring compound 
sentences: # 



1 . 


x 


< 


1 


-. or 


X > 


3 




X 




3 


or 




3 


3. 


X 


< 


6 










X 


> 


5 


or 


X < 


3 


5- 


X 


J 
r 


3 


(Hint! 


First 


6. 


X 


> 


3 


or 


X - 


o 


7. 


X 


< 


7 


or 


X 


10 


8. 




< 


7 


or 


X ^ 


b 



9. X < 7 or X >^6 

10. X ^ 3 o^' X - 3 

11 , X 1^ 5 or X 7^ 3 



V/hat is tne ':ruui: set or nn open sentence such .aa jx > 2 
and X < ^ 

The graphs oX' tne urutii sets oi' the individual cJ.auses are; 

0 1 2 3 4 5 6 7 
and i. 



_ X < ^ 



-t - t 



0 1 ^2^ 3 4 5 6,7 

3inae *a compound nentonce v/ltli connectivo and is true only 
,vfhen both clauses are true^ a nur^ibor ::iust heiong' to the truth sets 
of both 

X > 2 

and 
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5 = ^^ 

to belong to the truth net of the GomDOund Bentencp 
=..- , 

\ . X > 2 and', X < h , 

Can you sep. that the truth set is the net of all of the numbers 
that are ^greater than 2 and are lesc than ^r? The graph of the 
truth set of * ^ 

X > 2 an. X < . I3 ^ i ^ ^ ^ ^ V 

Not-ice thai. ^^hiG Includes only tne numbers between 9 and 
(il :l^r: not: Include the 2 nnd the . All oth^ riumuers make 
the sentence talse . For example, 5 is ln_^the truth set of ^.^ 
x^> 2, nut not In tne truth set of x < , and so it Is hot in 
the tfurrh ^et of the compound sehtfS^ , 

Novh dr^ the graph oi' the truth Jet of the sentence 

^ ^ X > 2 and x < ^ . . 

Remember that this is a comprund sentence. , 
The graphs oi' the Indlvidja^ clauses are: 



> 2 



t 



0 I 2/34 56 7 
• i " i~^~-^~r I O ^ i I 



x^ < 5 

" ^ 0 i 2 3 #4 5 6 ^' 7 



V/hich points of ^each graph are common to both graphs? These 
-Siommon points are the graph of the compound sentence 

x y 2 and 



- " 0 f ,, 2 ■ 3 



f 

Th€= graph of the tr^ath sett of a compound sentence with 
connective and -consists of all of the points v/hich are aommon 
to the gAuhs of the tv;o Individual clauses; 

I 

f ^ . Check Your Reading 

1. V/hat musu :q m^ju ^lou" ri numter that make?^ a compound ! 
sentence v/ Ltn ' gmm^ctive "and" true'? 



Vuiat is tne graph ot tne tr^uth set of ' ^'x > 2"? V/hat is the 
rrapn of tne truth set of "x <^d"9 ; v/hat is the graph of the 
* rutfi sec or "x > 2 and k < t"? 

^ . - . - f \ ■ 

It 9 f f • 



Uheek Your Heading 
(continued ) 



What is the graph df the tr^uth set oV "x > 2"? What is the 
graph or the truth set of "x < ^"7 What is the . graph of the 
truth set oi "x > 2 and x < 5'"? 

What points does the grriph of a Gompound sentence with ' - 
conneGlive "and" consist of? 



Will C^^h e nurriDe r 
the point labeled o 
"x < h and x > . 



Ora_]^ Exerc 1 se^ 3 ^ -^d 
o i,e in tfie truth set of "x < 4''? Will 



u e o n t h t g r a p h . o f t h'e t ruth set o f 



Will^ tne number 5 te in the truth set of "x < '^^"?" Will It 



be' in the truth set o 



X > 2' 



Will the point ;5 be on the 
graph of the tr^^'^cel or "x < H and x > 2" ? 

Will the number 7 be in the truth set of ''x > 2-'? Will It be 
in the 't.ruth set qV "x < ^f ' ? Will ^he point labeled 7 be on ^ 
the graph of the truth set'oi^ ''x < and x > 2"? ^ 

Is tne number 1 in the truth set or "x < 2"? Is it in the 
truth set pt "x > Will the point labeled i be on the 

graph^ oi^ the trutii set or "x < 2 and x > 4-'? , 



,1 



= Dt-av; 



the kraphs ot 
sentenaes/: 



J r-QL>lem Set ^-^id 

'.ruzii sets or the follov/ing compound 



1 . 


X 


> 


H 


and 


X 


< 


u 


'6. 


X 


> 2 


^ and 


x< 3 


2. 


X 






and 


X 


> 


2 


7- 


X 


> 1 


and 


X < 5 




X 


< 




and 


X 




2 


8, 


X 


< 2 


and 


X / 0 


H , 


X 


> 


n 


and 


X 




r. 


y , 


X 


^ 3 


and 


K < H 


5 = 


X 






and 


X 




2 


10, 


X 


< 2 


and 


X > 5 



To save words,' v/e shall ii] the futiu'e often refer to the 
graph of the truth set of an open scntenGe as the graph'^ ' gTF £ 
sentence . It !s simpler nni.ro ^onrus^on sho^jd result if 

llct 

IJ ; 




> ( : 

recall what is really meant the description . In the same way 

we shall find it conven^^tit to speak of the point 3, or the 

point i, when we mmkn the point with coordinate 3, or the point 
^1 

with coordinate ^ , Whenever there is the pos^^ibll ity of^ confu- 
sion, we shall give the complete description, 



problem Set 



In each of the , foil owing sen^nces (a) write its truth set (b) 
dr^w the graph of Its t^#^ se^. 



1 . 


X 




2 

1 

* 2 


or x 3 




10 . 


X 


< 


3^ 


o r X 3 






2. 


. X 




or X -f 2 ^ 5 




11 , 


X 




3' 


and X 4 






3 . 


X 




2 


and X + 1 ^ 




12 . 


X 




Q 


and X ^ 2 ^ 






4 , 


X 




1 


= ^ and X + 


2 = 5 


13 ^ 


X 






and X < 2 






5^ 


X 






or k + 1 ^ 4 




14. 


X 


> 


2 


01^ X < 2 






6 , 


X 




1 


or X + 2 


- 5 


15 . 


X 




3^or X <* 2 or x 


> 


4 


7. 


X 




■3 


0 r X = 3 




16 . 


X 




3 


or (x < 2 and 


X 


> 


8. 


X 




or X - 1 




17 . 


X 




3 


and X > 2 and 


X 


< 


9- 


x' 


< 


5 


or X > 7 



















* Nummary 

We have examined some\ sentences and have seen that each one 
can be 'identified as either true or false, but not both. We have 
introduGed a set of symbols to indicate relations between nurti^ 
bers . 

- says is or is equal to 

says ;*iB not'' or "is not equal to" ^ . 

says ^'is less than" 
^ says "is greater than" 

says "is less than or is equal to" 
says "is greater than or is equal to" 

An oj^en aenbenee is a sentence containing one or more j 
variables . 

/ \ 
-_^Th,,e d om a i n of the variable is the set of all d umbers f^om ^ 

which the value oi^ the variable may be chosen . ^ 
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Nummary 
f ^ ' (continued ) 

The truth \ sat of an open sentence containing one variable is 
the set ^ -Q r.. all. .tho-se- - n urn ij e r a . in . t h e . d oirfm i n . wli i a h . . im ku . t he ^ - n .. 
tence ti^ue , The open sentufiQe acts as ab/SiT^er. That is, it "~\ 
sorts the numbers^ of the dom£^Ln into tw©^ sets: a set of number's 
which make . the aentence true, and a set which make the sentence 
false, ^ 

«We' i'lj^ that in mathematiGS vie study Cj^orripound sentences of ^ 
two types ac CO ruling to trie c onnec 1 1 v^h^— ^ ^ 



f Connect ive 
or , 
and 




The sentence is^ tKje i_f : 
at least one clause is true 
both^ Glauses ' are true . 



The graph oV a j^ri tencfe is the graph of the truth set of 
the sentence . 

The graph of fe compound sentence with connective ^ is the 
set of all points belonging to at least '^ne ol' the graphs of the 
two individual clauses , 

The graph of a compound sentence with connective and is the 
set of all points which are common to both of the graphs of the 
individual olauDCS , 



Hev\ eyi Problem Set 
Determine whether the given value of the variable is an 



element oV 


the truth set 


of the 


sentence 




(a) 


px -h 


5 ^x, if ^ X 


is b 






(b) 


2(2x 


- 1) > 7. if 


X ^ is 






(c) 


3x ^ 


2 < 7 and x ^ 








(d) 


3m < 


17, If in is 








(e) 


l85n 


-r 10^^7 - 10^^ ( 




i 1' n i s 


k 

y 


(O 


3a + 


1^^ < l^i or a > 


10,^ if 


a is 0 




(g) 


2m - 


U b and" 3m 


> 1'', 


i V m is 


5 
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Review Problem Set 
(continued) 

(h) % + § > 1^ and w < 1, if w il ' 

(l)/'3y - 2 < 3. iV y ' U I ^ 

(j) 5aja + 5) - 70, if a iD 2 ' ■ 

Describe the truth tiet of each of these sentences: 
(a) X -f 5- ^ (f) 2y^ - i*" ' 

' l^) K 7 > k ^ I (b) I + 2m ^ 5 



2 ) 3 

(c) 3y + 10 + 3y ^^i) 3x - 9 or 2x - 6 > 0 

(d) 3x^ ^ 3x (i) ^Iw + § > 10 and v/ + v/ < 1 
. (0) x^^ 16 ^ (J) X + 5 > 7 and x + 3 < 10 
Drav/ the graph of tlio trut^notD of. theGe GentenceB: 

(a) 3x - 10 ^ ^ , (f ) 3x |h 2 < 8 

(b) 5 + X < 8 (e) 2x < 1 or 5x > ^ 

(c) X > 5 or X < 2 (h) 2x > 1 or ^x < ^ • 

(d) X - 3 and X < 3 (U 2x > 1 and 5k < ^ 

(e) x-5 orx<3 (j) 2x<l and 5x > ^ 

State the truth ^e^^- oV each of' the ifol lowing open sentences 
and draw the gi^ph of each truth seu. 
(a) z 4^ 8 -^i^ (h)" 



I > 3 



^ (b) V < 15 ' (1) t + 4 ^ 5 or t 4^ 5 5 

(c) 2x 3 ^ ^ (j) 3x^ - 12 

^ (d) 6 > t + 3 and 5 + t (k) 9 + t < 12 or 5 + 1 ^ 6 

(e) 6>t^H3or2+t^l (l) t+6<7 and t 6 > 7 

(f) = X (m) 3(x + 2) - 3x + 6 

^(g) x + 2 = 3 or X h ^! 6 ' (n) t + 2 ^ 3 and . 8 + 2 < 5 

If A and B are true sentencen and C and D are false sentences 
de t e rm i ne wh 1 c h o V t he :'o 1 1 owi n g c omp ou nd sentences are t ru e : 

(a) A or B (c ) B and 

(b) A or D (cl) and D 



1 1 3 



1 



Review P r o b i e m Set 



•J 



(continued) 

(a) C Lv D '(h) A or C ' 

(^;) A and.-B . , (i) B QV 

(g)- A and D * ^ (j) B and D 

Write m coi^on name i'or the rollowing expreaslons if a is 2* 

(a) 3a + 2b + 6c . • (r) (a + 2)(b + i) 

(b) a. + c -Hg) i2-=f^ ' 



a 

(c )^ 12g + I + ^6d (h) aba 

.(^if 4^ + G ^ ' ■ (1) 9g^ -f Hb^ - 5a ^ . 

- ^ ' (o^* ' 4bc = a-. , 

'( , Determine which o:" the following are true for every value of 
tne variaDle if the domain of each variable is (0.^ 3 > 
4, lOU 

(a) a + u - ij + a _ (d) a (be) ^ (ab)c 

(t) a(t + a) ^ 0 (e) ab ^ ba 

( G ) ( a b ) 4^ Q - a T ( b -f- G ) ( f ) ab ^ 0 

8. IV 0 is Vne set of counting numterSj -V; is the set of whole 
numbers, and A is the set of numbers of arithmetiG, which of 
the follov/lng statements are true"? 

(a) A In a subset ot C (1) 0 Is a 'subset of W 

^ ft') VJ is a subset of A (e) p Is a subset of IT 

(q) C is a stir; set of A {s) C is a subset oV Q . 

9, Use 'the mul tip! I cat ion property oi' bns to ohange the names of; 
the nurnLer's on the lei^t In the way IndiGated, 

1 . " - 

e X am p _L e ; x ™ - ^ 



5% 

(a) ~ X - (o) . pj- j 



1 1 'I 



Rtvitw Problem S©t ! 
, ' ' '^'^^ , (dontlnuad) 

We have agraad oh a .oer^aln order jjf operations In problems 
which Involve both addition (or aubfcraotiM). and multlpli- 
oation (or division). Write a common name for each the 
followlrtgi 

Ca) 1* + 2,>< 3 ' (d) 16-* 4 - a, » 

^l^b) 16 - 4 X 3 (e) 4 + 8 X 1 

(c) 8x3+2,^ (f) I = I X 7 

Use the dlBtrlbutlye prpperty. to write the following, Indicated 
sums as Indicated ptpduets and Indicated products/ as lndleate4 
sumftj^' 

(a)' 3(10 + 3) 

5(8)'+ >(8) 

■(c) (4 rf^|)6 



(d) .^a + 5a 

(e) 5a + 5b 



(f) a(6., + b) 




* Chapter 4 » 
^ \ PROPERI^ES OF OPERATIONS f \ V'^ 

^^K* Identity Elemgnts , 
# 

What are the truth sets of these open sentences; 
• ' ' ■■ ,• : ' ■ 5 + X * 5 

* • . " ■ ■ 3 + y - 3 

0 + b ^ 0 ? 

Did you flntf that the truth set of eaeh sentence Is (O)? ^ 
What values of. n make this sentence true;vt 

n +,/0'- n ? * 

fcan you find any value of n which makes this sentenee false ? 
sentence Is true f^r every value of _n, , ;^ v 
Hare we have an Interesting property, called /the addition 

property of zero / We can state this property In words like this 

I The sum: of any number and zero 

is equal to. t^e given number. 

We caw' state It even more briefly as follows^ 

Pgr every numfces a^/ a + 0 ^ a . 

When ^we add zero to a numbef^, the result Is always Identlca 
with the number to which we adde zero. Therefore, we call gero 
the 

Identity element for addition . 

r 

* » 

Check Your Reading 

1 . Por what values 6r n Is the sentence "n + 0 - n" true? 
2 . State the addition property of zero . 

3, What Is the identity element for addition? What does this ■ 
mean? 



• ■ - v.— 1-^- .^ ■ f\\ 

Oral Exercises 4^la ' 

* ' ■ - - - , L ■ ' \ 

Find the trutti' se,t of each of the following open sentences^j 



r^^Vh^,^ 4 -f y - 4 6.4 + 



5 



0 + b ^ b 



3. 0':^ 0 ' 8. b + 0 = b 

4. 1 + X i 1 ■ . 9. a(o') .= 0 ' 

5. 0 + b ^ 7 ' - = ^ 10. a + 1 - a 



'';y|. In Chapter 2 we saw that if a number is multiplied by 
the result is equal to the given number. ' 1 

How can we Aite the multlpl icatlon propert-y of^ bne more' , 
briefly than we did before? Perhaps we can do this by islng' a ' 
variable* For what value^ of ^ a is ■ - ^ 

= ■ a(l) m ' ^ ^ 

a true sentence? lu la true every' value of the variabl% a, 

The*^e,fore v/e fian state the multlpllaatlon - prQperty ^ prf^ one as 
follows: ' ^ ^ . " \ 

For every number £^ ^ a. ^ * ' ' 

Because the result of our multiplication is always Identical 
with the number we mi^ltlply oy'one, v/e call the number one the 

identity element lor multiplication . 

You rememuep that the numoer one can be given many names. 
For example * all of the i'ollowing ^aj^e namfes for one: 

■ ' ^ 3 6 11 1 



1' F' TT^ 



Vie wil 1 ^ of ten^^se names like thele for on& . . But no matter 
name we -use, the number one is. trie identity alemeht for mul 



what 
nt^'pli,- 

cation. For instancre, ^ 



is /ust another v/ay or saying 

"n(l) 
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^ u 



I, For what values of ^ a Is the sentence *'a(l) ^ a" true? 

2 • . State the mult^lplicatlon property of one. 

3/ For wha^ values of Is the sentence "n(l)^^ l" tmue? 

. What Is the identity element for multiplication? What does 
this mean? . " 

5* Whi^j^are some at her names fpr*' 1? \ \ , = 

Oral Exercises ^ 

Find the truth ..sets of the following open sentenGes . 

1. 4x ^ ' ' V * 5. Sm + 2^ 4 9*' m t*l ^ m 

2. ^ = 1'".^ 6.. ma) = m 10. m(5) = 5;V^ 

3 . ^ - ,1 , • 7 . (l )m ^ 11 , ■ 5m = 0 

4. .8b = .8 8. 5m = IJ- 



iook at the following sentences; 



{5)0 - 0 



(3)0 - 0 
(0)0 - 0 

: « (m)0 -^0 

Do you see that each tima we multiplied a number by zero^ the. 
^result was zero? Notice especially^ the last sentence, 

(m)0 ^0. ' 

Can you find a number m that will make this sentea^e false? 
This sentence is true for every .number m. 

Thi© property oi; numbers is called the multiplication 
property of ^ero . Here is how j-t might be stated in wordsa 

.•; Any number times zero equals zero, 

» ■ 

We may also state it like this: 

For every number a_, a(o) - 0. 
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^' r ^ . * Qheck Your R#a<»lng ' 
1. For what values of ' m Is the senSenee "m(o) 0" true? 
a. State the multipllGatlon property of zero. , ^■ 
3* If a = 0 or;feb.^ 0, what do you know abo^rt 'ab? ' ' 

^ \ Oral Exercises '4^1g ' . 

We have how studied the following properties. Can you give the 
name of ^aeh one? 

1. For every number x + 0 ^ x. 

2. .For every .number x, x(l) ^ x. 

3. For every number'' x, x(o) ^ 0. 



The pro'pejrties ^that we have studied are very , useful. ^.Let* 
look at sonie "examples that will show some of the *ways they are 
used . *■ 

' 5 3 

Example 1^ ^he fractions ^ and g-. 



20 



.29 

IT 



Do you seG that we courd have used "^^8^' as common 

fig ii 

denominator? In that caoe v/e v/ould have used ^ 
and as nam as for 1 . 



^xampje 2. wna't is a common name i'or the numuer 
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4-1 



We use the mult Ipllcat Ion property of one and multiply 

7 ' 



2 2 

a 



^ ' i 8 ^ 

"8" a common name for the number — j— . 

^ - V/hy^ did we multiply by ^ 7 V/hat if we had n^ltlplled 

by which is another name for one? Do you see that 

/ this would not have given us the common name "8"*? * 

_ : ^ 

Example 3^, V/hat Is a common najne for the number 

4- ' ■ ■ 



^ ^ '^^y is 1§ ^is®^ one? 



10 
IP" 



2 

TnpSj is a common name ror the number 
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' i 1^^* " dheck Your Reading 

1. Show ^^^*the multiplication p^TOparty of one is used to add 

2, Show, how the number - c^n be wrltten^ in, 4' slinpler way by 



: ■ 2 ' ^ 

uaiftg-the multiplication property of o'Be 



A 



3 ' . 

Show how the number can be written in a simpler way by 

using the multlpllaation property of onf . What is the common 
denominator? Howido we choose the form of the numeral for 1? 



j Oral ExerQlses ^-Id 



Use at least one qf the follov/lng properties, the addition property 
of zero the mu 1 1 l£llo_a 1 1 on propej^y of one > ot^ tna nultlpllQatlori 
property of zero to do these exercises* - 

1 , Give a common name for each of the following and tell which 
properties used \ , 

M 6 + 0 - • (e) (2.8l)(l) 

(b) (lg5)(l)* (f) 0(5+6) 

(c) (5)(0) (g) 1(5.2 + 0) , ♦ 

' (d) I + 0 ^ - 

2 . V/hich of the following sentences are true? 

(a) (8)(0) .0 . (e) (y)(p) =0 

, (b) (9)(0) - 9 ■ " (f) .(1)(0)^ 1 . . , . • 

(c) (15)(0) ^0 '(g) (1)(9) < 9 ' / ■ 

(d) (6)(0) = 0 . , (h) (1)(1) - 2 ' ' 

5. Use the - multlpl Icat Ion property of one to" change the names 
oC the . given ^ numbers on the left in the way indicated. 

(a) 3 ^ — - ~ - — - ^ .4 



(b) ^ X-—- ' (d) 



O^al Ixarelses 4-ld '[ 
(continued) \ 

2 



^ (e) — (g) rrr ^ — = 3(f + ij 



-Problem Set ^-Id 



Write a simpler numeral for each of the follqwlng and Indieate 
.what property was used, 

(b) (b)(1) ■ (d) n + 1^ ' _ ^ 

}^tQh of the following s^tenees are true for all values of 
Wi0 variable? 

(a) (y)(|) > y (d) m + 0 - 0 

(b) (l)(m) ^ m (ej m + 1 m : 

M \^(m) / (f ) ^ + 1 ^ mV\ ^ V 

Use the multiplication pwperty^ of one to change the riamee of 
the numbers on the left in the 'way indicated . » ^ 



Use the mu 1 1 Ipl 1 cat 1 on property of^ne to complete the ^ 
following so that they are true aentenees . 
V 

(a) ^ I = H 1 J=) ) + = H * 12 



Problem Set ,,ii-ld 

(contiriued) . ^ • 

1 1 " ^ 

(e) r^{—).-L- (g) =^ 

Use the multiplication property of one tq aomplete^ the 
follQWlng so that they are true for all values of the 
variables. The domain of each variable Is the set of all 
numbers eKcept 0. . 1 

(a) "a (p)^(. ) = 

W^^) - W^-=5 = Bib - Bic (dr'^(— ) - ~ 

Use the m,ultlpllcatlQn proper'ty of one to find a simpler 
nume«»al t'oT-each of the following numbers: 

3 

r 




(c) l+l it) (h) 3 ^ 



Find 


the truth sets 


of the 


foil owing 


Open senteneesi 


(a) 


(0)m = 0 




a' + 0 = a 


^ (1) ^-^-^ 


(b) 


9a = 0 . 


(f) 


5 + a =. 3 






(i)y - 5 


(J) ^(t + : 


(c) 


2a = 2 


(s) 


(d) 


(l)m=l 


M 







^Closure . . 

You have been working witth the numbers of arithmetic for 
^ many yaars . You^have also worked with certain operations on these 
^ nunlbai^ , For example, addition and fnultlpllcation are"' operations , 
/ and each of the#e operations is performed on a pair of i^pmbars , 
If a pair of numbers la selectedj the° operation of addition 
will produce a third number. For example, if 7-,^ and 3 are. 
chosen, the operation of addition produces the number 10. 

7 and 3 are numbers . . ^ J 

' 7 + 3 is a number. ("10" is another rtame 
. . for this numfier . ) 

1 1 ' ^1 ^ ^ 

If 3^ and .2-^ are selected, the operation of addition produces the 



number 



3^ and ^ 2^ ^e numbers 

ji + 2^ is a number/ ("5^" is another 
\ name for this nun 



name for this number*) 

In fact, no matter what pair is chosen J'rom the numbersXof 
v . arithmetic j you know from your earlier work in mathematics t^t 
the operation of ai^ditlon will produce another number of arith- 
metic * We can use variables to say this, as follows; 

If a and b ;.represetit numbers of arltifmetiCj 
then a + b Is a number of arithmetic * 

In a similar way, the operation of multiplication produces 

a number of arithmetic for any pair of numbers. For example, if 

7 and 3 chosen, the operation of multiplication produces 

r ^ 

the number 21 . 

i 

7 and 5 are numbers, 

7 K 3 is a number. ("21" is another 

numeral for It.) \^ 

^1 ^ ol :^ 
^ 3^ and d-^- are numbers , ^ 

I (-3^)(^) is a number;, ( 'V " is another 
/ ■ ' ^ numeral for it , ) 

We CQuld continue piGklng pairs of numbers, ^but you already 
"^khow that for every pair of numbers, multiplioation can be 

«4 ■ 



12' 



' 1 



perferfnedi producing another jAmber. Using the varleJbles a and 



b , we can say: , ^ * 

/ ' If a and b represent numbers of arithmetic . 
then ab is a number of arithmetic * 

Thus, whenever a and b represent two numbers, we have a 
perfect T^lght to say that; 

a + tb la a^ number and ap ''is a number. \ 

We shall , find this way of ^aiklng very uieful ; As another exampli, 
auppose X represents a number. Then do you see that we can say . 

number, .and 

^» 

' * 3x + 6, is a number? 

^ i . ' - 

With subtraction the eituktlon changes. *The subtraction' 

^ 5" can be done but "3 - Jl'] aan*t. (Do you see why?) Can 
12 be subtrafited from 10? So ^ypu see that in arithmetic *sub- 
traction sometimes can*t be done. Division is another operation 
that sometimes can't be done. There Is one number th^^can't be 
divided into 1 , Can you remember which one? Thus with the 
numbers of arithmetic the operations of addition and multiplication 
carf always be done Dut subtraction and division sometimes can 
not. Later on In this' book, when we go Into a larger system of 
numbers called "the realL numbers", we will be able to do any sub- 
traction in this larger system. 

There are times when v/e' work v/ith a subset of the numbers. of 
arithmetic rather than with the entire set of numbers of arlth= 
metic . For example,/ one such subset^ is the set of counting 
numbers / 

(1. £, 3, 4, . . ^, ] . 

The variables a and b , might be used to represent two members 
of this set; that la, a and b represfnt counting numbers. 



Then a + b . 


repres 


ents 


the sum 


of 


a and b , 


and 


we know 


of 


course that 


a + b 


is c 


i number 


of 


arithmetic . 


Is 


a + b 


also 


a counting number? 


Below are 


hree 


examples : 








^ If 


a is 


^ 9. 


b is 




a + b 


is 






If 


a is 




b is 




a + b 


is 


10. 




If 


a is 


1> 


b is 


186 


, a + b 


Is 


187. 





■ -- 

Notice each time -th^ the sum la not only a number of arlthmetle 
but Is also a counting number-^that is, a number from the set' 
with which we started. In ^'act, though we Qannot show every case* 
if the variables a and b represent any^ two Gountlng numbers, 
. then a + b Is also a Qounting humber*. TOis fact is expressed 
by aaying that ^ ^ ' 

t^y§ counting numbers are qXosed under addition . 

To get Vbetter idea of what "dlosed under, addition" means, 
let us look at another example , Lex us^onsider the operation of 
addition together ,with the set f [ ' 

which is a subset of the numbers of arithmetic and has only two 
elements. Is set A cloBed under addit'ion? In this case, wa rfan^ 
actually list all possiole sums: 

0 + 0 0 + 1 . 1+0 ' 1 + a . ^ 

Each of these sums Is a number of arithmetic of course. But Is 
each sum also a member of-- ^t _A (the set with which we started)? 
The answer Is "no", because the number 1+1 (or 2) is not in 
set A. So, set A is not closed under addition. 

Let us consider the operation of multiplication together 
with the set ^ 

A - [Q, 1] , 

is set A closed under multipllGat^},on? This time we list all ^ 
possible products ^ instead of all possible sumsi 

^0x0 0x1 lx/0 1x1 



1 x/o 
arltli 



All of these products are numbers of arithmetic . But are they 
all members of set A? Simpler names Tor these products are, in 
order, 0, 0* 0., 1. Eacii of these Is a number In set, A. Therefore, 
set 'A is closed under multiplication, \^ ^ 

Notice that^when we speak of "closed", we are speaking of a* 
set of numbers together with an operation, The three examples 
above may be summarized in a table, ' . 



SET 



OPERATION 



Counting numbers 



addition . 



The set Is closed 
under addition . 



(0, 1} 



addition 



The set is ^dt closed 
under addition , 



[Of 1] multiplication The set is closed 

under multiplication. 



For a final example in this, section let us return t^ tjie 
set of counting numbers . Is the set of couatlng ^numbers closed 
under diviaiOtt? Since there is ^n infinite number elements, 
we oannot^ list all possible quotients But some examples may 
give us an Idea as to what the. answer to the question is. Let 
us choose a pair of counting numbers, say 8 and^ 4, 



8 



I^e number 2 is a counting number.^ That Is, the result of 
dividing the counting number 8 by the counting number 4 Is 
the counting number 2. This might lead somebody to say that the 
counting numbers are closed under division* However j suppose we 
seleat the numbers 5 and 10. ^ . ^ 



Is a number that Is ^ftpt in the set of counting numbers. This 
means that the s^t of counting numbers is not closed under 
division . 



1. When is a set closed under addition? 

2* Is the set*oV counting numbers closed under division^ Why? 
3* Wh^t is meant by "the set of numbers represented on the 



jnumber line is closed under multiplication"? 

4. State the property of closure for addition. Do the same for 
multiplication . 



Check Ygur Reading 




J 



Oral ExerGises 



Is the set of all even numbers closed unutr aadition? Under 
multiplication? 



Oral ExerGlsts 4-2 - , ' , 

(aontlnued) \ ' / 

Is the set of all odd numbers closed tinder addition? Under 
multlplloation? ^ 

Is the^set of*whole numbers closed under addition? Under 
multiplloatlon? 

Is*the set of rational numberi closed under 'addltlpn? . Under 
multlpl teat ion? ^ ^ . * 

Which of tl^ese sets are closed under divlarion? 

(a) eountltig numbers 

(b) whole numbers greater than 4 ? 
even numbers excluding zero 

rational numbers excluding zero ^ ^ 



■j / ^ ^ — ■ ^ Profaem Set 

^'1 . For feach of the following determine whether the-^ set; is^ closed 
Wnder addition; subtractlonj multlpllcationi division. If your 
-ianswer^'ln any case Is "no'% give an example to support your 



newer^* 



counting numbers 
whole numbers greater than 1 
rational numberB excluding zero 
even numbers excluding zero ^ 
odd numbers 

multiples of 6 excluding zero . 

rational numbers that can be represented by fractions 
with denominator J and numerator a counting number, 
rational numbers that can be represented by fractions 
with numerator 3 and denominator a countirig number* 

The set A is given as A ^ [0, l). Use the addition and 
multiplication tables given for A to determine whether A 




(h) 



Is closed und^r t^se operationE 



r 



+ 


0 


.1 


0 


0 


1 


1 


1 


2 



X " 


0 


1 


0 


0 


0 


1 


0 


1 



129 



Problem Set U=2 
' (continued) 

3. Consider the set B ^ [0, 1, 2], Is this set closed under 
multlpllcatlonf Under addritlon? (Remember, an element may 
. j^e multiplied uy, or added to, itself,) 

'K^ Let us think oV the s:/Tnbol "^S as indlGating the operation 
"take the average of the two numbers" . Thus 8 ^ 10 ^ 9- 
V/hich of the following sets of numbers are Glosed under the 
operation ? 

(a) The set of counting numbers 

(b) The set of odd numbers 

(c) The sat oi^ even numbers 

(d) Tne set ol' rational numbers 

(9) The^ set of numbers of arithmetio greater than 2 

p. Let the symbol^ ^A" indicate the operation "take the first 
of a pair or number^. Thuy " A 9 ^ 3 and 7 A ^ " 7' 
Which ol'"'the follov/in^. setn of numbers are closed under the 
'operation "A*'? \ * 

(a) The counting number^ \ 

(b) The whole numbers 

' ( 0 ) Th e r a 1 1 o n a 1 n m b e r s ^ 
( d ) The n umb e r s o f a r i t hme 1 1 c gr e a t e r than J 

* 6 , Be 1 OV/ a re m u 1 1 1 pi 1 c a 1 1 on an d a d d 1 1 1 on . t a b 1 e s o f a set C who s e 
elements are shown In the top horizontal rov; and in the left 
column oi^ each taule , Is the t^et C closed under multipli- 
cation? Under' addltlonV 



(' 



+ 


a 


b 


c 


d 




X 


a 


b 


c 


d 


□ 


a 


c 


d 


b 




a 


a 


a 


a 


a 


b 


b 


d 


c 


□ 




b 


a 


b 


c 


d 


c 


c 


□ 


b 


d 




c 


□ 


c 


b 


e 


d 


d 


b 


a 


c 




d 


a 


d 


e 


m 



1 ^0 



4^3 



Problem Set k-2 
(cont inued ) 

^7. Is eitJher the operation or' addition or the operation of 

multipl i aatlon nnov/n i.y the tar le In ProL.lem 6 aommutatl ve? 
Give reasons for your ansv/c-r. 



'1-3. CQmmutat ive and Associativei Propert ias of Addition and 
Multipli-eatlon , 
In Chapter 2, we discovered that addition is commutative. 
The follov/ing true aentenceG ara example^^ of this property: 

5+7-7+5 
108 + 92 92 + 108 
+ 0 = 0 + 12 

I n fa c t J i n f i nd 1. no t h e s urn o f any t v/o numb er c , t h e o r de r i n wh i oh 
the nLunbers are aadod dQco not affect the sum. So we can^ otate^ 
the comni^itat ive proper^ty of add It Ion an follows: 

For 0 very nu:;] l-or £ arici eyery munber 
a -H b =^ b a . 

V/hat v;e av^ oayinCj of uourne, in that "a b b + a" is 
a true nentonGc no :nuttc:' v/hat UMiibor^s a and b represent. 
For oxarnpie. 

If a =^ 3 . 5 nnd b - 12^ v;e get 
3.f t- 12 ~ 12 + 3.5, 
which 'Li; a truu sonteiiec. 

if a =^ 1 )3 and b =^ 27, we get 
103 -i- 27 ^ 27 + 103, 
v;hlch Is a true sr^nton m; . ' 

If' m and ri are numbers, tnen 2m and :^n are numbers. 
Therefore, nince o - u - i -f a for every a and we know 

that 2m ^ 3n :^n_ 2m I'or every m and n. Perhaps ^. the 



scheme below v/Hl hblp to make this clearer. ' . 

a -f- b - b a 

t t ' t t ■ 

3m -r 2n ^ 2n -f- 3m 

Here are a fev/ more exainplo^j that illustrate the use of the 
commutatlvG property of addition; 

6x = 6x + 

(2 -r 3a) 2b - 2b + (2 3a) 

xE -f- 3y ^ 3y + xs 

. be df = df -h bo 

Verify that the last of these^ for example^ is true if b is 3, 
is 53, d is 2, and £^ is . ■ ^ 



CheGk Your Reading 

State the c ommu t a 1 1 v e property o t" addition. 

I i ' m and n are n u rn b e r s , wh a t can you s ay a b o u t 2m 
and Jri"? 



Oral Kxe rclse^ ---^-ga 

V/hloh of the i'ollowinf^ are true Vov nil values of the variables? 

1 . 2g + & = 6 + ?G . -t- d ^ d + L 

2 .^^5y + 2 - 2y b . 
3..^^''2a + 7 = 7 + 2a 7 = 
h , u32 4- 9y 9 082 8 . 



P :"0ulem Set 

Which of the following are i raie i^or aii^ valtios 017 ihe^ variables' 
Give a reason tor each 'insv/er. 




+ 2) - - -) (m f) 
;x 4- y) 4- - f- (y -f- x) 



'17. J 



s ■ Problem 'Set ^ = Ja 

(contlnijed ) 

3, 5(x + y) + 2z ^ 2z + 3(,y + x) 

H , ( a + b + c ) + d ^ d + ( a + b + a ) ^j, / 

5, (ja + 2b) + (2m + 2n ) - (2n + 2m ) + ( 5u -I- 2a) 



Balov/ are some exampleG llluatrating other properties of 
addition and muitiplidation of nLiniljers^tfiat v/e diSGovered in ^ 
Chapter 2: ' ^ ^ 

^(5) - 5(^0 an^je-jEM^s^-Jixat ^ i the 

cQMimutative property of iti^i^^ipllcation 

^ 3^ 4^ (2 + 7) ^ (3 t 2) + '7 an example that illustrates the 

^ / , ^a:>soo lat Lvc property of addition^ 

3(2 K h) ^.-{3 X 2)^! an example that illustratesXjbha 

ai^noalative nroperty of 'multiplication 

\ 

We have f^lven junt jnc examnlp Illustrating each of these 
proportiea. Wo aould .civc/ :-iol^g. In fact, we could use any _ \ 
numbern to 1 1 l-u:;trato tho^:c propprties. ' 
j/c unually ::ta^j^ ti.orQ properties as follows ; 

Commutat^L vo I^L^o ucr by oi Halt Iplleat lort 

For evo!/:/ n^unLo::^ ' a and every number 
a(b)- b(a) 

AssoGiat Lve Property of Addition / 

For ever'y nu_mber a^ every niuTiber bj and 
every number . 
' - " /I + (b 4- G ) = (a + b ) c . 

AssQciative Property oC, Multipl ication ^ ^ 

Fo r every nujn b e r ^ ei e very numb e r b ^ a nd / 

every number c, ' 

a ( b G ) ^ ( a b ) c . — 

/ 

Remember that be mc5ans "b times of* ''b x or ( (b ) (c ) " . We 
also use b ^ c to moan ''b titmea c". V/e call b ki f acTor of be 
because there is a number o such that the orodurt of b and o 



15,5 



gives be, For the same reason c is a factor of , For 
example, 4 Is a factor of' 12. V/hy? . ^ ' 

Chack Your Reading 

1. State the commutative property of multiplication, 

2. State the associative properties of addition and multipli- 
cation, 

5. Show the application of the commutative property of multipll^ 
cation to the numeral (x + y)(^^ + v/)" . 

4. Why is 4 a factor of' 12? , 

.> 

# £££i ExerGlses 4 -go 

V/hich of the following are true for every value of the 
variable (or variables)? V/hich of the 4 propertfes helped 



you 


reach a decision? 


(a) 


(3) + (d) ^ (d) 4- (3) ■ 




c (2 + 


i!) (c + 2). -f h 


(c) 


m(2 X 3) 


- (m X 2) X 3 


(d) 


ms = sm 




(e) 


ms - ms 




(D 


X + (y 


z) ^' (xy)z 


(s) 


5 1- 8x ^ 


8 + 5x 


(h) 


x(y 2) 


- (y + 2)x 


(i) 


m(n + 3) 


- (3 + n)m ^ 


(J) 


(2 + x)y 


^ (2 + y)x 


M 


m(2 + 1) 


- 2(m + 1) 


(1) 


(uv^)e = 




(m) 


^ (2a + c) 


^ d ^ 2a (c --¥ d) 


(n) 


2g + b - 


b a(2) 



Oral ExeraiseB 
( coDtiriued ) 

Uae the oomiDutat ive and '^^^sociat ive properties to find a 
simpler name for #ach oi the fol lowing: ^ 



(a) ^ 


■ 7(3a) 


(e) 


(|)(l5:n) 


(b) 


(5m)'' 


(h) 


(.lq)8 




^(3c) 


(1) 


(I5y)(|) 


(d) 


9(3x) 


(J) 


(2m)m 


(e) 


(3x)x 


(k) 






(8y)2 




(3a) 



'^ou may wonder v:hy we :rr/e been go inUerested in the pro- ^ 

perties of addition and mu 1 1; Ipi Icat I on , Ar^e not these properties 

true of all operations on numbers ?r Let ub try the operation oV 
- — ■ ■ ^ ^ '^a b^' ■ 

division. Is division commutative? - Is the sentence — ^ — 

^ u a 

true for every number a and every number b? .Let ua try a 6 
and b ^ 2, This leads to 



and 



2 
D 



3 



which is a-fnlse sentence. This shov/s that division is not 

commutative since v/c have found a pair of numbers v/hich make 

'ta tf 

the open sentence ^ ^ =^ - I'alse , 



Check Your Reading 
1. How do we oinow triat division is not Gommutatlve? 

f. 

^ . Froulem oe t -Upc 

If Is division as'soclalivet Test. ^ 

(a + b)-i-G-a+(u4=G), 
Let a ^ IS , L ^ u , c - 2 . , 



^ ' ■ Problem Set ^f-3G ^ 

. ( continued ) 

Is subtraction c oinrTiu i: at i ve? Try to^-'write an open sentence 
expressing =^thlD i.-lea . ..Can you find numbers for the variables 
that shovJ it is taicr-e'^ 

V/nicTH of tt^ i'olijv/in^ arc true for every value of the 
variable (or variables)^ V/iiich properties q£ addition or 
multlpiicatlon are helpful In^rrivlnE at an answer? 

(a: ' 
(b; 
(- 
(ci: 



(f 

(g 

(1-. 
(i 
(J 



.5b (200) = 200 (,3b) 
(2nin)r 2rn(rn) ' ' ' 

(a + b) (c d) ^ (c 4- d) (a + b) 
(2a + b)(3c + d) = (d - .3c)(b + 2a) 
a + (2b + c ) - ( a + b(2) ^ !- c 
a 4- (2bc -^^ d) =:^ a ^\ c (2b)^ + ri 
2a + (2b + c) s rb(2) ^i- c)2a 
(a + b)(3a t - (3a ';G)(b -i- a) 



a -r (b -\- c)^ ^(m -f- nj + - + (n -^))(^ ""^ (a + a )^ 
a(bG) -f 2mnr(xy) ^ (ba)c + (2mnrx)y 

4 ■ 

.HuppOKe i,he symrol "X" denoton the operation indicated by 
T * D - ^^"1-^ , You Icnov; this operation as that of I'inding 
'■he averai'ie ot tvro n-imLers . 

(a) in a oorranutativD operation?' 

(r)- Is "^j^" ur] acsoaialive operation? 

^i;p^[sc t:H: symLOl "A " indicates tne operation "take the 
larst 01" n pair loi^ numbers'', 

(a) 1:; ''Z^" n a omrTiu ta 1 ve opor^aiiion? 

(u) I:j ^a; 'iSiioc 1 1 l ve oper-iiion? 



h-H, Dlstributlvo Property- , 

In Chapter 2 many exampler; uuch an 

- 1 - 

A. ■ 5(27 r 3) - :.(27) 3(3) 

^ • ? 

13(C ::: 13(c) 4- 13(0 

10(6 , i) ^ 10(6) io(|) 

v/ere given to illustrate the distributive property. V/e could 
give many more e x am p 1 c s 1 1 ke = t li c a b g v a , u d 1 nz ny t h r e g nuiri b c r s , 
In genera 1 ^ we s t at g t he .d 1 d t r lb ut 1 vc pro pert y a s f o 1 lov/s : 

F^or cvGry number a_^, e^v^ery nuiTiber b ^, 
and every number 

a(b -h- c) = ab -r ac . 

It in very important to underntand v;nat thlri means. V/e are 
saying that '^a(b + c ) ^ ab 4= ac" l:: a true nentence no matter 
v/hat Rumbers ^ a_j .b, and c arc, 

B^t us verify''^that the ntatement "a(b -h c) = ab + ^ac" is 
true if - a ^^2, b> 3^ and c . In th lo Inntanoe 

a(b -h c) * 2(3 -f- 5) 

" . - 2(8) 

- 16, 

and ab r ac 2(3) + 2(3) 

- 6 + 10 • 
- ■ . 16. 

Thus we have veriried that "a(iy-h c)'" and "ab + ac'' name the 
same number if a = 2^, b = 3, and a - 5. 

The distributive property can also be v;rltten v/ith the 
phraBe "ab ac" on the loi't ::ldo and the phraGe "a(b + c)'' on 
the right side. That in, via aan alao Dtate the property as ^ 
follov/s : 

For every n a^ every niumber b^ 

and every n^L.iLSr c. 



^ ab -1^ ac a (b -i- c ) ♦ 



4-i+ 



Here are some examplG^ in v/hlch, the dlctr Ltut Iv^? property 
is used: ' 



) Exarriple I. 




Example 



V/i?ite the Lndicatecl product -'oCx -i- 3)" as an 
indicated D;irru 



6(m h 3)^- 5(:.:) r 6(3) 
, - 6(k 3) - t3x + 18 

Ilotice^ that the product 6(x -f- 3) has a factor 6, 
and that oach of the. numbers forming the sum 6x + l8 
alGo has a factor b. 

V/rite the indicated suin ''5(x) + 5(^0'' as an indlcatad 
product. (Here you v/ill see that 5 is a factor of 
5(x) and of 5(^0 • ) 

5(x) ^ 5(^0 - 5(x + h) 
Is this sentanco true i^p^Gvery number x? 

Example 2- V/rlte tne Indicated sum "gx + 15" as "tn indicated 
product . 



^\dx + Id ^ 5(x) -+ 5(5) 
5x -f 15 - 5(x + 5) 



The fact that 5x means 
"5 times x" suggests that 
we might try to write 15 
as "5 times a number" . 



(Jhack Your Keading --^"^\ 

1, V/hat is a ntatement lOiT the distributive property as it 
applies to every nuuLor a^, every number b^ and every 
niHTiber c? 

2. Show that the distributive property is true when a ^ 2^ 
b 3, c - 5; when a = 3, b^=0, c^l. 



For v;hat values o: 
sentences true? 



a, b, .&nd 



is each of the follov/ing 



a (b G ) - ab A- ac 
at -r ac - a (b c ' 



158 
1 : 
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4-4 



Oral Exercloe:; -^:a 

■ 1, Which of the followir\g are Indicated mimB . and v/hich are 

indicated products? i 

(a) 5(a }- 2) (o) :.(.3) . L^(.^) (i) 6ab -i- 6 

(b) 2(c 1^ b) (-) {3)(:^^a) (3) (7) (j) 2x 

(c) H^) ^ Ma) (c) a(b) -I- a(l) (k) £(2a + 3b) 

(d) m(n 1) (h) a(b) t- a (i)' 6a h 21 

2. Uco the dLctrLbut-lvc: proporty to :jtato each phraoe in 

Exerclno i (above ) a nii:n XT It Lc nov; a product^ or as 
a product ii' it Iz navi a ciun . 

/ ■ 

Because or tiic cQminutat 1. ve nropcrty of mult ip Lication the 
dLstributlvQ nropcrty can bi; sUatod In the follov/ino v/ay: 

For* every nuu^^r a, ovei'y number b, 
^and every nu:nb^^ c, ^ 
(b -; c )a ^ ba -r ca 

.or courne, the laat Una can also be v/rLttGn 

/ ba ca (b 'i- c )a . \ ^ 

V/G .Tiay use ^jie d l.str ; . ■ ;t 1. ve property Ln OKanipleB like these:, 

Exanirjle j^. V/rlte thu Indicated pr^oduct (a -\ 3)x 
an an Lncllcated rai;:u 

(a 3):: n(:0 I 3(-) 

Example 2 . Write tne open plirase ''3a -t- ba'' In simpler form. 
• 3a \ ba 3(a) - :3(a) 

■ ^ :.)^i 
- cj - i . 

C)0 ^\ •/). , ■ '^a ■ :'or^ ^^X^i 'y number a . 



Check Your Roadlng 

1, In v;hat four vmys may the distributive property be stated? 

2, For^ what valueD of a is thin Lzontence true: 

5a + 3a ^ 8a ? . 

3, For Y/hat values of a and x" ic this sentence true: 

(a + 3)x - ax + 3x 



Oral - KKerGinea -^ib 

In the following phraGes, use the dictributive property to state 

each sum as a product, and each product as a sum. 

1. {I- + |)3 7. 2(|) +^2(^0 13. 6(a) + 6 

2. 6(c) + Mc) 8. (m p 6)a 1^^ 3x + x .^^"^ 

3. ' 2a + .3a 9. 6a + 6b j 15. .7m + .^Im 
i: , (7 -f- 3):n 10. (a ^f- b)8 16. (a + c)b 

5, j{h) -f 8(^0 . 11. 4(3x) + ^{3k) 17. 5(a -i b) ^ 

6. ^(9 3)2 ^12, 6(a) 6(1) . 18. |r + 



Problem hjct ^'-^'b ^ 

1, V/hidh Of the follov/inc sentenoec are true? V/hlch are faloe? 
(Yoij may be able to decide withyut Cinding a common name for 
each niuTioricyf phrase . ) 

(a) 8(20 4- ^0 - 8(20) 8(^0 

(b) 12(5) ^ 7(5) - (12 + 7)5 

(c) 3(22) + 3(6) - (22 h 6)3 

2. vmich of thcr^e nontencos arc true for every value ol the 
variables'; 

(a) 4(25 + m) - 4(25) - m 

' (b) 2(23) i- 2(x) - 2(23 r x) 

(c) 2(x h 2) ' 2x 1 2 

^ 1 4 



. Problem Set h'^kh 
(continued) 



(d) (3 + y)5 - 15 + ^ 



(e) 


a(b + 3) = ab + 3a 




if) 


(ii + c)a - 4a + 0 




is) 


.(3 + a)b = 3b + ab 




(h) 


3a + 3b = 3(a + b) 




(i) 


ab 4- cb = (a + c)b 




Change the follov/lng indicated products to indicated Bum 




3(10 -r 5) 


(f) (a + b)-'f 


(h) 


3(x 4= a) 


(e) a(b + a) 




(m + 3)2 


(h) a(b + c) 


id) 


5(^^ + c) 


(1) (x + y)m 




(11 + l)k ^ 


(J) (a + 2)a 

i 


V/rite 


the follov/lng indicated Buins as Indicated produots 


(a) 


3(5) + 3(7) X 


\ 


(b) 


3(5) + 7(5) 


\ 


(c) 


15(^0 + a(J ) 




i: 


S(H + 2(c) 




a(2) a(5) 




(r) 


c(d) + a(d) 


\ 


(g) 


a(b) + a(Jl)D 


(h) 


r{m) =H a(n) 




(i) 


2a + a^ (Rtseall: 


P 

may t^^ v/ritten (a) (a),) 


(J) 


2 , 




(k) 


^-c +- 3c 




(1) 


a(x) + X (Hint; x( 




(ni) 


I'/rito the Indlcatod 


product"!' or, exercice (k) above 




v/ith a Li Imp lor numbe 


r name . 



141 

is' 
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P-'otiom Set; 'i-'iL 
(eontinued) 

Use tho^ QGCOC Lat 1. va, co;.in!utative, and uLctrlLutlvo properties, 
and Uho rnuitlnlLaat LHi pi'opui^ty l, to v/rlte the rollov/lns 

op'on phranen In oL-iniur- I'orin . 



(;-■) a.Cib i- 3.Pb 

(n) 3y - 

(n) ^- Pki 

(1) aa -: Si 

(j) 3.Yn ni.h) 



(a) 




3 b 


(b) 




a(Y) 


(c) 


c(a) 


+ 0(3) 


(a) 


f 


An 




, ''11 


i- . On 



Some ruPLhep untu or r,he aU^rI:-Live r^roperny are □hown by 
^.he exampleEi nhal ;qi.1ow. The;/ ^::iQiUd In ctudled cnrefully. 



ExamplG 



^'-'^^^ ^ '0 '^n Indicrited sum. ^ 

Here we may i:h.lrik oi' 2r an one number. Than 
the phrase ''2r(3 t)*' InvolveB the three 
numLera 2r , s, and t. Hy the disirluutive 
property v/e can v/rtte: 



2rii^ -r t) ^ 2r(£ ) f 2r(t) 
^ 2rs 2rt 



( 



For every numuer :s eve^\7 numr^er Sj 
and every numt^er t, 

2r( G -h t ) 2ra m 2rt: 

v/rlto 3^i(v 3y) a;; an Inui.catoa :rirn. 

3^Kv i 3y) ^ (v) -!- 3:i(3y ) 



3u(v -i- 3y) 



ci-Lctributlve 
pro per ty 

3u(v) - (3)(3Hu)(y) 

conniutatlvo ^ 
prouDrty ^ or 
. rnultlpllGation 

3uv I 2uy, 
3';v i- ^uy. 



\ 

.1'2, 



Example 3, v/rltc 2rs + 2rt in an ^indicated product.' 
Here are three ways to do this: 

(1) 2rD -r 2rt ^ 2(rn) -i- 2(rt) 

- 2(rs -h rt) . . 

,(2) 2rc 2rt - r(2s) -i- r(2t) 
^ r (#s -H 2t ) 

''\ .{3) 2rG 4- Srt 2r(D) 2r(t) 

■ . . - 2r(s -h t) 

All o£ these' ways arc correct, The last one usually 
Ic the most ^unerul , 

Example ^-^ V/rlte 6xy + 6x as an indlaated product, 

Dxy f 6x - 6x(y) ^f^ 6x(l) Both '^bxy" ^and "6x" can 

be written as "6 times 
something" , 

6xy -H px ^ Dx(y -H 1), 

Check Your Reading 

1 . Can 3 u V • be c o n s 1 d e r e d a s'- o n e ^ n u m b e r ? V/liy ? 

2. What are three ways that 2rs + 2rt may be written as a 
p^oduct?^ 

' VHiich oT the follow-lno ^^entericei^ arc true for every value of 
every variable? 

.1. b(o I- ^ ) - -{- 20 

2. 2y -h ^y ^ (2 -!- x)y . ^ - 

3 . 3ah -r 3.C - 3n (b f- c ) 4 

^1 . 3:c(a 4- b) 3ax i 3b s ' 

5. 2ab -\- 2aG - 2a (b :j ) 

6. 3xy ox:: ^ ::(3y 

7 . :n (n ■■ n ) in ; u ' . 



4*4 



8. 
9. 

10, 



Oral Exerolsei 4-4c 
(eontlnued) 

3xy + 6xz = 3x(y + 2z) 
2ax + abx s (2a + b)x 
5a + 30b = (5a) (6b) 

. ■ Probleni Set 4-4o 

V/rl'te each of the following Indicated products as an 
Indicated smn , 



(a) (6 + 3p)ni 

(b) Sh(k + 1) 
(o) 6(2s + 3r) 

(d) (x + y)2a 

(e) 7a(a + 1) 



(f) 5a(5 + a) 

(e) 2m(x + 3y) 

(h) (a + m)3m 

(i) (x + y)i|x 
(J) k(2x + 5) 



V/rlte each of the indicated sujns as an indicated product, 
Example: aax + 2ay - 2a(x) + 2a(y) ' 

= 2a(x + y) 



(a) 


2a + 2b 






GX + hoY 




(b) 


2mn +- 5n 




(e) 


2ax + 5x 




(c) 


2mn + 2n 




(h) 


3ab + 9a^ (Hln= 


t : V/rlt. 






as 


(3a) (3a) 


(d) 


6bo + 6c 




(1) 






(e) 






(J) 


2 2 

XZ + X, z 




Write 


each of the 


indlcatec 


i sums"' 


as an indicated 


product 


(a) 


6b 3b 




(d) 


5ab + Sac 




(b) 


J" 

2a + 3a 




■(e) 


O Q 

mx^ + x^ 




(c) 


5ax + 5a 




(f) 


l8x^ + Bx ' 




Write 


each of the 


in^icaj^ed 


1 sums 


as an Indicated 


produc t 


M 


3x^ + 2x~ 




(d) 


9bc + 6c 




(b) 


.2 ,2 
ax + bx 




(e) 


12ab +^8^G 




(o) 


- 2 

px + be 

4 




(£•) 


o 










15. 







^ , Problem Set 4*Ug 
(aontinued) 

5. Indicate how the distributive property can he used to 

(a) find the perimeter of a reetangle with a length of 
7 Inehee and a width of 3 Inches, 

(b) find the amount of money collected at a game if 
^ . 125 tickets were sold at one window and 375 

tickets at the other window. The price par ticket 
was #1 ,50 . 



Another important use of the distributive property is shown 
by the following example: 

Write (m + 2)(m + x) as an Indicated sumj using 
the^ distributive property. 

To begin wlth,^we shall think of (m + g) as a 
ajjgle numb^ . Then, first writing the dlstrl^ 
butlve property as a pattern to follow, we have: 

+ 2){rn + x) - (ni + 2)ni -h (m + 2)x 



losing the dlDtributivo property again, 

(m + 2)m h (rn -h 2)x - (m)(m) + (2)(m) + {rn)(x) + (2)(x) 

= m"^ 4^ 2m -h mx + 2x 

So (m + 2)(m h k) ^ m'^ + 2rn + mx +- 2x for every 
niiniber m and every niirnbGr x 

Below is another example of this kind. 

(x + a)(x + 2) - (x 4- a)x + (x + a)2 

_ - (x)x + (a)x + (x)2 4- (a)2 

x" + ax + 2x 4- 2a * 

So (x + a)(x 4- 2) = x"^ 4- ax + 2x + 2a for 
every number x every number a. 



1-3 



15. 



Che ok Yjgur Reading 

How many times do we apply the distributive property 'in the 
exMple above? Is (5c? + a) used, as one number or two numbers 
in the rirst applicatipn? 

Is X + a used as one number or two numbers irt the second 
application of the distributive property? What is the final 
indicated sum? ' ' 



^ Oral Extraises 4^4d^ 

Apply the distributive property once, using the first Indicated 



$um as a single number* Example.: \ 

(m + n)(a + b)-^ (m + n)a + (m + n)b 

1. (a + c)(a + 4) 6, (ja + b)(c + d) 

2. (x + a)(x + 3) - .7. 

3. (x + l)(a + b) 8, 

4. (3a + 4)(a + 5) ' 9^ 

5. (7 + x)(x + 7;) 



(mn + x)(a + b) 
(ab + G ) (b + □ ) 
(8^^ x)(8^ x) 



Problem Set ^''d 

Apply the distributive property as many times hb nacessary to 
i;t*ite these as indicated suins in the simplest form. Use the 
other properties discus dec! In this chapter as v/ell v/hen they 
riVQ neodod to v/t^ite the simplest form of the phrase* 



I.;'. 



(a -1- 1) (n 4^ b^) 
(a -1- b) 

(l:x -1 c)(x i ) 
(3 -I- rn){l < a) 
(a I b)(c .; d) 
{no . d)(a - a) 
-:- DCo . :: 
(>: -i- y) (x -\ [ 



■)(: 



10. 

11, 

li. 

1 

v: . 
Id. 



(20 

(a 2b 
m(m -\- n 
(x y) 
(;r 1 
(ir V 1 

( 1,111 -I- b 



(x 

(Sa -I- c 



\ 

m -1- n / 

{vp^^ a) 
(r^+ da) 



( mn 



d 

b) 



v;hen . a 



iLi 



.Pl^pblem Set 4«4d , _ 

(oontlQue4) ^ * 

Iff. Shdw that (2x + 3)(x + a) ^ + Jx + Sax + Ja when 
X .is 3 , and a 'Is 0, , * ^ 

19. Do^ you see that in Problem 7 abov^ you raally multiplied 
(25)(^3)? How Gould you similarly multiply the following 



numbers? j : 










(a) 


C^)(24) 


(l) 


(53)(23) * 


(m) 


, (it5)(20S) 


(b) 


(2^) (21) 


(h) 


(11)(4.2) 


(n) 


425)(1003) 


\o) 




(i) 


.(3|)(2|) 


(o) 


(^)(3|) 


(d) 


(l&H^l) 


(J) 


■(35)(35) 


(P) 


(6. 4) (408) 


(•) 


(25)jj2) 


(k) 


(1.5)(36) 


(q) 


(6|)(8|) 


(f) 


(>/)(36) , 


(1) 


('^.5)(^.5) 


(r) 


(3|)(^.8) 



Summary 

c 

■^e numbers of arithmetic can be added and multiplied. We 
have learned that these numbers and their operations have baslo 
properties which we shall list below and always refer to as the 
properties of the numbers of arlthmetio . 

1. For every number a and every number b^ a + -b la a number. 

2, For every number a and every number b, ab is a^number. 

3 - Commu t a^i ye Property of; - Addition t For every number a and 
every number b , a + b ^ b a , 

^ ^ Commutative Property of Multiplication ' For every number a 
and every number b, ab ^ ba. ^ 

5- Associative Property of Addition : For every number a, 

every number b, and every number c, (a + b) + c = a + (b + e 

I 

6* Aasoclative Property of Multiplication ; For every number a, 
every number b^ and every number c, (ab)c ^ a(bc). 

?• DlBtributlve_ l^^erty : For every number a^ every number b, 
and every number c, a(b + c ) ^ ab + ac , 



i5. 



r m 

6. / Addition Property of Zero i 'For every number a, 

~ , . . ' a + 0 a^. ; 

9. Multlpireatlon property of One i ^ For every numbeY^ .a, 
: - ' a(l) .a. J 

10.* Multiplication ^ Property .of Zero : For^every number a, 

a{0) ^ 0. 



Review= Problem Set 



1, Name the identity eXement for addition and state its addition 
and multiplication properties^ 

2* Name the identity element for multlplica^tion, .state its 

multiplication property^ and elve three different n^ierals 
for this number. 

3, V/rite simpler numerals for the follov/lng expressions, , uelng 
the properties of one and sero.^ * t- 

'(a) x:H^ 0 + b(l) * ^ , 

(b) a(l) + 0(a + b) ^ 

E + 3 

3 - ^ - 



(e) 



14(0) 



4. Complete theae Sentences so that .they v/111 be true for all 

m and., n other than 0. . * < 

(a) -f X = 9F a X . ^ 

4 



(b) — = ■ (e) 



4n ^ ^ n 2mn 



(g) # X 



* 1 



Review Problem Set, 
(continued). 



^. Find the truth sets of the following sentences: " • 

(a) 6m = 0 ' : ■ ' (rr '6(|a) + 6 ='6 

(b) 6a = 6 ' (g) 6(a 4 ^ ks 
' (a) 6a + 7(0) = 6a (h)= 6(a - 6) = 46 

(d) ^ + 1=1 , (1) 'a 6 = a + l 

(e) ' ^ + |(0).= I \ (J) , 66a = §(6a) 

6* Is the set of vfhole nLUTibars, v/hose n'omerala have a units 
digit of 0, closed under addition? Under multipliQatlon? 
Under suttraction? 

7. ^' State the associative^ comrriutatlve, 'and distributive^ 

properties, 

8, I/hiah of the following Dentences are true for all valUGs of 
the variables? For each such sentence^ decide v/hich property 
or properties is ^illustrated by the sentence, 

(a) (x - y)(m . n) ^ (x < m)(y m n)' 

(b) X -: y : m ^ y X m ' 

(c) (x ' y)(m ' n) - (:: : y)(n m) 

(d) (x - y)(m . n) ^ (m ^: n) ^ y) . 

(e) X -:' ym ^. xy m 

(f) x(y . m) - y(j: . m) ' . 
(c) ::'"m ^ ni:: 

(h) K(m - n) m:: n:: ^ 

(1) - ■ - ' ^) 

(J) x(ym) - (::y)n 



V/ 



4 




■^'Review Problem Set * ' 

(continued) 

'^9^ \St±te open phrases, using n a^, the variable, i*or the 
following word phrase^. 
. . ■ (k) 5 'more than tv/ic© a number 

(b) less thafi of a numb^ ' ' 

(g) 3 s^dmes a number, less 6 ' \ 

(d) a number multiplied by the sum of 5 an4 tife number I'tself . 

(e) the square of a number^ Increased by t\/ice-the number ^ 

(f) the produpt of the sum of a number and 5 by the sto 'of 
the number and 2 

(g) the square^^ of the .sum of a number and 'f ^ 

(h) a number multiplied by 2 less than the number 
(Ji) * the quotient of a niunber divided by 8 

(j) 'the quotient , of the sum of a number and 6^ divided by 

the number * ; , 

10. Find the values of these open phrases if m .is 2,^ n- is 5^ 
and p is. 0. 

(a) .np (d) p- ^"^V/;r ' 



(e) ii^fp + lll(n + m)) 

— — ^ — ' 

m(n'" + p) > 



(c) — ^ 



11 . Cnange the Indicated products- to Ipdloated sums and the 

Indi.caced sums to Indloa'ted producta, using the distrlDUtlve 



(1) (a + r)(aa + l) 

(j) X'A + 3)(t. + x) 

(k) (.} + a)x + (3 + a)y ^-" x 

( 1 ) 03X + 6ay 

(m) ay^ + 

(n) I2x + l8 
(o) . O 

) xy + x;^ 




" -Review PPoblem Set 



ieontlnued) • 

(q) Sa(3a + 5) (t) abcx + abcy 

(r> (m + n)3m (u) l8(a + b) + 6(a +*b) 

(s) (a + 3b)(a + c) (v.) (x + y)m + (x + y)n 

121 Indieatc how ^^he^dlstFlbutlve property can be used to find 
a simpler name f or ■ ^ : ^ 

• U) af - . ' 

(b) 5 X . 

(c) k X l| ■ ^ 

13,, Find the truth sets of the following sentencea . Draw their 
graphs, i^^termlne which Is a subset of-the other/ . 

X + 5 - 6^ / (k - if ^ X -XI'- 

1^. Find the truth sets of the f^ollawlng sentences. Draw their 
graphs and determine which is a subset of the otherT^^ 

3x < 6 ^ 5x > 0 

15* Find the truth sets of the following sentences. Draw their 
graphs and ■ determine which is a eubset of the other. 

2x + 5 - 12 8x + 1 < 17 



1 



\ 



Chapter 5 * ^ , 

OPEN SEteNCTS AND WORD SENTENCES 

» • 

5-1 - . Open phrases to Word phrases , 

H%y^ you ever heard Anybody lay tnatL he was goln& to "talk 
algebra"?. This Is not so silly as It* s^errts,. In a way. algebra 
13 a language., ' ' 

To see v/ttat this means, think firsts of a number. We know, 

fojr instance, that 3 is a number. We can use this number to ,t,alk 

about things , like 3 booka, J people / 3 inehes, and %6 on , Of , 

cQurse, -we would aot v/ant to say that 3 booKS is a number. It 

^ ^ . ' 

is a word phrase mat just, relates the number 3 to a GQllectlon 

of books . \ ^ ^ . 

In; the same way, n is o numLer.' V/e can use this number to 
talk about things ^ like n cooks, h people, n inGhes, and so on. 
Again, we don't want to say'uhat n books is aajumber. it 'is Just 
a word phrase that relates the numi^er n to a' collection of books. 

When we say ''n V.ooks'', we meBn that "n*' is the "numCer of 
:-OQks" , BecFiuse'' alnsL^ra is a kind ol' language, we often say that 
^ phrase like "numLer of Looks" is ;3 LrrinslBtion of the variable 
n. This shov;s thjt v/e nave translated from .^IgeDra to words. We 
can also say tnc pnrase ''number of Looks" tells ue what the vari = 
able represents . 

He re a re g om e n urn e r s " n " mi gh t. re p re s e n t : 

numter 01^ students 
in your a lass 

number dollars 
.! n yaur allowance 

numLCr ol' years 
In your age 

V/e have; LrivGii only inw^C: dirferent translations of n , It is 
^possible to i:ive rnHfi./, mar:y mor-fe , IV it seems ^hard to think of 
a translation ror n, 'udz ask youroeir the question, "Number of 
v/hat?'- . Ahen you ari^jwer' the question, you are tranclatlng the 
var Lnblc: . 



Look, at the open phrase "n + 5'' ^ We could say thmt It Is a 
phrase In the^ language of algebra, V^a't does the phrase repre- 
lept? ' How can we. explain in wordg v/hat the phrase represents? 

Here are some of the things the phrase might repres&Sit' 



n . 




a number 


the Bum of a number a^ 5 


number of students 
: in your class 


number of students ,lf 5 
more came In - 


number of dollars 
_l..in your allowance, 

/ 


number, of dollars If your * 
^lowance is increased ^ 
fsdollars 


number of years 
In your age 


number of years in the 
age of somebody who Is 
5 years older than you 



Do you see" that the translation -of "n ^- ^" depends on whaty 



'J 



into v/ords we make, ^ a^ number and p + ^ Is another ,nymbei 
"2x" is another open phrase. So Is -'2x + 3" te? iOTn £ 



translation we make for4"n"? But no matter what translation ^.4. 

open phrase. So Is -'2x + 3",, tefi&on as 
v/e translate "x-'j^. we can translate both of these phrases. Here 
are two ways : . 

X V 2x 2x + 3 



nubber of points 
Jim made 



number oV pounds 
one person cnn 
tnke on un 
ai rplane ' 



numuer of points Bill 
made If he made twice 
as mriny as Jim 



number of points Bill 
made If he made twice 



number of coundc tv;o 
people can toke on 
an a I rolane 



/ as many as Jim, and 3 
more 

or ■ " 

number of points Bill ^ 
made if he made 3 more 
thrih twice -7is many as 
Jim 

number 01' pounds tv/o 
people take on an 
ilrplane 1 1' they have 
H pounds^ L.oo much 



Cnn you ^h'uK or n dirrei^en^ v;>i;/ to tranclate the open phrase 
"^x" ^ru 'he oreri pn:'i3e "Jx 1- V I*, should r.e possible I'or 
each person In vd'av j.Iass ^.o r-vc- a r^iny.Uit 1 on dltTerent i^rom 
uha^ oi" ^inyi uuy elGe . 




5-* 




7 

.Oheek Your Reading 



2. 
4, 



Is the phrase J. books a number? 
Js the^hraie n bq^s a number? 
How mmny translations of 



How m 




trkns^latiiOns of 



n can be made? 
'2n + 5" can be ^ade? 



/ 



Given the open phrases . 
and 



Oral Exercis^k 5-4^ 

-t ^ 



'2t' 



'2t + 3'^ 



g-* Translations of the phrases can be made as soon as 
the variable "t" h^s been tranelited. Three different 
possible translations^or "t*' are given below. For each one 
glv« a translation of the given open ph;!^aies , 



(a) nifinber of quarts of 
^ berries thaV^^'i be 
picked illCohe hour 



(b) number of ^e^brds 
you-fan:,^i*^ \£or } 3 



CO./ niiftijD^f' of feet in 
. \ .tee d^iajnater of a 
Tfo' ^- Z f.'^iyefi.la i rc l e 



t+1 



t-2 



at 



Ett 3_ 



2 



Froblem .n^l 



Iri the I'oli owing proL^lerns wrlt^ a translation of the open 
phrase. Give a dlf rerent translation of the varlaDle In each 
protl em . 

1 . n H ■ 6 . L^n t 1^ ^A- ii 

2 . n - 7 7 . 2n -^^1 1? 



X 



7 . 
8 , 

9 . 

10. 



X 4- 7x 



13 



1 . ^ 



3r + 1 

?t ^ 1 



ERIC 



^4 ■ ' 

5*2, Word Phrase e to Open Fhra&tes . * 

In the last lesson, we translated open phrases Into word 
phrasei . For Instance, we translated the open phrase "n + 5" • 
Before we did this, we h^ to translate the variable ^-n" , 

We can also go the otWt'^ay. We can take a word phrase and 
translate it into an open phrase^'^^^ algebra. 

Suppose you want to talk about your ^^e 7 years from now. 
This is easy since you know your age now. Vyou might think like 
thlsi ^ . \ . . 

Number of years in your age now l4 
Number of years in your age 7 years from now 14 + ^7 ^ 

So you can say that in 7 years your age will be 21 * 

Suppose you want -to talk about Bill's age 7 years from nowX 
You don*t know his age now, But you can use a variable. The ' 
thinking might go like this: 

Number of years In Bill's age now k / 

Number of years in Bill's age 7 ^ars from now 

Notioe' that the pnrase "k + 7'^ means "number of years in 
Bill's age 7 years from now". Do you see ytat we are translating 
from words to algeDra? 

Suppose we are asked to write an open phrase which is a 
transiatlon of the word phrase, "Five more than a number n" . 
In thinking about this expression we could say that we begin 
v/ith a number n and 'then add 5 to it . 
This suggests that we write 

n + 5 

BecaMse of nne i'act thai: addition is commutative, we know 
that the phrase "5 + n" is also a name for the same number. We 
shall, however, always use the form "n + 5" for the word phrase 
auove. ThuG we shall translate "Eight more than the nu:Tiyer x" 
i:; '^x =h b'S arr: rv;-lvc' rnorv t.h'in the riumi er y as "y + 1?". 

Let us now consider an expression such as "Six less than the 
number n" , In the same manner as '^tove v/e may assume that we 
have star::ed with a number n- and then subtract 6 f'rom this 
n u m c e r . Tl i u z o u r o p e n p h r a a e is 

n = 6 



5-2' - ' •.. " ' • , ^ 

-In. this ease we oannol Write the phrase ''6 - n" as a translation 

for the same word phrase . Do you see wby? 

r ThUB we must translate "El^t less than the number x" as ^ 

"x - 8" and "Twelve less than the number y-' as "y - 12". 

* Here some other axamplei: 

- • • 

A LINE SEQNENT 3 -FEET LONGER THAN ANOTfffiR LINE SEGNENT 

. ' " ~ J ■ 

We know we have a line segnent J feet longer 
than another line se^ent . But we don't know 
the number of feet in that other se^ent , So 
let t be the number of feet in th4t other seg- 
ment . Then the translation is 

t + 3 . 

Tfffi NUPffiER OP CENTS IN y QUARTERS 

To translate this, we can think: How many 
cents (or pennies) In one quarter? in two 
quarters? in three quarters? We have y 
quarteri , So the translation is 

25y. 

5 POUNDS LESS THAN TWICE THAT NUMBER OF POUNDS '"^ 

What number of pojnds? We don^t know. So 
let n be that number of pounds , What is 
twlea that number? That's easy, It is 2n . 
But we don't want this much. We want 5 
pounds less. So the translation "Is 

2n - ^ 



Below are some word phrases that can be translated into 
open phrases. If there are any you are not sure of, it would be 
a good Idea to write them down. 



1 . 


If the number of years in Bill 
number of years in Bill's age 


's age novj is k, wi 
7 years 1 rom now 


2 . 


V/hat is the 


number of cents In 


t quarters? in 


3 . 


A number 5 


more than n 




k . 


A number 5 


less than n 






A number 5 


times as large as 


n 


6 , 


The' sum of 


n and 5 






V ' Oral ExerclsT^ 5-2 

^ ' , . (contlnued)j y 

7. The produet of^ l4'' and' 

% \ 8, 7 dollars more than the number of dollars in the bank 

9 . 7 ddllari less than the number of dollars In the bank 



10 ^ 


Number 


of 


ye ars in Sam ' b age 4 years 


11 . 


Number 


of 


^BpTi in ^&m ' s age 3 -year,^ 


12 * 


Number 


of 


* 

years in Sam's age when hje^ 




^ is ^ now 








Number 
is now. 


of 


years In Sam's age when 




Number 


of 


inches in x feet (HInIi 




one foot? 


In- two feet? In three fe 


15. 


Number 


of 


feet in y- yards 


16. 


Number 


of 


Inches In t yards 


17% 


Number 


of 


cents in k nickels 


l8. 


Number 


of 


cents in d dimes 




Number 


of 


cents in 2y quarters 


20. 


Number 


of 


nickels in Jn dollars 




Problem Set 



Below'a« some word ^^.rases . For each, choose a variable, 
tell what^"^the variable represents^ and then write a translation 
' of the word, phrase into an open phr^ase . 

1. 7 more than- 3 times the number of dollars Pred has 

2. 7 less than 3 times the number of dollars Ann has 

3. The number of Inches in the length of a rectangle that is ^ 
twice as long as it is wide 

4. The sum of a number and twice that number 

5* The sum of a counting nutriber and the next two cou»ntlng 
numbers 
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f'rOLlt'm Set ') = :j 

6 . l^r h e ^3 u 01 or an even numier 'and ^ n e n e x v (i* v t :■ n number' 

f. Trio rvimL^p you ^.ai v/hon you nd i ^ \\o some number and Idieri 
rniltipx:/ (l-FINT: TnLnJ;; or \\ \\.k(j thin: Choose 

oome num:.an. Add '-^ !.o "he numr^er'. Tn\::n muH, M.ly ;y y,) 



:,u;nLOr 



■md 



, Thu numi.^M' oi' oqu-u't/ .InohoG i. n i he ■loeu oo'^ reo*. anyle unat 
is 10 inches ion^ev Lhan l.i I- vn.de 

lu. Trie numuor o i' Inches in :die per^bneuen oT a re a u angle uhal ia 
10^ Irouien loriyer' rhan lO is wide (ffINT; You can rind i:no 
perdne-.M' ^r' Or: I o recunnyle Ly R^j-dMip^ rhe nnmLOu oi^ inaliOs 
•^^ '-i: ro'io u : ;.u-o . You mny liavo :;eari peoule nBy.rhaU 







a T'ec 1- a 




M ^ " d 1 at.ano^^ 


^ around" tdie 














I L . 


Ti;,^, p...U .v.^. 


yr: a aqu 


a ra; 






17] , 




T': a r^ " ; m 




; ['0 an i ( " i 


a) quarv.a-a 


1 , 


1-uo iiuin: ^; r (J :' 


::-^^!]:.a ' a 


d r'nio. 


-.na (.1 -i. ^; 


) quarroaG 


i ^ . 


Tor: o-:):r oT o 


pMa-aa 


or :jar:'^^a 


; a^ '.':Q^ p'sv 


pound and 




(n ■ =) pouo K' 


'■JL^ -JO ;d'^ 


.:o a,. f'Oa 


pijV pound 






Tno airiouih 
' ^ " r 1 (h' 








r; wnoar' ■'oa;.'rnL 




hi( rn oi'O' : n ■ 




a X--' 


(,: ^ :) 


quai'V c :'v> , an i 




''n-: : > = r - r ' i ■ 




■ ■ . • ■ - ■ aa 




: y^.'^:^ p-r 




iS'ii ioi . -iw-y y • 


1 ) a- 






ci.i 1:!'. a! -'ualtt 




pt/ :^ y:\\ r <ii 










lb . 


rhe ou:r -u' : 




■ a' T ! 




aa^ anl^ (;q) 




;°a 1 : Oi r: " r r 






aa 1 i f.T! 
















1 . 


ilio ".ru. a I I ■; 






ihn-a, --y> 


■ -i O niakeln. 




■UV^{ ^ r) 











i 



20. The coGu or :/ oanuy i'ivl' a: lC^ u'iun'^irJ - pack-igeE: 

and :i ^^or'-^iir: :;,::u*.:^ :;^;c:k\.-:ci: c in'. u;.n cnli.^G ill ^' tor 

22, The '.OML v:ilue oi' o^M*'. nir: rannrej^ o:' dlmCL;, '.v/o more 

. The nurriL'er or pouui-:: or :f, n ^f;r'.a.lM numrjcr or pounds 

nr .t no L ' r_ 1 on 

■?h P^- pf'i'^rK^'-or n ^: ' -nr ! w:..;:.e vrlriun l r. ^ or the len^ah 

' i 

r^j , Tho voi -Jino -.i^ ^ ox v;f,r.:_U: !onrt-h 1 l; lv:lcc -.lio w.iuLh nr. a 



^ho::0 :iop^ri \ ^ 



!^ '.:h; v;: h 



O;.0ji JooUonoGC v. o Wo^r :jon' 



Yo'i kriow trnu "rx '.OO.OOCi": 1.; ^ir^ open ocr.Por.cc? , Cou.i.d 
ini ^ nr-n* n^rf. : f-^ ^'i ^ \r. \ \ ' ■ ] ; ro ' \-.r^i.y: ool'ld GO-;, "Two times 

X io :^lvc iiundro 1 ■ :i ju:r.:i . ^^ut. ^ n I ]r.u*\. very .interesting, 
Instcaa v;o mlpii^ - i -o^-- \-^^=r-i, v;u d:d when v/c were 

rrLTir l/w \ ::r ; :P\0' -;: . , 

Kcu' •'.^^:npUi, v/- ■:; Uor *. :''inS.hi '-o .^^'x" " Mie niimLer' or 

soidlf^^t^o :;. :.or :i:^:n\" i ■ 'Onvov'' ^ I'ncMi v/rn: Is "he r^?uin 1 a 1 1 on 

or ' :\ ■ :0 ^-MO v. V. ■ ■ ' ^^i. . 1 :oinw uM:^ v/f"^:'!-: Mk-- ln\i:i 

X kx ^- oOO, 000 ■ 

iA\M:]i.f:r ii' L'^ipiU'L^; Tv/0 U!ino£ kt'ie ni^rnL'Co ot 

fri tn^: o:^:n;/ or H ::u lu .1 u o j 1 n ikie army OL' 

o iH in rry o coiinu py i o ^iOO, OOt) , 

^ Do you ::oo v;not ro- - -u. o y 1 1; ! n: . ok 'k:x - rOO,000" laV Can you 
o: i vo a 1 rr*: pent no i av .:. oiv; 

' H'":-00 nV'- ro:no cv nnr -"0-r'i::p> m-o : 

(1) aivo 1 :;i-!n:; Ii:. ; on or ' ac op-n ruar.r-noc; "ix - /^B^k'^ 



-J ^ J 



X 



3x - 2 - 78^1 



nuniLtrr oT looIcz 
In the libi^at'y 



rr 'oi I'eet 
in cne v/ldLh oi 
4 rectangle 



The number* 01' rooks In _t:no 
1 1 i... r.a ry is l r 1 p 1 e d , Tv/o 
cooks are lost , There are 
784 Looks lel'i: , 




num: or oi' t^ee t in 
the length of tne 
rectangie if' the 
length is 2 i^een 
more? than the width 



t ( t -f^ 2 ) ^ ^i2b 

The area oT tne 
rec tangle 1 s 
'125 square r'aet,, 
since we know 
that the t'ormnla 
tor the ' area oV a 
rectangle is 
area ~ width x 
1 e n g h 



The "p Let: j ^ he rlgnv 
may nelp in soe-".r v/h^ji the 
t:ranslaLlon rne ms . 



If we wanted to ^tive the tr^anslatlon 01' 
complete sentences ■^■e could wrl^e: 

A ^'\^n'-^iuir^L(- wnDnf- lengtn Is 
Lfian Its v:latn has ari area oi'^ 
teet , 



t + 2 




+ 2) 



in one 



.^et more , 
; square 



(3) Translate n (2n - b) ^ 0^^ 

The translation might look like this: ^ 

A Loau^ ^'t -Ceet long is cut Into two pieces 
so that one piece "^is ^ feet shorter than twice the 
otr^er piece. X^o^ you see tnat the translation says 
tnese uh li ;kS : . " 



n 



■ n - 



n 



:2n ^ j) 



numbc;!* oV I'oei. numf.>vi^ 01^ teet The- length ot the 
In one piece in tne other v/hole uoarci Is 

the Loai^d ■ piece t^'^ I'eet, 



Ur^a I Kxerc 1 ses -j-j 
It'ansrr - i a^;Se cjper. uentences. 

i 



^ t , 



5-4 

0 pa 1 Exercises 
(continued) 

3. Td ^ ".d r(r - 3) - 18 

4. 2n + 8-62 8. r(r - 3) ^ 'I8 

5. X - 5 = 12' 9. t + (3t - l) 20 

6. n + (2n + 1) 30 10. t A = 1 ) ^ 20 



Problem Set ^-3 

Below are some open sentences . For each, decide what the 
variable repreoents, and then write a word translation for the 
open sentence , Make it as sensible a translation as possible . 



1 . 


5n - ^5 


9. 


5k + 12k - :j1 




2 . 


y + 3 - 20 


10. 


(n)(2n) - 300 




3 ^ 
ii . 


i: - 5 - 20 




(HINT: This sentence might 
suggest the area of a 
rec tangle , ) 


3 . 


2n + 3 - ^^7 


11 . 


n(n + 2) - 300 




6 , 


2n - 3 - ^^7 


12 . 


w(w = h) = 16 


/ 

/ 


7 , 


X + X -f- X -i X 90 


*13. 


^-(3x + l) +- X ^ 46 




8. 


4n + 7n ^ 4u 


*14. 


(2y + 5) + (y + 3) - 


30 



^3-4 . Worn Sentences to Qpen^ Sentences , 

Open sentences are very useiMji in solving many types of 
profloms. In order to use open sentences to solve proLlems that 
are stated in woi#ds we must tirst translate from word sentences 
to open "■sentences . V/e shall study severa l examples so as to be- 
come r.amillar v;ith the way the process v/orks To begin v/ith'j 
suppose v/e consider the follov;ing: 

A board 44 inches long is to vo cut into two pieces so 
that one piece is 3 Incnes longer than the other piece. How 
long should the short piece rje" 

You can see that this is a problem, IT we wanted to solve 
■ho problem, we could try guessing* For instance, we might 

1 ■ 7 

^ ' it.,' 



3-u . 

guess that iB yhould iJt the number oV inches in the short 
place, Jt^snH hard to decJde whether our guess Is right or 
wrong. The thinking might go like thls^ 

Flrct GuoGG 

LEIIGTH OF SIICHT V LKCK i3 {done-nlav^ thin Ig^bi. a 

, ^ ^iionn , ) 

LEUGTH OF LOllO VlrMK ± : Z [W r.i wo knov; thlG? 



Add tho nii|::L'j:M; lc' ruui ;i l . Y) j yon f::at '^v 
Second Guen:: # 

rj'idGTH OP dHOdT piegI': 20 

LEilGTH OF LO::a PIFrO'; go -j- 3 (V/iiy? ) 

or 23 

li." you add line numbers 90 and P3 , you still don^t get 

--^ . 3o v/e still iiave not solved the problem 

V/e c o u 1 ^I s p e n d a 1 o n I L rn e g u e a s 1 n g v; 1 1: h out l-. o 1 v i n g t h e 
problem = But really don^t have to guess. We can .just admit 
that we"don*t know the numi-.er^ oi' Inches in the short piece and 
let k be t h a t n u'm b e r' . Th e n o u r work looks like this: 

Using Varl aole 

LENGTH OF SHORT PIECK k 

LENGTH OF LONG PIECE k + 5 (Wh:, ) 

V/e donH knov/ v/na'. number k is or v;hat number/ (k + 3) 
is . But v/e do knov; tdiat v/hen v/e add these numbers 
uhe sum must ne '^-\ . So v/e can write: 

k (k I- 3 ) = '^^i . 

It" v;e rovHid the :.ruuh cei: oi' this sentence, the 
ansv/er our* pro:.d.em would ue in uhls set. We're 
not I'Oinf-': t.o viovry about trying to rind the truth 
: set here; we'll dlseo'^ei' some good v/ays to do this 

Ja ^1 later chanter. (Ot course, iV you v;ould like 
ta try to t'rid^ ' b'"- trutn set: ot this sentence, go 
r* LpiO". -iiie^id . ) 



Here In whal v/e really need i:o notice Vvom thvz example. 
We have t ra n 8 1 a t e d Vvom n w o rd p vo i.iem r-i h ou t a u oa rd t o ' an 
algebra proclem about numbers, like this: 

' Words Algebra 

A board ^'-k i-nches long Ih cut 
into two ple3ces so that one 
piece is 3 Inches longer than ^ 
the other piebe. 



-^k ^i- (k + 3) ^ 



Hc^ long should the short 
piece be? J 



-^VTnat is the truth set 
^ of "k 4^ (k + 3) ^ 44"? 



You see, we right say that v:e ore making two tr^Da^atlBi^ . 
We are * ranslating^a v;ord sentence about a board into an open '\ 
sentGnce in algeura. This is v/hat we are going to try to do ih 
ihis lesson . 

We are ^Iso translating a question about the board into a 
^question about r/ne truth set oi' an open sentence We are not 
going to ::ry to ansv/er these quentj.ons in this lesson. Later, 
we V/ :. 1 1 . 

Flero in anothc" probJom, 

The v/idth of" a rect:angie "Is 10 Inches less than the length. 
The arei ct'tne rectangle is '^00 square inches, V/hat is the 
leng-h oit the reG:^a:j;;le^? 



HUi^BKR OV i;:Crfrt; tM r.ENGTH l8 -. (just a guess) 

NUMBER OF INCrrKo IN WID Trl iS - 10 ( Kow do v/e knov; thiG?) 

or 8 

riUMrEH OV :\Z\i:-M]i iriCUKJ. TN A[iK,'\ S (l-lov: is the area 



or 1 



Oi' a rectangle 
bound? ) 



rru. .'in area 0L""l^b[ :::quarD inches instead 
I'l I y>j ! r;cries , v;e i-uiov 
no\ tn •ui::v."er '.o "he proL'.lem 



cb -00 !r;cries, v;e i-uiov; t-hc-" our guest v;as 



5-4 



Second Guess .- 1 

NUmER OF INClffiS IN LKNGTH ____ ( You rrKike a #?uoss 
NUMBER OF INCHES IN VilDTIf _____ 



NUNTBER OF SqUARE INCMi'S j;-: ;\RKA 



Wad your pueos rlghu? How do you knov/? 

Using B Var'LaL lo 

NUMBER OF INCHES IN LENGTH t 



MUMBER OF INCHES IN WIDTH t - 10 

VJe don^t knov/ wiAai: number t is or what number (t - 10) 
j.D, ^^uu v/-^ do knov/ thnt thel r produG t must: ce 400 > So 
v;f^ G-in wr^lt.e the open sentence; 

tih - 10) - -00. 

iriv;e could Idnd '-no ir:jl:n set ot th 1 o open senLence, 
' :ie ennv;^vr' to our u;*'"^i ie:n v;ould ue in this set, As 
v/e sola eetorh, v;e rr: not rolnr to try to itlno _^this 
^:ru h i:ot nov;. V/e ^uz\ ytop v/Itn tr.e open sentepcet 

VJ;tt:IhG! 

Eetoro you yo to trio prohln::ir:, Ic sure that you 
iindcrotanfj tu^.; " 'yi)oLu/y 

Suppooo oo.Meh )ay ::oyo, "o Lu less than 9". Kovf 
vrould v/e v;rifce It la uatueoat lo s? Wo could v/rlte 

< 9'', That l:: alL. it c:)^;sn't Loiy hoy/ much less . 
Do yoii re:nornlor toot " a trani.latl un ot 

"is' iGSs tnan^'t 

But supi^pso so.:iebidy says "p l:^ - less than 9". 
Hov; do v;e v/rlto tills la ;;'iatne:natlGsV 

a - o ^ n 

Here v/e knov; i'low ixioa ly^^" a Ls tnun y, it is ^' loss. 
So It v;o suhtrac^t ■ " I'roM y, tne result ,is the .;ame as, 
^or Ls eriyij U taj_, p. Tiir/r-j Is no ae^oi tor the 'k" here. 

\ 

Chedk You r Readl nr: 
1, How do we wr; o " \. Is acss trian us1ny symsols? 
P. How ho we v/rd so Is t inss toan p" V 



lop 



Check Your Reading 
( continued ) 



How do v/e write "l^ is greater than 9"? 



^,^How do we write "15 is 6 greater than 9"? 



Ora^ Exerc ises 5=^^ 



1. The width or a rectangle is 8 Inches less than the length,. 
The area oV the rectangle is 180 square inches. VJhat is 



inches in the width? 

(c) What is the area 01' the rectangle in terms of the 
variaule? 

(d) WrltG an open sentence that could be used in solvi^ng 
the problem . 

2, A board 39 inches long is to be cut Into two piecea_|p^^that 
one piece is 3 inches longer than the other piece = How 
long should' the short piece be? 

( a ) Wh a t V a r i a b 1 e d o you c ho o s e to represent t he n u m b e r 
of inches iA^±he length of the short piece? 

(b) ^A^at is the open phrase representing the' number of 
inches in the 'longer piece? ^ 

(c) V/hat is tne sum of ' the lengths in tems of the variable? 

(d) Write an open sentence that could Defused to solve this 
problem . 

Translate i:he roliowlnn into "sentences .1 n -algebra" . 
. 30 is 13 greater than 17- 
1^^ Is p iesG tnan l?" . 
5. 1-^ is less than 10. 
6 , 14 is T less tnan 10 . 
i 10 greater than . 

'i . ^tj U 1.0 gvarilr-r than x. 



the length oi' t 



What varianle do you choose represent the number 
of inches in the length? 
V/hat is ^he open phrase representing the number of 




( Gonuinuo^i ) , ^ 

9. -^2 is less ^nnn ^.tie a'^m o:' :•: 'ind /. 

10 . 12 is 9 i ec£; 'iKtr, ?A . 

11 . 12 io 9 lvv,D l.nn:) x . 

12 , X Iz '\ more ■ r:'::. L ' . 

13 . y i ^ i 2 1 u ;: Li .r; in . 

l^K y Le greater t:han ^he num:. nr v/h'of; 1 ';' l^an vhan 52. 

15. 2m Id 3 more ^2ian ' 

lb . s Ig :? ie::n '.nnn .'n . 

17. In louc Lnan nu-n 01^ 21 and 

28. 12 is 2x leoc ^rrin . 

20. A number is rnree less Lrian ^v;i"^e Lne num::^er, 

21. A niimLor Is loss un^n I ne sum r and uimes the number, 

22. 9 u Lmes a nurnLtr -Is rnor^e ':nan t:nu sum of^ 0 and 2 times the 
num [ e . 

\ 2r"QL lem Set z)--^ 



Belov/ are s^mo proLlcrnc v/rltten in vjorda , For each one 
v/r*i t.o an open sen'. e nee v;nl. an v;e saujfj une to nolve the problem. 
RememDer ihrii you can .^' ap w!*n ' ne open sentence: you do not 
need to f^nd ^ne truth set-. Me eareitji to tr-anslate the varjarjl^ 
you use in eacn r'royierru 

1. The sum a" u, nurnie- tv/!ne ;.ne riu:nuer Is BO . Vaiat In iiie 

number' 

a. Th^^ dy , -'^:n':- : e'a^/eor) ^; numjes and u aumL'er f> times as 

1/irye :s i^, Vupil 1 r; ^h^• numserV (HlNid 2e sure that 

you sura.ruct tne smaller n\miLer tr^m '.na lar^^er one,) 

3. lOo In '.ne prouucU of a numLor ^md ■:nother num^.er - i;^reater 
than the tlr"52 . tuut la Lhe tli'ty: :.imi^:V\ 

82 Is ^die [,a'oi:."t -a^ s aumror tna t:.ayiet nam; ar t laas 
than '.he tlr^st. . la;a^. Is *:hc :'!:^s" n^irnrov'^ 

yt/ 



FToblorn .jet ■j=^i 
(cofiu Lnue 1 ) 

A L'Oaru long ivrj blt-'M- chai one piece 

'.v/L-^ n:] lonj:^ • iv..- oWv-r vl^jcn. Hov/ long is the 
short cf:^ P lo jo" 

A \^:)-iV'i '.'0" lor!/;: ; cMi. ! ni.o '.nffj'' ple^^en. Iv iho rirs^: 
pieoe IG 10" Jong imd the Go-jrih p'e:e in mvIgo in long as 
^.he ill i;s pl^;:uo, nov/ lon;^ In :.he Inlrd plecel 

A i.O'ird dQ^' lorif^ ciil lrj:..a ::nree pieces, ir *:fie i'lrst: 
piece Is 10" lofig nnd tne seconh piece Is Lv/ice as long 
Mie ^: nl rd pleee, :-k)w :.onK^ is 'die ^nird piece? 

A £.oar"i ''0" Lonp Is cut into ^ p^eces so^ '"hat the second 
A-'tC'^ io tv;lce as long as tne tl. :^se pi ece and the third 
piece is :.nree ; irnes as Jong 3^ the itli^si. piece. Hov/ long 
Is the tlrst plec-^;' 

The pe*d.:^■;t^' n et a sti'C t ar jpi :-S u6 feet and the wlanh oi' the 
-'ectaiigle .is i "V^ut . Vdiat is the lengtn oV the peotangle? 

A sectaruel^ has c wM:;: ot w tee-, and a length whicn is 0 
feet LOfp^aa t/eai tee v/;a;.r!. It. the penlineter is 60 teet, 
f^lnd^ta-- v/lVpci / \ 

'tne Lenr^' :: ot 1 i^ectanale !.s i ifeet longer than the width, 
and ^aic pealme'er ot ^a:^- cectaryKie Ls ^0 i^eet . V^hat is the 

I 



w 1 d ^ n • a ■ t ;e":' ar-r "j ^ an a 



Tri'^' v;! r:: r,- 1 c^---'anai^' :s o to^t .less than idie length, and 
^ae ^A :ra:M> 1 - .iv^ ; ^r..- ; ; i p \z 'f'P^ teet . V/hat Is the 
LeM:-'e ; ae sc.; ' ara:r.i e ".' 

7 

'■a- ['\.-^:\ t ■ "■::^faeAa 's ;w:oe ■ ft'- v/idth, and the area 
ot 'a:-/ ana . a ■ spa^ee t-e'. . Ithat is the width of the 

Mia;; P'V' : >h:ss paenident, Mary got 3O votes 

li'^'- 'ai:;. Pav:"]. 'i:,.! fa;:a; v/e:^''; m la votes In ^ill, Hov/ 
:n^':, ■ a:ea a Ai Dav ! a a^:^ ' 

' ■ . : - a ■ ^- ' ■ ■ v -"i 1 ■ t A . ^ s ■ ^00 t'^v n I s v/.! 'e , his son , nnd his 
dtjp;P"'. rh'"r wit'^ e-; =v-,00n. Tae i^a^aaKer po>-^ tv/.lce as 
i.r; di u, wa- .'or. = Hov/ m-rai i a- r.on crel'? / 



(con': Lnued ) ' * 

lb, Rogc. -.t-ingus 1 [.i^n].\j"i:. '. u\--i\-:L^ a'. G^.ore. How 

man;/ nickels d-^-z/n _no r"'". 

IV. Roper changes p^-ruiies IriLc nlokciK ind dimes at: the store. 

He gel:' / nickels: -ni ' clrnes, dov/ mdny nickels does he get? 

l3. ir Roger wishen r.o cnanrr- ,i V- fK/rinleij Vnr :< nickels ?ind 
d!:ncL]i now ^nany n'cccj::^ doen nc i-^ci 

19. John hay 6q cenLi:, aU in nlck-i.a nnu aUmiz . ir he has 
o nickels, nov; man;/ dl:nen uot;:i navcv 

ro. John ann cenL^:, ail : a rih-la-ia ana dUrieL:. Ha has twice 
an marjy alckcia an d : ;:h..a; , Hov; rn^a.y a ancs uoca he nave? 

21. Ann nan 1 all ;n q;jar;.ea:; ana dimes. The number or ^ 

dlmen In utu: W an ^aan 'fire^- tJmcs :.he namner oV quarters, 
/ How many qaar^M/ an lo^a: nn- aav?..-",' 

... 22. Dick nasi ok, 00, a:. \u filckc-l:^, dimec, and quarters, 11^ he 
nan P q"-iaPLer8 and Mv!ce an ':--\:,:; a;nen an nickels, how 
many nlc>eln does ne aavev 

^5. Ul.cl-: nan alaj-;, all :n rjlclceln, d:men,^and quartern. He has 
one more qaan^ea 'diarj at/ an:; dlinas. I'he namDcr 01" nickels 
ne nan In nra:^ more 'avin ^v/!;e '^iUj namher ok dimes, Hov; 
many dimec doen tie a a/eV 

. rioMa-r aaen a [ainera*!: : v/nlcii i r. k inchen konger than the 
aaL Mickey uses . l^a^.: .a:;;] uk Ma- ienf/;ohs is 6'i inches , 

^ How lon^^ Is Rogen^:.: i 'W. 

. V^l i 1 la: aas I no:n'V naa:- , k ' :""knle''^ nnd khrec klmes as many 
niaif^'ian ^a: daai i ^a: . In a* a'lS k,^ i o a 1 nanes , how many 
doiK.los does he a^ive'. 

ko . Jann 'n fr)v; >air^"-e ' ' rka; ^k; ol d '/n Dl. c!< . , Three years ago, 
the ■sum ot their 'najf; v/^?n k:-^ yfanci . [lev/ old is Dick now? 

-*27 . Jim aas ^l.ka -n nickels, d:m■^^s, nnd quarters. He has two 
nore nuaC' rs \aktr) dk-'^-s. Hov; man;; nlCi^reln does he ^have? 

*28 , kOL; In kwlce a:: ola ^a; 1 1 . Tar^c- yaars krom now.^she sum 
o:' :di'M a an:en will iv 10 y'a"lr's'k How old in Hill now? 
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Problem Set :)=^^ 
( G o n 1 1 n u e d ) 

^29, A rectangular tatle is thrc^^' limes as long as It is wid^ . 
li^ the lengtn were - I'eet less and the v;iath v;ere- 
more, tne taole wou 1 1 square In snape . War- wide is ^ the 
tarj le? 



Hip, 



A pasj^enge:' tr'nln ^:Qes 20 miles per hen:' t'lntor tnan a 
rrelght train. After S noura, the pasr^enK^er train has 
gone 100 mil, ea tar then ^hari the rreignt trnin/ How I'ast 
is the rrelf^ht t-nln f:Qlnp:t (HINT: Tne riunr>er ni m! log 
equals tne numLer or iTi:_es per hour multlpilea- :.y :aie numL.er 
or a naes . ) 

Jcfin nn:- a Loaxijt tui. jrrinre . He f.as three tlmec an 
maay j:;nes a.: q.\:r^tira arri ^w.;a-- as m-n:,, nickels as,- quarteru . 
How mucn xoi>^. y ^ta a have\ 



, Qtne r Tranr 1 ai. ! ana . 

Ear't. le:- v/oi'Kv i .-i^n 'jp^a :;e:jtenaes suah as 

X ■ ■ n <: to ^ 

u. .'uaraaj, v.-/ a;:a ] ^ f: : a ^] a " x plus ■airty la less than 

:^cray". .-a:- .yi:, i i . \ I'lr.,- a.i ^e t:;is serittj.ce .lusU as we did 

: - 'aa V.-- ■ ■■. ■■. wa--^ 'a" v -fa Pa. La rep ru' a a i a: s , Foa 
ir.r\aaa-:, ^-i Pta ^ rey " y.'' :'':a.j : *■= a ra. a ia:e numLeL' Ot uo.llars" 

"nan ' h-' ■ a'aa: yp : : a ^ : rr. \-: :tr ^: aariVa". J ike ^ralr; 

> ;■: ^ t a a ^ : n 

an: ■ a a : . , ■ "a ^ Ma nare aaiiaas aj^e 

: r. ::i ; va. . a'a ao.hPjatan, iaier^^^ will Still 

: a ; aas tnar, ^0 aoi lars 
■ai ifiy wa ilet . 

.M.a.r aa ;-t"-r-, aa-,- ^raa; a-':;y- 'a ranP;aU- the Vi^'Lable 

He re La a a op ; - a' ^ a a, : a -y. ! "a . . 
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0-D 



■n\mut^v oi' poln^^ - ir vne ■ ^■nm mnkes 

mad'l by n "oo* '-^al ■ more poir):.3^n the laEt 



T.eam d'jr'nr * nul:', '^ney v?! ! I sti.ll 

rM rst ha i V ;n vo lose Lliari 4 0 poin'.s 

It woruh not!o;r:r -iralr' 'an' r;r) :nat,tei^ v/hal. wof'N Lrana- 

1 at ion v/e make, x U: a rj^rri; (-a- ■iria x • m j i ariO'aior namuer . 



Try to iirara^Iate tneno open y^al^cala^a: ; nun v;ord ■se^ntences 
Several people mlgnu give a ciiiTer'ent r^aa?; 1 at 1 on r'or each 
nentt^ncf' . 

i . a < 3 ^ = 

a > n 

3. n 1 > IV 

^ . n -f- L 17 

'j. 31 h ^ 1-3 
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Problem Set 5.-3a 

VJrite a translation i'or each one oV the tolLov/Ln^ opoii 

Kentences. Ee ^\ipo to ntart by oa^'ofully UuLLIn-^ v/hat; the 
Wariabie _ repre.ientt; , 

1. t < b ' ■• < 200 

2 . t > --^ '\2x 0 > 50 

3. y + lo < ^-'0^^ ' o. -r -J < oO 

1^. y -t- L^) > 60 ^ f J. a -r 2a -h 3a > ''8 

5. LOy >^ So ^10. a -f- 2a -t- 3a ^ -b 



In the problomD above, yoii v/urG t rans 1^; u Uv;; Vcd:;\ an open 
oentence to a v;or?o nentencc. V/u already kn..v; tiiat v/c can also 
tf'annlatc tro;n a.v/)r'd oentenat; to an orDon oentGnce, 

Look at^he i'.^ I jv/lnn : 

■ f . Froci I'lai^ :noPO than ciollaao. 

l" '^^Q\v many doliaoo ooo:;: ae I'lavL;'- 

1 1 s e e m s s t ri.n g e t o a s k h o v/ m a r i y d o 1 1 a r s n e h a s . W e c a n ' t 
tell exactly hov; nany he nas . But at Least we can translate this 
word problem abouu doirarc oo an algebra problem abouu numbers 

.J 'We know he might have 7 dollarE, since 7 > 5- 

We know he mif^ht have i 00 dot larn , since 100 > 5^ 

We knov/ he duesn_^t have only dollaro, since 

it is not true that > 5 ^ ^ 

It would be LmposslbLe no list all ot the numoers that 
mlgh: be tne numuer or d(=Ilar'o he has. But v/e can uoe n variable, 
say 'X, ond moke a trans latiori hike tnio: 

Kng?ion alaer rr-i 

.numuer' ot dollarM x 
Fi'ed nas 

He has more taari x t^ o 

0 aol loro 

The ansv/er to tiie quest: ion, " flc)v; many uol.lnro duos he nqve?", 
wdll uQ one ot tne riiJmt. er^s in tae ' rutn oeoo ot "o > , 



5-5 ^ 

kw/ another example, think of an object falling through thfe 

air tq^ar^d^ the jS^^h . Suppose we know that dgrlng the .second 

seeond it fali^ 32 fait more than It did during the first 

seoond^ and that it falls 48 feet or less during the first two 

aaoonds together.^ How far did it fall during the first second? 

■ A Guess / 



NUIffiER OP FEET FALLEN DURING 1st SECOND 30 



NUmER OP FEET FALLEN DURING 2nd SECOND 30 + 35 (Why?) 

or 6S 

How do we know pur guess couldn't possibly right? 

" find how far the oDject fell during the first tyJo 

second^ find the sum of 30 and 62, which is 92. 

But 92 is more than 48 , We know that it fell 48 

feet or less during the floret two seconds. "30 + 62 < 48" 

£ . . ■ — 

is not - true . ' ' 

i i 

you may want to make other guesses, but we know that we can 
us^a variable, say y, to represent "number of feet fallen 



durinfe^,^© first second" . 
Using a Variable 



NUmiR OF FEET FALLEN DURING 1st SECOND ^ 



NUMBER OF FEET FALLEN DURING 2nd SECOND y + 3g 

When we add the numbers y and y + 32, the sum muit 
be 48 'O^r less . . In other^ words, the sum must be less 
than or equal ' to 48. So we can write the following 
ppen sentences ■ ^ ' ■ 

y + (y + 32) < 48^^. 

y is ^^ne if the numbers., In the truth' set of^ this 
sentence. We will not try to find the truth set at 

this time , ' ... 

■ V 
In the last example, 'do you see that once ^gain we have taken 

a prptlem about a thing (a i^alllng OL..leGt) and translated it to 

an algebra proLlem a_Dout numbers ? ^ 

Finaliyj here is a 't^hird example, 

Ann was. counting votes In a school election where Joe and 
Bob were running for president, 'She had to leave before the 



QQunting woo over. When she left, Joe had 52 votes and Bob had 
40 votes . Later she learned that Bob won the election and that 
there were 220 /vote-a In all* How many votes did Joe get? 

Joe got 51 votee or more * He' had 52 votes when Ann 
l' ' left . He might have gott^en 

If more at ter she left , 

i . ^ 

Joe got 109 votes or less * There were only 220 votes , 

r , ^ If Joe got 110, it would have 

^ //, been a tie . If Joe got more 

fi than llOj he would have won* 

I' But we know he lost, 

i 

In tran^3- siting this v/ord problem a^oui votes to an algebra 

problem aboui numbers, we can let "n" represe^^^" number of vote^ 

Joe got" . Then, . . 

' I' k 

ii n > 52 AND n < 109 . 

/' - " - , ^ 

n is ine of the numbers in the truth set ol" n >^ 52 and 

n < 109", tt's true that there are many numbers in this truti^ 

set, and we|, don't know wnlch one is the number of votes that Joe 

got. But ^i least we have told, in the language oV algebra, what 

we know abdbt the number^ n . Prom what set of numbers must n be 



chosen? wiuld ^0 be a possible answer to the question? Why? 
Would lOOliS or 77^ be suitable answers? Wmt' lB the domain^ 
of the var;lable? 

) ' Check Yqur_ Readl ng 

i. In thf; first example above how dp we know that Fred does 
not hhve doIlBrs'f 

P. In trte third example ^uove , could Joe have had 30 votes? 

120 ■vote^s'? Could Bol have had JO votes? 120 votes? '^^^y? 
Could h^f nive /}— votes'' V/hy"? ■■ i ' ^ 
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I n e a c h of t h e i 'o \ i o I n c n o o s e a v a r L a u 1 e , lel 1 v/ h a t. 1 1 

r * e p r' e G e n t s » i n d t h o n ^ a c_ a n ^) p e n s g n 1- e n c e i n 1 1 -would n e 1 p solve 

I' 

Ihe proiii em : ) > ' 

I . Jo h rn : 1 n ,s rn <: ) r e m o r i e y n n a n Tom. Tom h a s ' 4 1? 0 . H o w m i c h m o n c y 



c " Oral Exercises 5-5b 

(oontlnued) ^ 

dots John have? 

2- 300 studertts attend Washington School. Leas than one half 
live In the city. How many live in the city? 

3. An airplane ean fly no higher than 30,000 feet above sea 
level. How high Is it, if it is flying now? 

4, If the altitude of Denver is 5,280 fett above sea level and 

the plane in exercise 3 is circling the Denver airport, what 

Is the airplane *s altitude above sea level? 
I 

5; Bill Is ten pounds heavier than John. Their total weight Is 
greater than 220 pounds. How heavy la John? 

6, Mary has more brotherii than Jane. How many^rothters does' 
Mary have? \ \ 

Problem Set 5-5b 

Below are a number of problems. For each one, w»ate an open 
sentence that would help to solve the problem. You /o not ' need 
to find the truth set. In each problem, be suref tp' tell what the 
variable represents . ^/ 

1. Tom has saved more than $200. How mupjf^oney does he have? 

2. Fewer than 100 people went to th^e park . ;How many people 
^||^ went? y/'' % ^ 

3 . The sum of four times a numb^ and ..nine times the number ls| 
greater than 100. What is tihe number? 

4. The product of a number and ^ 7 is greater than 45 or' equal 
to /ffj^x^^at is th_^^umber?/ . ^ 

5. The dlfT«^atff^etween/ eight times a number and three times the 
nymber is less than orf equal to ten, "^at is the number? 

3. The altitude of/Denvep, Colorado, Is more than 5,000 *feet . 
What Is ^he altitude laV Denver? 

. The population of th^ United States is about l8o,006,000, 
aad this is greaterfthan twice the population of MeJxico . Haw 
_M?y people llve'^ln Mexico"' ' - 
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ProDlem Set 5-5b l_ 

(continued ) 

9, Bill is b years older than Norma, and the sum of their 
ages is less than 25. Hov/ old is' Norma? 

10 . John said, "It will take me more than 2 hours ^to mow the 
lawn and 1 can't spend more than hours on%iie j'ob if 1 
want to go swimming," How many hours can he expect to spend 
on the Job? 

11. The National Sal'ety Council says tnat between 250 and 300 
^people will be killed on the highways over the weekend* Hov; 
many people do th&y expect to killed? (HINT* We can 
syppose they mean "no lev/er than 250 and no more than 

- ' 300" * although this is not what "between" means in mathe' 
mat Ics , ) ^ . 

12. A boat, going downstream, goes 12 miles per hour I'aster 
than the current. The coat's speed^ downstream is less than 
50 miles per hour, v:hat is '.he speed of the current? 

*13 . On a half-hour TV snov;, t^e advertiser says there must ue at 
least (meaning not less than) 3 = minutes for commercials, 
and the nct:wori< says tnere must ue less than 7 minutes i'or 
Gomme ra 1 ni n . [{ov; many minutes can ue used for advertising? 

^1^. A square and nn equilateral triangle have equal perimeters. 
A si de of t h e t r 1 an gl els '^j 1 ri c he s 1 onge r t nan a side o V 
tile HrjU if'e. Wlint Lh the length oV h :jlde oi the square? ' 

1 D » Lens t h a r"i o n c - h a 1 V a V t h a s t u ^ e n t s a t s c h o o 1 -i 1 1 e n de d t h e 
tT.nme , Izj^ 'ler": In v^iie middle oi uhe game. How many , 
rem^i I rjedv' ' 



In this CM'iptcr, v;c ]:'r/i: Goen tnai: v;e c-iii "switch Lack and 
ior'th" Letv/eeri the l':LnF^i''f^:o ,v;ordc -.n-j the iar'iguage ol' algeLra, 
Th is is one or t ri e a s o r - s \. n a t- ma t h e m n t i c s Is the imp o r l a n 
sutject that It is. People car. sol. v^^ many prOLlemo iabout many 
ditrerent kinds of things h:; transla\. Ing tnem to algebra procleme 
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Summary 
(continued) 

and than solving the algebra problems . 

For example, here is a kind of problem that might come up 
lh>the study of meddcine or biology. 

When a man Is 15|000 feet in the air_, the 
number of breaths he takes each minute is li 
tlrflfes the^ number of preaths he takes each # 
minute at sea level . A certain man le^ound 
to breathe 30 times each minute at 15,000 
feet . How many times a mlnute^does the breathe 
when he is at sea level? 

To solve this proLlem, the translation might go like thlii 

haJMBER OF BREATHS m TAKES EACH MINUTE AT SEA LEVEL n 




;ER OF BREATHS I-IE TAKES &^ MINUTE AT 1^,000 FT. 1^ 



the proulem aays that we knov/ the number of breaths he 
takesfat 15,000 feet, it is 30. So we can write the sfentence: 



(li)n 



IfNflf^were to find the u ruth set of this sentenc'ej we would have 
an answer to our proulem In Liology, 

V/e sav; in this chapter that vie can translate both phraseS; 
and sentences,' For instancej suppose that we use "t" to represent 
"the number of quarts oV water a certain .jar can hold" , Here ai^e 
some translations , 

PHRASES 

( 1 ) Nft ml) e^r^ o l qu a r t n neld l y a jar ho 1 d 1 ng^tw i c e as mu c h '2t 

( 2 ) Ni^ber o qu a r t s he I d i 7 'z. / a r hold! 3 quarts more t + 3 

( 3 ) Nu m be r 0 X' q u a r t s h e 1 d b y a a r o 1 d 1 n g 2 quarts less 

than three IrneD no much 3^ = 2 i 

(4) Nymber o*i' quarto in Unc jar It' It is filled and one 

quart is taken out;- t - ]. 

SENTENCES 

(1) tt the Jar is filled and one quart is taken out, there 
wl]l ue 3 quarts lei't In the .:ar. t = 1 ^ 
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'V 

(2) If the Jar Is • half 'full , there will be less than k 
quarts in the .]ar* < 4 , ' 

(3) If^ another Jar qf the same size is used^ ,the two Jars 
together will hold more tha^ 6 quarts. St > 6 

(k) The number of quarts the Jar^wlll hold is gre||ter than 
or equal to 6 t ^ 6 k 

After working in this chapter, it is not h^d^Q see why we 
say that mathematics Is a kind Oif' language. We have now learnea 
to say many things in thia language . 

Maybe you were bothered sometimes in this chapter because we 
had proLlems that we translated but did not _ go on to solve* We 
will be doing this very soon . But in order to do a. better Job of 
it, we need to learn pbout some new numbers. This is what we will 
doing In the next chapter. 

Re V i e w Problem Set 

1. V/rlte a tranolatlon of "t" and them translate each of the 
JW.lov/inc phraGGs and sentences using the same translation 
of "t". 

(a)., 2t ^ . (e) t ^ 1 - 5 

(L) t' . 3 ^ in |t < 

(c) 3t 2 (c) 2t > 6 

■ (ci) t - i ^ Oi) t > 6 

2. TranGlate the .'oliov/inc v/ord phrasGs into open phrases using 
/arlaLla In each oarro, ' V/hat doeD the variable represent 



In uacjii nj^^jL Lern? 
(a) t^iu a-:.iLer 0/ dayn in v; v/cekc 
(L) tfi^ prici ict o\\'i n'.i:nLor and" tv/lco the number 

(c) five more than tnreo timcc the number oC students 

(d) the number }/on cot v/hGri you Dubtract 5 from a number 
\ and tiicn murtlpiy by 7 

(eK '^^^ hair the arca-o^ a rcctanclo that has one sido . 
"^/Lcc an lone n:: tne other 
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Review Problem Set 
^ (continued) 

(f ) the total value of a number of nickels and twice that 
number of dimes 

(g) the total cast of a certain number of pounds of 
chocolates costing $1»40 per lb. and of a certain 
number of pounds of Jelly beans costing 30^ per 
lb», if there is. one pound more of Jelly beans than 
of chocolates 

the area of a triangle whose altitude Is 3^ inches 
longer than the base 

(i) the volume of a cylinder whope height Is 5^ inches 
greater than the radius 

(j) the result of increasing a number by ai, multiplying 
the sum by 8.9, and then dividing the resulting 
product by 3.4 

(k) 2^ of a certain number of gallons of s^lt solution 

(1) the age of Mary's brother four years ago if he is now 
twice as old as Mary is 

(m) the total cost of a certain number of loaves of bff^ead 
at 25^' each and a certain number of boxes of cookies 
at 52^ each, if the*re.are two more boxes of cookies 
than there are loaves of bread 

(n) the total value of a certain number of quarters, a 
certain number of dimes, and a-cert^in number ^of 
nickels, if there are 3 more dimes than there are 
quarters and 2 less nickels than there ^re quarters 

(o) the area of a triangle whose height Is 2 inches less 
than half the case =^ .--t 

(p) the result qL[ multiplying a Gertain number by 7, 
dividing the product by |-, and increasing the 
resulting quotient by twice the original number 
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Review Problem Set 

(continued) « 

(q) the area of a trapezoid whose altitude l^one inah 

less than the shorter of the two basetf, and whose 
1 

larger base Is 5^ Inches greater than the shorter 

) , 

(r) the perimeter of a triangle whose longest side is 
twice the length of the seeond longest side, while 
the second longest is twice the length of the shortest 

V/rite an open sentenGe, using one variable in each casej 
which C0UI4 be used in solving the followi»ng problems. 
What does the variable repreSDnt? 

(a) The %\m of a number and three times the number is 45, 
Find the number. 

(b) The sum of a v/hole number and its sucGessor is 45, 
. What are the niambers?, * ^ , • 

(c) Jim le two Inches taller than JohB. Five years ago 
' they vrerc the stme height. Hov; tall is John? 

(d) Mary, vmo Is 16, is four years older than her sister. 
Hov/ old la her sister? 

(e) ' Pike*s. Peak is more^ than 1^1^000 reet above sea level. 

' ' How high is Pikers Peak? ^ - : 

(f) The sum or tv;o consecutive odd numbGrs (mcaninc "an 
odd number and the next larger odd" nuniber") is 75* 
V/hat are the numbers? 

(fO A teacher says, "ir I had 3 times as many students in 
^my class as I have, I v/oul4"fiave at least 26 more 
than I novr have." How many students does he have In 
hLs clasc? y 

(h) The larcest ancle ^/t' a trLancle 2u'~^ more than tvrlGe 
the smallest, and jthe third ancle Us 70^. The Eum of 





the aneies of a t^^iancle Is i60"\'VHov/ large is the 
larcest angle? 
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Review Problem Set 
(continued) 



(l) One Iven number is 48 greater =than another and the 

sum of the two nuxribers is 112^. What are the numbers? 

{i) John is 5 years older tha-r/hls brother, Five^years 
ago the sum of their ages wap iS, V/hat will the sum 
of their ages be 6 years from now? 

(le) Two Squares diffep^l|f aj^ea Ly j 27 square units 



side of the larger (sjiuare iS^ne unit greater than a 
side of the smaller ^ --.V/hat is the side of each square? 

(l) Sam has 5 hours at his disposal. How far can he 
ride his bicycle into the count r*y at 8 ml les per 
hour ir he is to return by the same route- a.t 12 miles 
per hour? \ ' S • 

(m) A rectangle i^ 7 times as long as it is wide, I^s 

perimeter Ist 150 inches, Hov/ wide is the rectangle? 

o '1 

in) If ^ of a number is added to 32 the result is 38^* 
V/riat is the given niimber? 

(o) 20 lbs, of vjater is added to a certain number of lbs, 
of 10% salt solution. The resulting solution is 
2^% salt* Find the niunber of lbs. of the original 
10% solution, 

( p ) On a 20 % d 1 s g o un t sale a c h a i r v/a s sold for $ 2 9 * 9 5 • 
What was the price before the discount? 

(q) Tv/o trains leave Chicago at the same time. One travels 
nortii at 62-i- rnileG per hour v/hlle the other travels 
north at 39-7 miles per hour. How many hours will 
it take thorn to Lecome 12^;^ miles apart? 

(r) John has 50 colnD which are nickels > pennies^ and 
dimes, ■ He has t'out^ ."Tvore dliTiGC than pennies and six 
mo re ni c ke 1 s ^ t n a n d i ;n e s . H ov; m.a ny o f each k i nd o f 
coin does he have? 
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Reviev/ Problem Set 
(continued ) 



(g) X - 2 and 2x < 7 

(h) m + 2 ^ m + H 

(i) X ^ 4 or 2x > 8 
(j) X > 2 and 3x < 6 

, (K) y . 4 = 3I or^ fy > 1| 

(1) 3x + |i = 3(| + x) 

WrLte e^ch of the rollowlng Expressions as an indioated 
product, using the dlstrlbutiv? property. 



Find 


the truth sets 


draw 


their graphs. 


(a) 


3x > 0 ^ 


(b) 


X + 2 = 5 


(c) 


2a - 1 - 2 


(d) 


3 - 3, 


(e) 


5m < 1 


(f) 





(a) 


a(2t) + a (3a) 




aa(J) + 2x(|) 


(b) 


a(3) + a 


(s) 


2ax + X 


(q) 


x(2b) + X 


^ (h) 


(d) 


ax(|) + ax(|) 


(1) 


7(2) + 6(2) 


(e) 


' 1 
^x + ^ax 


(j) 


(a + b)x + (a + b)y 


V/rite 


each of the rollov/ing expressions as an indicated sum^ 


uaing 


the distributivG 


proporty , 




(a) 


x(3x + 1.) 






(fc) 


2a (3a -H 2) 


(g) = 




(c) 


a2(b2 + 7-b) 


(h) 


3.3(2.5x + 1,2) 


(d) 


10a (a 4- b) 


(0 


(a + b ) ( G + d ) 


■ (e) 


12cd(c 4- 1^ 




(5 + ")2 


State 


vihether each o^' the rollDv/Lng sets is closed under the 



Operation of additi on. Give c«planations or examples ..to 

support your ans'.'/cr'D , ' ■ '. 

(a) [1, 2, 3] (c) [1, 3, 5, 7, . . V] ^" 

(b) [0, 2, ^ . . ,] (d) [2, ^ 6, . . 30^ 
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Review Problem Set 

(eontlnued) ^ 

(e) (5, 10, 15, ^ . 30} (h) (1, |i 3, |, 5, ^ . j 

(f) (0) (i) {0,^5, 10] 

(g) to, 1} (J) (0, 10) 

8, Find the value of each of the fQllowlng open phrases If 
m is 2, n is and p is 3. 

(a) m(np^ . (e) S^^L 

(b) m{n + p) , . 2 



(d) - 4n + |p (g) 

Simplify each of the following expressions. Use the 
properties that make the work easiest, 

M ^(1^' - 1) = ^ ^i¥) 



(f) np + ^ 

5np + ^(m + p) 



5- k (1) (i:89 K ^)(5 = ^) 



(0) ^ 

id) 3(1 + ^) 
(e) +^-20") + 7 IfW^ * Il4y 



^(42 + 49) 



183 



1 



, CHALUINGE PROBI^MS 

By putting one of the si^s^ +^ ^x^ in each of the blanke, 
and inserting parentheses to indicate grouplngj work out all 
the numbers which can ,be obtained fromi 

* 8 3 2. 

As ejcamples, 8 - (3 x 2) ^ 2, and (8+3) x 2 ^ 22. - 
0 

Look for the pattern in the folldwlng calculation i 

19 X 13 ^ 19(10 +3) i 

- 19(10) + 19(3) (what propert^?) 

- 19(10) + (10 + 9)3 . y 

^ 19(10) + (lO(3) + 9(3)^ (what propUty?) 

(19(10)^+10(3)) +9(3) (what:property?) 

- (19 + 3)10 + 9(3) (wha^^ property?) 

The Mnal result may be expressed as a -'rule for mi^^tlplylng 
teens^*! whole numbers from 11 throu^ 1^)^ Add tomtit first 
number the units digit of the second^ and multiply by idj then 
add to this the product of the units digits of the two numbers 
Use. the rule to find (a) 15 x lU, (b) 13 x 17, (c) 11 x 1 

In problem 2 you discovered a "rule for multiplying teens". 
Using a. and b, respectively, to stand for the units digits 
of the two numbers, you should now be able to write an open 
sentence which expresses the 'product p in tems of a and b 
When you have written your sentence, use the distributive prop- 
arty to verify the correctness of your choice. 

Here you are going to see how to test whether a whole niimber 
is exactly divisible by 9, Keep a record, as you go, of the 
properties of addition and multiplication which are used. Try 
the following: a ■ 

2357 - 2(1000) + 3(100)+ 5(10) + 7(1) 

- 2(999 + 1) + 3(99 + 1) + 5(9 + 1) + 7(1) 

^ 2(999) + 2(1) + 3(99) + 3(1) + 5(9) + 5(1) + 7(1) 

- (2(999) + 3(99) + 5(9^ + (2(1) + 3(1) + 5(1) + 7(l| 

- (2(111) + 3(11) + 5(l| 9 + (2 + 3 + 5+ 7) 
^ (222 + 33 + 5)9 + (2 + 3 + 5 + 7) 

184 , 



Is 2357 dlvlslLle 91 Try the same procedure with 3587^. 
Can you formulate a general rule to tell when a whole number 
lE divisible by 9? 

When X takes as values the elements of the set (1, ^] ^ 
2x takes as values the elements of the set [2, 8) and 
X + 1 the. elements of the set [2, 3, 5]. Now try to answer 
*the following I 

(a) If X belong to the set of numbers with graph 

6 ! r- — — : — 

then 2x belongs to the set of numbers with graph * 



' 



0 1 2 

and X + 1 to the set with the graph 



0 12 1 . 

(b) If X belongs to the set of numbers between and 5# then 

to wha^' set does 2x belong? x + 1? 

(c) If 2x belongs to the set with graph 

to what set does^ x belong? 

(d) If X belongs to the set with graph 

^ T ^ 

to what set does - belong? 

Let us imagine the coordinates of points -on the number line to 
be written in black. Then write another set of coordinates In 

red for the same points, assigning red 0 to the point with 

3 " - 

black 0, red 1 to the point with black red 2 to the 
point with black etc. In this way each point now has a 
black coordinate and a. red one. 

(a) What will be the red coordinates of the points whose black 

5 7 - - - 
coordinates are 1, 2^ 10, 20? 

(b) What will be the black coordinates of the points whose red 

^ - - n ^ 7 3 lo 

coordinates are 1, jr, jr^ . ^ 

(c) Can you find a point, to the right of 0 for which the red 
coordinata io 3 times the black? What are its coordinatBs? 

(d) Try to write an open sentence, using b and r for the 
^ black and red Goordinates, respectively, which would 

enable you to find one if you knew the other. 



7. We start with the number llhe and coordinates marked in blaQk* 
We begin by making black 0 also green 0, and Clack 1 also 

* green 1. Then we make green 2 half as far to the right from 
green 1 as the distance between grq^en 0 and 1, then green 3 
half ,as far to the right from green 2 as the distance between 
green 1 and 2. We keep this up^ and get something that looks 
like this^ 

omm 0 1 2 34 . 

^Thmf I I ' ' ' > t 

BIAm 0 1 . . 2 3 ^ 

(a) What is the black coordinatp of the point with green 
cooMlnate 3? Poes every whole number become the green' 
coordinate of a point if this process is continued? 

(b) - What green coordinate^ if any, does the point ^with black 

coordinate 3 get? 

(c) Can you describe the location, of the point which you 
would want to have green coordinate 7? 

8, Or\ the niimber li^ we^ can see that the average of two numbers ■ 

associated wiM the midpoint between the two points associ- 
ated with the numbera . In this problem we work instead with ^ 
thirds, . ' 

(a) Find the points on the number line ^ of ^the way from 1 to 2^ 
2 to .3, 3 to 5, ^ to 6, 5 to '8, 1 to 8, 1 to i to 



(b) Tr^ to write an= opan sentence whioh would enable you to 

1 
3 



find the number g ^whlch is i of the way from a to 



where b is greater than a . 

(c) Can you do the same sort of thing to find the number d 

2 . ' 

^which is ^ of the way from a to b? 

A man, with five dollars in his pocket, stops at a candy sto|ra 
on his way home, with the intention of ''taking his wife two^ 
pounds of candy. He finds candy by the poimd box selling for . 
ftl,69, ttl.95. $2.65, and ^3.15. If he leaves thf store with 
two Qne-pouhd boxes o f candy , ^ 

(a) - What is the smallest amount of change he c^uld havi 

(b) Wliat ^Is the-,greatest amoimt of Ghahge. he dc^uld have? 

(c) What sets of two,, boxes c#n he not afford? 



10, Our ntMerals for, numbers are ilways, ifi dec Imal ( terr) fo;^. 
feUs wae iirustratfd In problem k wheft we^ 




; : ' 2357 - 2(10^) + 3(1'0^) + 5(10) + 7(1) 

Is there any reason why we Qajmbt write a numeral in powers of 

a nianber other than Ip^ say '8? What, set of fl^lts wouW be ^ 

required to form nuin^erals in thlB "ff sc^le"? fin the decimal 

scale we need {0, 1* 2^ ^ 9)0 would^then write 

. ^ 2(83) +• 3(82) ^ g(Q^ ^ ^(^j^ . 

^ ' . ■ 

What number has this as a numeral?^ Can you write 207 In the 

fam of a numeral in the 8 scale? ^ ^ = 

— 207 - .3(64) +^5 - SO^) + 15, ^ 
" knd ' ^ 

- ^ ' 15 - 1(8) + 7(1), . . .1 ^ . ^ / 

can you finish the work? ^ . l 

11. If you understand the difference between fhe sets {0) an^^. 



then you will be able to explain what is wrong ^with this argu- 
ment: "I can provr that every -girl has thiree ^^ds . You wlll^ 
agre;© t'hwt no girl has two heads j arid certainly every girl has 
one more head than no girl. So by simpie addition, every girl 
has three heads." ' " 

12. A number lb usually represented by certain special symbols^ but 

^ there is no reason why we could not use letters of the alphabet 

j_ to represent numbers. In facts before special symbols were 

invented^ soma people > such as the early Greeks and Romans ^ 

used letters for numbers. 

- ' N ' " - ' . 

Consider the following code: 

1 " ^2 3 S 6 7 ^8 9 

a b c d e f g h i J 

.k 1 m n 0 p q r s t 

u V ' w X y 2 . 

You see that 6 has- the names E and q . What are the possible 



numera Is fur 



Now %it us try- to reltd the mifiBage 

" * 1 * 

Trying mvir^ possible n^eral fow the numbirs, we pSLve 

9Q3¥ ^ 74M 



Jade 
tkno 
uxy 



IB 



hecf 
romo 



By carefully choosing nuMrals^! we have the statement "jane is 
home."' Another message *c*ould tie "June is home",^ or "Judo is ^ 
homy." A.re there o^ther ^ possible message*? . 

r Ca.) iJsettie above code to-deci^her the message 74 ^ 703674^ 

* ^ i ' - ^ = * 

'(b) Devise soma rfiessages of yhxir owil*. . — ^ 

Using the same 'code ^ 'decide .which of. the following are true 
sentenoe§ ^ . " 

.3 v(l6) + m - y(iO)^ + 
(d) .h + m ^ m h"? 
,(e) *^(hy > T{t). . p 

(f) +'5.^ 5(S). 

(g) .8(mX ^ m(8). (Read tills as i'#ight t^pes . m equals " m 

. \ , times ef^t.") 

Cei^t^ln mati\amatical puzzles are In the f^rm of additlan prob- 
lems in whAch each^ letter of the puzzle i^epresents the same 
numeral each time Ijt occurs ^^fand a different numeral from every 
other letter I ' For example, ' ^' » . - 



■ I 
AM- 

'the* 



has several correct "solutions 5" that is^ 
ways of substituting numerals fo^-lfetters - 
which satisfy the rules Just laid down and 
make the'surn correct. One such solution 
isr . ^ ^ ir' 



2 

+ 986 
1033 , 



Can you find* the solution for the famoiis addition puzzle 



SEND 

MORE _ , ' 

V ■ * ' ' MONEY? . . 

(It has only'one solution.) , ' 

,4'. A, teacher proposed the following to his class i ''Write, a column 
of four four-dl^it numbers. If you let me vfrlte three more to 
extend the column to seven, I can give you the sum of all 

; ^.peven -before writing, down the extra three; " The class gave Mm: 

. • '* . • 8432 

, . * 2765 , 

^' 3961 ■ • . 

■ • ' ■ 4028 



S 



15. 



r 



"^The teacher gave the. sum 3^025 and then put below the,Golumn^ 

1567 ^ , 
' . 723^4 
6036 



Was the teacher eorrect'i 



then wrote: 



/■ 



f 



The clasi 

8,025 
4567; 
39O& 
5678 . 

'Ehe teacher ga^e a sum 35675^ With' what numbers should .he 
Extend the column? Can you mBcover the prinGiple 
Complete the following multiplication table and decide how 
many new r^ltiplications you actually have to perform. (Make 
liberal xme^ of the Qommutative and distributive properties.) 
Hintti There are less than 3. 



X 


'12' 


10 - 


2 


5 


i 


12 










9' 


10 








2 




2 












4- 


15 




2 


2 5 
1 6 


1 


"3 




1 5 
2 




1 5 
IS 


9 

16' 



18' 



J. . 



ERIC 



l6* V/hat can you say about a set S of whole numters if it has 
the two characterlstiGs 

(1) 2 is an element of S 

(2) whenever a number is an element of S Its successor 
is also En element of S, 

17^ For each of the follov/lng defined operations on numWers 
decide whether the operation Is commutative. That Is^ ' 
is aob^boa true for every a and every b? 
Give illustrations to support your decisions,-. 

(a) "a Ob" means ^'2a + b" (d) '^a o b^' means "a + it" 

(b) "a oh'l means "S^-J-^" (e) ''ao b" means 

(c) **a eb" means ^'(a - a)b + DC^ + 1)" 

18, Decide v;hich of the operations listed in problem I? are 

associative. In other v/ords is the sentenco (ao b) oc ^ 
ao(boc) a true sentence for every a, b^ and c. Give 
examples to illustrate your decision in each case, 

V/rite open sentences that would make poDslble the solution of 
the rollov/ing problems. 

19^ If one man can pa£n\i^a house in 5 days and another mdn 

can paint the sairle house in 3 days^ then if they v;ork at 
' the same rate how ^ong wquIq it take the tv/o together to 
paint the house? 

— ' ^ i 

If the first man "is alv/ays w ^as i^st as the second* 

^5 ----- - J 

hov; muG^i time can be saved on any Job by the tv/o men v;orlcing 
together- instead of the first man v/or*king alone? 

20. There are three pipes to a storage tanlc. Vfhen operating 

separately one fills the tank in 5 hours, the second one 
fills the .tank in 3 hours and the third drains the tank 
in h hours. If all three pipes are left open when the 
feank is einptyj after how many hours v/ill it start to^^overf low? 
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I OLOSSARY CHAPTERB 1-5 

Jx 

ADDITION - k^inBrj operation which can be applied to any two 
numbers , 

ADDITION PROPIRTY OF ZERO = For every number a, a + 0 ^ a. 
ASSOCIATIVE PROPERTY W ADDITION - For every number a, every 

number b, and every number , (a + b) + c = a+ (b + c). 
.ASSOCIATIVE PROPERTY OF MULTIPLICa/tioN - For every number a, 

every number b, and every mjmber a (be) = (ab)G* 

BINARY OPERATION An operation that Ie applied to two numbers. 
CLOSUFffi - A subset of the numbers of arithmetic has closure v/ith 

respect to a binary operation if the number produced by 

applying the operation to any two numbers of the subset is 

also an element of chat set . 
COI^UTATIVE PROPERTY "OF ADDITION - For e^fery number a and 

every number D,a+b=b+a. 
QOIWUTATIVE PROPERTY OF MLt.TIPLICATlQN - For every number a and 

every number b, ab ^ ba . 
COMPOUND SENTENCE - A sentence consisting of two clauses with a 

connective. We are particularly interested in the types 
- using connectives "or" and "and". 
COORDINATE''^- The number that is associated with a particular 

point on the number line, 
COUNTING' NUIVBER - An element of the set {1, 2, 3, 4, 5, . . 
DISTRIBUTIVE PROPERTY - For every number a^ every number b^ 

and every number o, -aCb + c) - ab + ac . 
DOMAIN OF A VARIABLE - The set of numbers from which the value of 

the variable -may be chosen . 
ELErffiNTS OF A SWT - the objects in the set. 

EMPTY SET - A set which has no elements ^ sometimes called the ^ 

null set,. The symbol "0" is used to indicate the empty -set. 
EVEN NUNTBER = An element of the set [0, 2, 4, 6, . , J, 
FACTOR - We call b a factor of be Ibecause 'there is % number 

c such that the product of and c gives be. 

FINITE SET If the elements or a set can be Counted with the 

counting coming to an end or^lf the set is the null set, 

we call it a i^inita set: . 
FRACTION - A s/mLol which represents the quotient of two numbers. 



« 
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GRAPH OF THE TrtUTH SET OF AN OPEN SENTENCE - The set of points 

, * whose coordinates make the opeft sentfnae true. 
INFINITE SET » A sat whose elements " Gannot be counted, that la, 

with the counting rfomlng to an;end. The exception to this 

Ig the null set which Is a finite set. 
MULTIPLES OF A NUfflER - A set of numbers which Incudes numbers 

obtained, by multiplying the given number by a whole number. 
IWLTIPLICATIdN A binary operation which can be applied to any 

two numbers , 

MULTIPLICATION PROPERTY OF ONE -For every number a, a(l) ^ a. 
MULTIPLICATION PROPERTY OP ZERO - For every number a, a(o) ^ 0, 
NULL SET - The empty set. : 
NUMERAL - A name for a number, 

NUMERICAL PHRASE - A numerical phrase Is 'any numeral given by ^an 
expression which involves other numerals along with signs 
for operations. 

ODD NUNBER - An element of the set [1, 3, 5, 7, 9, ^ . J, . 
cttalned by adding 1 to each element of the set of even 
numbers . 

OPEN PTOASE - A mathematical phrase v/hich contains one or more 
variables . 

OPEN SENTENCE - A ^mathematical sentence which contains one or 
more variables . 

PARENTHESES - { ) - Symbols to shov/ that the numeral inside Is 

t he n am e f o r o n e n u m i..^ e r . 
PROPERTY A property of an Qperation is "sornething which it has" 

or one ot' Its chBrriGteristics . 
RATIONAL NUM3ER3 = A set oi' numters Including those which can be 

represented by a fraction indicating a quotient of two 

whole numters » axcludJng division by zero. 
SENTEHCE - In mattiamrdt Ic s we use sentences to make " statements 

a o u t n u m t era, ' ' ' 

SET - A collection o i' o d ec t s , 

SUBSET - If every element of spl B is an element* oV set A, then 
set B is q r. u b s e t o f s e t A . ' , 

SUCCESSOR = The sucoeosor ot any whole number Is the number that 
1.5 toijnd [.y ndl 1 1 to the given whole number. ■ ■ 

SYKBOLS - Tne s^^ttiloI ^etv/een tv/o rtjmerals Indicates t^hat 

the numerals repreaent the same number. ' -. 

19? ■ ), -t 
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The i^bol 'y" is used to Indicate that two numerals 
do not name the same number* 

.The symbol ">" represents the verb phrase "is greater 
than" . • 

The syrnbol^ represents the verb phraae '^Is less than-' 
TRUTH A value or the variable which will make a sentence 

true . 

TRUTH SET OF AN OPEN SENTENCE - ^^^t of numbers which make, the 

open sentence true . . V 
VARIABLE - A numeral which represents a definite^ but unspecified, 

number chosen from a given set of numberB 
WHOLE NUmER - An element of the set [O, 1, 2, 3, . . J, 
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^ Chapter 6 

' * THE REAL NUMKRS 

I 

^"^^ "^he Real Numbe r s , 

Integers 

You remember that earlier we "labeled" ppints on' a line 
with names of numbers. A better way to say this is to say that 
we associated numbers with the points of a line called the numbe 
line. In this chapter, we are going to use the number line to 
Introduce some new numbers,^ t 

To begin with^ remember that we graphed the whole numbers 
on the number llnej like this: 



1 1 s 



etc. 



The number G tB.-^a^ociated with a point. All of the other 
numberSiare associated with points to the right of 0. (We mean* 
of course^ points to the right o^ the point associated with 0.) 
Maybe you have wondered about numbers associated with points to 
the left of 0 . 

Vex^ soon we'll see that a new kind of number is needed to 
solve certain problems. These new numbers will be called 
nega tive numbers j and we car) associate them with points of the 
number line to the left of 0_- 

Let's start by noticing the interval (or the "piece" of the 
line) between 0 and 1. We will again use this Interval as a < 
_un_i t of measure, , but this time points wrill be marked to the left 
of 0* Using this interval as a unit or measure, the first 
point located to the left of 0 is shown below* 



etc. 



O 1 2 3 4 

# 

We label this point " "l " and read It as "NEGATIVE ONE" -. 
Notice how high the "dash" in " ^1 " is written/'~7This dash ds 
a signal to. us that we are talking about a poLnt to the left*of 
2 e ro . 



I 



6^1 



Id ^ 



The next point lo'cated^ is labeled " ''s ' and is reac 



' . "P;gmTIve two" . 



The next point located Is labeled 3," and is read 
^NEGATIVE THREE" 



itc 'J L — * ^ ^— L_ J —etc. 

3 2 . 1 ^ I 2 3 4 

We could go on and on locating points like this, ThatVs * 
what the "etc." means. How would you loea'te the point to be 
labeled " "7 "? How would you locate the po^nt to be labeled 
" ^15 "? > 

Using this way of labeling pb^nts on the number line, would 
there 'tie^a point labeled " ^1,000,000 "7 How would this "label" 

be read? 3 . t ' ^ . ' 

All of these "labels" we've been giving to points to the 
left of 0 will be used as names of numbers (that is, as 
numerals ). 1^e*ll soon see how these numbers behave, and how 
useful they can be. 

, We can now taketthe whole numbers,. [0, 1, 2, 3, 
togettier with the new numbers. we have named and form a set of 
numbg^^s _that can be shown like this; ' 

{ . . . . ^3, ^,l', 0, 1, 2, 3, , . J , 

This set is called the set of integers . 

.-my one of the numbers in the set is called an integer . , 
For e^cample, 8 is an integer, "^43 is an integer, and s6 .on. 
(On the other hand, |- is not an integer.) ^ - 

In the set of integers shown above, do you rernpmber the 
meaning of the "three dots'' after ^ 3? They mean, if course, 
Vi^at we could go on forever loc^atlng integers to the right of 
3 on the. number line. The three dots before ^3 mean. that we 
could go on and on locating integers to the left of "3 on the 
nunfber line.' 

There are some ^special subsets of the set of integers that 
can be shown like this: ^ ' \/ 



r ^ 



1 

■k 



nepatlve zero' . positive 
integers " integgrs 

^ The positive Integers are associated with points to the 
right of zero. We can show the set of positive integers like 
this:, ^ f ■ 

(1, 2, 3^ r, . ]. 

^ 'The negative Integers are associated with points to the 1 

of zero' We can show the set of negative integers like this.* 
< ^ ■ ^ I- 

( ^3, ^2, ^IL 

'However, mSny times the -set of negative ir^gers is shown like 
this: • 

lero Itself is an integer, but it ll neither positive nor 
negative. ' f 

^We can make the following statement: 

The set of positive Integers, the 
set of negative IntegepSj and zero 
make up the set of' integers , ^ , 



Cheek Your Reading 

1. Wh^t kind of symbol do we use for a number which Is the 
coordinate of a point to ^he left of zero on the number 

line? ^ 
2^ What 'elements make up the set of integers? How many are 

there? ; ' - 

3. What elements make up the set of positive integers? How 
many are there? 

4. What elements make up the set of negative integers? How 
.many are there? ^ 

5. Are there any other Integers besides the positive and 
negative integers? 

o. Is zero positive or is it, negative? 



Qral Exercises 6 -la 

1. Name five elements of the set or positive Integers. 

2. Narrt| five elements of the set of negative integers, 

3. Name five elemenMS In the set of whole numbers. 

4. * Name five elements in the set of counting numbers, 

5. Describe tha set for which ^ Is a symbol, . 



These are all subsets of the set of intesers, 

Proble.^ Set 6-la . 
(aj List each of the follqwing seta. 



the set of whole numbers 

the jet of positive^ integers 

• L, the set of non^negatlve Integers 

(Hinti ."non" means "not so "non-nesatlve 
numbers" means "numbers fnat are not negative.") 

\ " * the set of integers- 

the set of countlrtg numbers 

Q, the set of non-positive integers 

the set of -negative Integers .. r 

(b^) Which of the above sets are the same? / ' - 

(c) Wliich of the above are subsets of I? of Q? &f L? 

of P? 

2. Draw the graphs, of the follov/ing sets: 
U) [0, 3, 5. ^2, -k]. 

(b) The set of posit^e integers less than 7, 

(c) The set of negative integers > 5. 

(d) All integers greater than ^5 but^)less than 4, 

(e) The set of counting numbers less than 1* 



Of th^ two points whose ooord^%tes are glvon^ t^ch.ls t^ 
the right of the bther on the number line? 

(a) '^ 3, (d) ^2, 0 

(b) ' 5, ^4 = (e) ^ 0, ^4 
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Problem Set 6^1 a ' ' ■ 

(contLnu'ed) 

Translate this problem ivrto a sentence^^in algebra after 

selaetlng a variable and telling what it represents. You 

need nSi.'find the truth set of the sentence. 

(ay Bill has 77 pigeons. This is 25 more 'than twice 

the number he had^, 3 years ago. How many did he have 
3 years ago? I ^ ^ \ 

(b) The first of two trains travels at a certain rate^ The 
second travels 10 miles per hour more than twice as 
fast. Starting at the station and traveling in 
opposite directions Cor 4 hours, ^what are their rates, 
if they are ther> 340 miles apart? 

(c) Find the width of a rectangle iff Its perimeter- is 196 
inches and Its length is 62 inches. 



, In the last section, it wa^ ^pointed out that i is not 
an Integer. Some examples of numbers that are not integers 

ape 3.. . and^ You, may remember, though, that we have 

called numbers such as these rational numbers f They also are 
associated with points of the number line. We can show the 
^aph of the fou^ numbers mentioned in this paragraph like this: 



* > + — — — 4 #- ^etc . 



Of course,' there are man|, many other rational numbers. In fact, 
as we saw in Chapter 1, t^ere -are Infinitely many of such 
rational numbers. 

'* All of the ratiorial numbers we have worked with so for 
have been a^ssocia ted with points to the right of 0 (and then, 
of course, 0 Itself). But you were warned earlier that there 
are other rational numbers. 

To be^-to^wlth, after graphing the negative integers. It 
%eems na^ral to^Tut the label " ^ {^) " with a point of the 
number line as shown below- 



etc . 4 



etc 
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I ^ ' . - • ' . 

""(|^)'' -is read "NHG.^Tr^ ^NHf=HALP'' and is a rational 

' number. ... - . P-'^ .\ \ 

Beluw you see some*' o th'er National numbers graphed on the 
number line: ' * ^ ' i 

ill) (!) ■ . 

. ' ^ — — — etc 

- ^3 rz "I ^ 0 . ^^1 2.3 4 

Head the name o f e a c h a n a o f the s e n um b e vp . 

* The 'FBtional num-bers'^to tine rin;ht r;f .0 are cali 
■ PQg^t: I ve rap iona4 numbe rs . The rartanal numbers to the left of 
0 are catled ne^yat ive rational numbers . ^^-^ain_, we shai^l ^see that 
these new nugbei^s are very useC^^il . ^ 

You fnay remember that we a£treed In Chapter 1 that every 
whole number is also a rational num.ber. "For example.j we said 
that J is not only a wholo humtaer but is also a rational 
numbt-r, ^ (We -an r,iva it the nomo " ^ ^'^^ much the same 

reason, v/e say thaD ever^^ integer ib also ' a rational number. ' 
Fo r examp 1 e , 2 L s nu t !\*n ly 'an 1 n t eft e r it is a 1 s o a ra t lo na 1 
number. " of ooursej It is no t true that every ra tional ^number 
is an inte[;;;er. - ^ 

Wo cannowsay: 

' The set c^f pcisitiye rational numbers, 
^\ ' ' ^ the set uf negative ^rational numbers, . 

and ^:;oro form the - s e' t o f all rational 
% numbe rs^. o . . - 



C h e 0 Ic Your Re_ading 
I 



Wiiat oolnt is assciclatea with the number ^(^)? .How do we 
say the fiamoj.^f thlo number^' 

Wna t sets f o rm thf-^ set of ail ra t iona 1 numbers ? Give some 
^o<a;npl-o fr..m '/a oh sot. 



ro 1 !-:xerc Lnes o - 1 b 



-^^v K - i''^> ol). (\.'i> I. 4, 0, 4, o). 



1. . bl;.Jt io tho set^jf Intor^^rs in \l . 



C: ral ExeraiBes 6=lb 
(con.tlnuGd) 
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List 


the 


set 


of 


v/holi?' riumbGrLj Ln Ft, 


3. 


List 


the 


set 


dT 


positive 'IntogerG "in R. 


4^ 


List 


P thp 


□ a t 


of 


np^'?'0 1 * ve 1 ntern '"'n ri R ■ 




List 


the" 


set 


of 


c 0 ti n t L n "n li m b 0 1" b 1 n R . " 


6 . 


List 


the 


set 


of 


positive ratlonai nunibern In 


7. 


List 


Lj the ' 


set 


of 


ncf^ative rational numbers In 


8. 


List 


Y^. the , 


.net 


or 


non-noijatl ve inte^^GPLi :n R, 












P-Qble:n Set 


i . - 






of 


the fQllov/Ln^ seta: , 




(a)" 






(|), |i ^ 


1 


(b) 












(c) 








0^)1 




(d) 


[^1, 


(1 







Of the tv/o points vihose coordinates are given, v/hich is to 
the right of the other^ on the number line? 

(a) b/' _ (e) ^(^O) 

■(b) 0, ^(^j 

(c) "7 
(ci) ^(e)> 1- 



(s) lir). ^.m 



; T ra n s late t h 1 s s e n t e TiC e and write it as a n" a 1 ge b ra i c 
' pent e n c e . Y o u n e e"d not find the answer. 

W ha. t is t h e I e n g t h o f a re c t a ng 1 e if the length 
Is ^ tLmes the width and the perimeter is ?4 Inches? 
Ee sure you have selected and 'iescrLbed a varLnbleb 



0 o f a r i n t h 1 s c h a p t e r w e h a v e 1 o o k e d at the set o f 
ra t L o n a 1 - nam be r s . K v e ry ra t L a n a 1 n u m be r i s one o f the f o 1 1 o w 1 n g 
a posLtive number, a nei^atlve number^ or zero. ■^'ome rational 
numbers are inteners, and- some ^ r-n nnt. Give some examples of 



PC I '4 



6=1 



ra t Lona I numbn r-^ tha.t; a r^t* In x^e^^e rs , 0 : ve sume examples' of , 
rational numbers that are vk:^ ' integ^e rs .. ^ 

You may have the feeling; that every point on the number 
line can be ' asscc la ted with a r^auLonal number, ^ Strange as it 
seams., this Is not true. T ^r|^ r a re po ints jon the; number l^_ne_ 
t ha t canno t be^ as boo la ted w_l_th^ ra^ onal^ . numl^/^g . 

A number that Is not -atirnal but^ls assnciatpH w^tli a,. \ 
point on the, number line is callp.d.an Lrrational number , yr 
^Is an example of an iVr^a t Icna 1 numbe r . an-l tr are^ also 

IrMt lonal . numbers . Tfiero are 'many, many^jther numbers in the 
set of 1 r r a t i o n a 1 n urn be r s , Is one o f t h em ? ^ 

VJ e c a n n o w f o ith a r"i ew s e l o f n u m b e s t hi a t will in 04. u d e t h e 
rationa'l numbers and the 1 rra u lonfi 1 numbers. This s^t is called 
the 



Set of J^'eal Numbers. 



M 11 the raJo 1 o n a 1 nu m b e r s are in the set of real numbers. 
.^11 the Irrational numbebs are In the sat of real num.bers. So 
we can' say that the rational numbers form a subset of the real 
n u m b e r s , a n d t h e I r r' a t i o n a 1 n u m b e r s ' f o r m a n p t h e r subset of the 
real numbers. 

Th e po i n t s a s s o c 1 a t e d w 1 1 h the rea 1 num be r s ma k e up the 
who 1 e num be r line, wh I c h is c a 1 1 e d t he real number line . 

We can think of the real -number line as the nraph of the 
set of real numbers. 

The followjlnn diaf^ram may help to review t:he kinds, of 
r^mbers we have discussed: 



THE RE^ L MIJMEERS 



fV^me real numbers 
a r'e R.sTrCN.a., 1 ike 
1 1 - 



oome read /lumbers 
are IRRaraONAL, like 

jw, -A, it" ■ 



are ENTEGER5: , 1 :.kn 



Tome r*atL-naJ numbero 
are not^ intef^ers, like 

^2 -2 



Check You 12 Heading 

What do we call the set of numbers that corresponds to the 
set of^all points an tjh.e^numbe r 1 Lne 

What^are two prLn^^aT subseua of thi^^et of real numbers? 
Is ^(5-) a rational number?/ an Lntef':er^ a real number? 
^ ^re all raa^'f numbers ratlona;! numbers? Are all rational 
numbers real numbers'^ 



- P ro b 1 em Met u^^lc 

(a) Is ^2 a whole number'^ an integer? a rational number? 
a real number? ^ 

(b) Is ^{^) a whol* rtVimber? an ,intege>? a rational 
number'^ a real n^iber^ 

(c) Is^^^ a whole number^^ an Integer? a rational 
number ? a. re a 1 n u m be r ^ 

(d) Is C -a whole number? an integer? a rational number? 
a real number"^ a positive number? a negative number? 

Which of the fcllowlnn are true and which are false? 

(a) The set of real num'bers is a subset of the set of 
Integers. 

(b) The set of rational numbers is a subset ^of the set of 
real numbers. 

(c) The set of Intef-ersHs a subset of the-set of rational 
numbers. ■ ^ 

(d) The set of non ^nega t,l ve • ra t lona 1 rfumbers is a subset 
. o f the s ■ ? t o f c 0 u n t i =n n u m b e r s , 

(e) The se^t of whole numbers L'S a subset of the .set of 
. numbers of arithmetic. 

(f) The set of positive IntegOVs is a subset of the ^et 
of uountlng numbers. 

(g) The set of rational numbers Is a subset of -the se.t of 
real ,. numbers , 

( h ) The set of ra 1 1 o na 1 numbers is a subset of the set of 
positive rpal numbers. 



( cont LniK^a ) 



The numbeiT f'Is the ratio of the circumference of a circle 
to Its diameter. (*'Hatio" means "the first numb^LC^ d Ivlfed 
by. the .secund number".) Thus, a circle whosa diameter Is 
of. length I , has a c 1 rcumrerence of Tenf^th tt . The number 
,7r is an IrratLonBl number. Imanihe such a circle resting 
on the number line at the point ^C. If th^ circle is rolled 
on the line.yithDUt siippln^, one complete revolution, to 
the ri^ht, it will stop on a point. V/hat Is the cooTdinate 
of this points If rolled to. the left, It will stop or^what 
point'"^ LAOcate these points^ approx ima tely^, on the real 
number line, - : ^ 

The first several dibits of tt are ftlven by 3,l^lb9?o._ 
Two ra t iti n a L numb e r s are -rXy e n b e 1 o w h I c h a p p r o x 1 m a t e tr . 
Divide the numerator by the denominator and deterrnlne the 
number of digits of agreement, " ■ \ 

^ 

(b^ 3bb . • 



1 13 



In each of the following problems .wrl te an open sentence, 
which represents the probd.em. You need not find the answer. 
Be aiire to lelect ^a variable and (describe what the variable 
represents. 

( a ) Ma ry i s tw 1 c e as o id as her b r o t he r , a nd h e r b ro 1$he r 1 s 
tw 1 c e as old as their ba by sister;' the ^ s urn o f their 
ages isT 15 years. How old Is. eachr^ % . " , 

(b) Two boyi riding bicycles started from the same point 
■ and rode In opposite directions fof^ tWo ho^r^. They 

were then 90 miles apart. If one boy travel etd^-tf^ ice 
as fast as the otherj what was the speed of each? ^ 

(c) The sum of tw© consecutive even inte^r^ers Is 8o . Find 
the integers . • 
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o=2 - f 

^^2, 0 rd e r on the Pea 1 Nurn^be r Li^ne , 

- ' ' ■ / 

This true sentence , reads "o is greoter^than , It means 
"o is to the right of ^5" on the nU^bei^ line. • ""^ 

This true sfttenee reads "4 _Ls greater than ^8". It means "4 is 
to thf^^ right of "d" on the number line. 

''IB. to the rle^^ht of" on the number line and "is greater than" 
describe the same order-. v;ha t shall we mean by "is greater than" 
for any twc^real numbers whethei' they are positive, negative j or 
0? * ' ' 

Our answer is: "is to the r|.ght of" on the number line. 

Here^^is n common example. Scales on thermometers use 
numbers above 0 and numbers be^ow 0, as well as 0 Itself, 
We know that the warmer the weather the higher up the scale we 
read the ^mperature. If we place the= therTnometer as is shown 
below, we see that It looks like a model of a part of the real 
number 1 Ine , 



^20 15 "10 5 0 5 so 15 20- 

When w^ say "is greater than" ("is a higher temperature than"), 
we mean "is to the rif^nt of" on the thermometer scale. 

On this scale^ which number Is greater, 5 or ^10? 
b or ^10"^ ^ib or ' ' 

For a ny t w o r e a 1 ' ti u m b e r a a a n d b , > 

means the same as 
^ LR. ^2. the r I g h t of b on the number line. 
No matter which way we want to say it, we can write: a > . b . 

/ • ■ 



r 



o^2 = 

Oral Exorcises 6=Pa 

1. Describe the maaning, on the number line, of '-Is less than" 
for real numbers, as v/e did above for 

2. V/hat is the meanim/;, on the nimiber line, of 'S" for real 
numbers? 

3. V/hat is the meanini^, on^ the number line, of "<'' for^ real 
numbers" ^ 



problem oet 6=Pa 



Determine which of the follov/inr^ sentences are true and v/hlch 
ar^ false. 

(a) 7 < in 3.5 < 



^(b) ^(|) < 0 ^ " (n) f 3.5 , 

(c) ^3 < . (h) 3 1 "1- 

m /6 :> ^3 (i) 2 > ^(|) 

{b) ^3 < . (J) ^^5 2 ^(^) 

2. Graph the truth set of each of the follov/ing open sentences r 
B'or example: 



J . ■ ' u 



" i "^4 ^3 ^2 n 0 12 3. 

(a) y > :■ • " (cl) X > ^5 . ^ /^". 

(b) y > ^2 (e) X— 3 or X < "1 

(a)y|/p (f)c<2 and c > ^2 

In the blanks below use or to make a true 

^entence , _ \^ 
'/ N i 



Problem Set a^2a / 
(continued) 

(e) ^(|)^| " (G) --(I) "(|) 

(a) During a cold day the tetnparature rises 10 degre-es 
from Wmt is the rinal temperature? 

(b) On another day the. temperatui^e rises 5 degrees from 
"10. Hov/ hlRh does it go? 

(c) During one day the temperature rises from ^15 to 35^ 
Hov/ much does it l^is-e? 

Translate the follov/lng sentences into algebraic ^sentences. 
-.^ (a) A nujT^beF is greater than or equal to ^l8. 

One niamber is .^reat^r than another, 
^^z) One numbor is 5 groater than another, ^ 

" ( d ) One nimib ^ r 1 e s s f i s 1 e s s than t h e s ame numb e r increased 
. by . 

(e) The si;rn of a number and" 5 is lesn than the gum nf 8 and 
the number, ^ " ' , # 

(f ) 5 less than a niimber is four less than tv;lce "'iflfie number. 
. (g) 3 times a number is B, or -■ less than the same^ number 

is g re a t e r t h an 2 , 
(h) A number Is u less than 



■ 3up p o s 0 y o u t r y t o rj; u e s s the n mnb e r of marbles in a b o v/ 1 . 
Then the marbles are coiinted so that the niimber of marbles is 
•known. It is easy to see that exactly one of^ the follov:ing 
three utatomentG v/ould bo true^: '^^"^ 

(1) Your number is ryrea ter tha n the number of marbles. 

(2) Yoiir niirnbGr is less tha^. ',he mimber of m.arbles. 

(3) Your number is equal 1:o the niimjjer of marblep. 

We coula say that! ai'ter the marbles were counted, your niimber 
was compared v/ith the numbor of marbles. * 

Xr :i is a \v\'<L>^-:i' ajv; ;.s rerii nuiiiber then exactly 

one of the follov;inn is true: ■ 

a :>^b 

a b. 
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The , way in wrilah the real nionibern aro ordered on the niunber 
linB"%|akes it easy to nee v;hy exactly one of the Gtatements \ 
above hiust be true. In fact; this Ig a property of order for 
the real numbDr^, It Id sometlmeG called the 

% Gompar_l3Qn prop erty. 

C h e g Ic Your' i\ead Liiq ^ 

1, V/hat la the comparison property of real numberG? 

2. If ^'rt-zo numberG are not the :jamo , v/nat else can b^ said about 
them'- - 



Pi^oblem ,3et' 6-|b 




In t-ho blanlcB belov;,= use " . "<" or ">" to make a true; 
GcntCTice in each carao. 

(a) 2 =3 ^ CO J rt|) 



(b) a 1.6 - (s) I _ T§ 

, \ 3 3 f f.-s 13 P 

(^) '(f) _ ^(f)- (J) =1.5 

Virlte .true cjtmtenceG u:.:ini^ "< " for the foW-ov/inc pairs of 

real n umber o , ^ . , / 

(a) I and ^ |(d)^ and (iJi)"^ 

(b) "3 and 0 . ( ) and 3 

(o) and . : 

' ^ - ■ r 

Write trup Denteno.-:: u:: In-- " ifor the followln/; palr^ of 

real n^bnr^;. % ^ 

(a) and t "^-^ (d) 4 and , 3 ^ 



(b) and 0 ' (e) and 



( c ) U and 0 



C ■ 



\ 



^ ■ _ • ( cont Lnue'J ) 

Write an algebra Lc sentence for each problem after choosing 
and describing a variable. 

(a) A co^t was Sold for .;;33. This was at a discount fd i 
of tW orLi;^lnal price, V/hnt was the orLi^inaa price" 
(Hint: It wasn' t -4^^. )* 

(b) yJohp's age is ^ years less than twice his brother's af:^e , 

If John Is 1? years old, find his brother's a^^e. 

(c) The bottom of a box is 8 inches by 12 inches, ^The 
volume o'f the box is cubic Lnohes. .Find the height 
of the box. %^ . ' f ^ 



C^posl tes ■ ^ 
We have now labeled points on the number line to the lef t ^of 
0 as well as to the rl^^Fft of C: This means that we can "pal^ 
offj" points which are at the sam^t/lstance from 0_- 

^For example, think of -the point assoGiated with the number 
2. It is easy to see th'^t there Is another point aty/the same 
distance from (. . ^ i^-- 



3 2 10 12 3 

^This other point .les :.n the opposite side of 0, and the number 
associated with it Is ^2, 

P Ince th^two points w^^aveVlust located lie on opposite 
sides o f C , . a nd a t t h \ s a m e ..J 1 s fc a Ac e f r o m C it seems n a tu ra 1 
to say that the number|( 2 anJ ^2 are opposites . Each number Is 
the opposite <.f the cjther. That Is^ ~2 Ls the opposite of 2 also, 
? is the opposite of ^2. ' " 

In the exnmple aoove* we started with the number 2. We could 
Just as nasi 2/ stript with any number and find Its opposite. For 
Lnstance, suppose w-- start wltli the number (i)- Then find 
another point at the same u I s tanc^e ' f rem r. tut on the opposite 

, aide.,^ i;nls Is also easy to no. ?|nd, as In the dla^jram below, 
you see that £he coorllnate r.f thlo n>.!nt Is'- t-. / 




> 
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Therefore^ the opposJJ^ of . This means also that ' {^) 

\ lo the opposite of Or vie could Just say chat ^ and are 

V/o ur,L'nc t:iat thr* opposite; iuj r ' :> L c :^oro . 

i;C;]*c; arc Mj;:ie Gtate::icntc ah -jut palr:j oT nuinhorai tiiat are ^ 
opposltet;: 

( 1^ L:^ the oppQU Luo 0 

i'.-^ 1.0 thC: jppO 

(3) ■. 1:; ua- ojp^^o'u- )■ 
' ( ) "l,000^00n L:: jpp 
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opp'julta o^" c;Voay tanc; uoans 
a 1 o t o f w rl 1 1 n'g . So we will a g re e . t ha t when we wa n t to writ e 
"ora-'K-a_la }^;^. ''/v^^ oaa jULjt va- i;^; 'h^p"^ ' li::_^-/e v/ant to write 
^jranp:_ta % v/a can waLto ^'^'3^' ■^^"^(^lyv ' ' ' 

hollac tr.au ^Uio uaon wo ^ujp i: ^'^leqn^ "onnoGlt^ of" Is written 
lower tKan tPo haoh vrc aao In v/r'tln/^ ti;e narae of a negative — 
nuuLar. Tac da;:;, we \:so to aoan "oppoolto of" loolcD like the 
"ni.Lnv;o" s Lf^n UGed 'n naboaacl; Lon . hut It lO Paportant to under- 
stana tiait we .are not asLna :.t iiero to iiiaan suhtaact lory. 

pov; v;e can v/alte t:";e f'oar Gaatc::iGnto aboao l:'.ke this: 



( ■ 



, 1 



■0 ■■/:■;. to I,:, 10 12- 



1 aa^n 



-ri\- .. n: 



a. I :j-t: 



o a.;0 

0:00; ' 

. O; '"Oi . . 'a , ^: 



.:: ao- ^ao 'hi. .K.porlaa 
V3 o: t: a jc;:- - . ;..■.a^a■. 
a ;a .a o:i t. a: ,:uo:i ri '. n: ^ 



ti.c upper dasi 
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Problom Set 6-3a 
Each of the nimierals belov/ naiies a niimber.- • For each one, 
Oive a common name Vo\ .the number. For example, if you 
v/ere f^iven the niameral '^-( ~y)^'t^. a comjnQn name *4*/ould be 
"9", If you were r^iven '^^n" a nommon name I'/oui^^bm "^g' 
or "nen;ative . ■ , ' 4 f 



(a) 


-&§ 


(b) 




(c) 


=33.5 ^ 


(d) 


-0, 


(c) 


-(-100) • 
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( J ) -1,000, 0 0 0 , 0 0 Q J 
(k) -('l,000_jJ/$0?0005^ 
(1) '^=(3 5) ' M 

' ^ .(S, n + '7.6) 
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In lookinr: over your anDworrT^rrom. Problem 1, v/hlch of the 

following statements do you think In true? 

The opposite of a positive number is a pooib^ve number. 
Tlie opposite oV a positive nLimber is a negative number, 
'me opposite ^of a positive number is zero, 

V/hich of these statements do you think is true? 

■Thie. opposite of a negative number is a positive number. 
The opposite of a negative number is a negative number. 
The opposite of a negative number is zero. 

Is the opposi^^e of zero 4 positive number, a negative nimiber 

or zeroV ■ 

Are ''"9" and "^9'' names for the same niomber? Write each 
in words. 



M-'^V/hen you see the numeral "-(-S)", it may look cc|nfu3lnc. In 
v/ords, wo could read It as " the ^ oppos Lte of the opposite of 
Here is one way we mi;3hi: think about it: 



0-3 





^tart with y 



find %he^oppo'slte , 

S then find the " . 

opposite or 2, * c. 

^ " getting 2 , ' . V, . * . 

3o we cah say that "the opposite ^of the opposite of 2 is 2". 
Or, more briefly, v/g can witei 

In the example above, we started with a positive number. 
We ooulci Just as v/ell^ start with a negative number. For lnE^tancf ^ 
how ooulci' we decide upon a common name for "=(-2)"? 

2) / 1 i 

start with ^2 ' • " 

find th a opp o s i t e j 
getting 2 

then find the 
opposlte^of 
getting "2 , 

Th i 3 3 h o 3 that we c a n wr 1 1 e : 

J -'-"=> 

- These tv/o examplf^ sur^seat that . 

^(^y) =^ ^^or any real niunber y, 

We have already seen that this statement is true when y represents 
? and when y represents ^2. Is^Lt true if y represents 10? if 
y re p re s e n t s ~ 1 0 V Is It t ru e if y , re p re sen t s C ? 

We cannot use every number, but with a little work on the 
n urn b e r 1 i n e , y o u s r \ u u 1 d s o a n see that = ( = y ) - y f o r a ny r e r3 1 ^ 
number y, . = " 

Check Your Read in^, 

1. State this sentence in words: -(-y) ^ y for any real number 
' y^ = 

2. Describe how we would find the common name for =( = "2)-. 





/ - 

V - ' Or^al Exercises 6=3b 

1, Each or the niunerala belov/ is ^he' name olUj-.^number , For 
S each o^e, state a/ common name of the riiiiTiber, For E?xajnple, 
if you v/ere r^iven the numeral "^(^3)", a conimon name v/ould' 
be '^3\ : I ^ , 

ea) ^(^20) r ^ (d) =,(^5) 



(b), ^(=^20) % (e) ,= (=210) ■ 

Problem 3eu_ o-3b 

* 1, Each of tne nuirierals below is the name of a number. Tor 

each one, v/rite ^ common naine of the niic^iber, 
■ =(-0)' (dj; 3)) 

(bl -^^(I)) -- (0) =( = 0) 

/ (c) =^"(1. . 3)) (r) 

2, ^ If y ^epreoent^ a posiulve nuiiibor, do'es reproyent a ' 

positive number, a ner;ativQ number, or zercTv 

3. If y represents a neoative number^ does -y represent a 
^ ^ positive number, a negative number, or ^ero y 

If y reprenents ^:ero, does represont a positive number, 
a negative number , or zero? 

5. If -y is pQsltl7ej is y positive^ ne--ative, or zero? 

6. If— y is ne(^ative, is y uositivOj ner^ative, or zero'? 

7. If =y\ls zero, is y positive, nonativo, or zero? 

4'/ri to ' an^lcebralc seiitence v/nosu trutri set Includes tne 
ansv/er to this ' problem, fiou need noi; I'ind the ansv/er. 
A rectangular lav;n measures eU a"eet by 30 feet. 
A v/alh of unlfoi^f: v/idth is put alon^j both ends 
and one side. Tae perimeter os ?he entire area 
of lavm and walk is then ItO feet, Hovi v/ide is 
the v/alirv 
fiint: Drav; a diariram. 



V/e knov; shat 1:he r^:'al numbers are ordered on the number line. 
That is, U' v/e have any uwo different numbers,, one v;ill be less 



than th^ other. For example, using the p%r of numbtrs ^ and 
' "3, we can say* ^ — ;e ^ 

3 < 

Let's tike the opposite of each'bne of these two numbers. 

- * ' - " lis " ' 

The opposite of 3 3. The opposite of f is -{^). Since 
-(5) < 3^^ we can say: ^ - ^ 

/ . The numfieiv linef below may help i^ seeing what happened in 
^ ". this "experiment". < 



_» _ I ■ i-ft 1 « t — )- 

-3 . "2 '"I o i. i| . 2 



Let'^s t^ the experiment againj this time us Lrtf^ the numbers 

2 and 100^ . . ^""^ _ ^ 



2 < 100 , 



^ ■ but ^ -100 < -2. ^ , . ^ . ^ 

Let's 'try one m^re pair of numbers j ^$ and . ' ^ ' 

: . . ^ "8 < ^2, 

^ ^ \ ■ but ^ 2^< 8, ^ ■ ^ 

The exam'ples above are specif ic Illustrations of the 
follov/ing true stetement- - ■ ' 

For any number a ' and for any number b^j if a < b 

i V . . . "^Hen ^b < -a 

If you feel that you are not sure of the meaning of this state- 
ment^., try letting a and b be some numbers di^Jerent from the 
" ones we us^d above/ Then see if the statement says what we 
want it to say. ' . 



I Kid 



5^;r^^< Som^lnits the fact that If a < then -b < -a, .49 a big 
'\ help In finding the truth sets 6t open aenteneei / jSupposa you 
were tiding to graph the truth met of- V ' 

; -X < 2 

know. that < 9" and "»S < x" mean the same. So, we can 
dMW the graph of: ' 

Remember, the sentence < x'' can be written "x > -2" . 

Of course, the opposite of 9. is "2, and it is easy^ to draw the 

graph of "2 < X. The graph looks like this: 



Coul^d you , show somebody why, for example, 3 Is not In the truAh 
set? - ^' * . . 

„ ' Here is another example. Suppose you were tiding to graph 
the truth set of : ^ - 

"=x > *5'' may also be written as ""5 < If\'5 < .^x, 

then ^(^x) < ^(^5) , 
X < 5. 

^^retu#li|y, "^x > "5" and ''x < 5" have the same truth set. So for 
each sentence tHe graph of the truth set Is as follows! 



"5 ^4 ^3 "2 "I 0 I a 1 4 § 6 7 

' here is a different problem. Below is a graph of a set of 
numbers . \ - 



215 



6-3 ■ " - ' ^ 

Mr^se that thl^ iet oT numbers does not Include the number 

any number greater than 3, Also, the set does not inclu'^e 

= , number "3 or any number less than "3. So, If we let x ref 

a number In thli set, x must be greater than "3 and less £han 3, 

Wa can sey that this graph Is the graph of the truth set ^f: 

^ ■ " ■ = -/ ' ' = 

J - ' X > "3 and x < 3. 



or 
ssent 



' CheQk^Your.Readlng 
1. The relationship between "aSind i Is 



3 <^j. What As the 



relationship between the oppositee of 3 and 

The relatlonshipAetween a and b is a < b. Whalt is the.^ 
relationship betwen -a a 



and,=b? 

How do we draw the graph pf the truth set of -x/<^S? Whmt 
cMn*w"e do to make the work easier? Is "J In th^ truth set? 



Oral Exeroises o-3c 
" — ^ — ^ — — — ^ — ^ — — - -■ j * 

In each of the follov/ing pairs, decide ^vvhlch the greater 

number J then take the opposites of the tv/o numbers and again" 

decide which is greater, j 

(a) 2.97, -2.37 (d) -1, 1 (g) / 0, -0 

(b) =12, 2 , (e) ^370, ^121 Jh) j ^.1, -.01 

(c) . =358/ -7o2 tr) ^ -2, .2H . {1)1 .i,;.oi 
■ *^ = ■■ 

V/tiat Is the nieaning oV x f- J? 



Express this sentence usin| 



ana 




problem Set o-3o ' * ^ 

1. Write t^o true serfben^es for the follov/ing, pairs of numbars 
and thfelr opposl'tes, using the relation " < " . 

^Example p 2, 7 - . r ^ ^ . ' V \ 







a < 7 and 


-7.'< -s. s-;. 


(a) 


3,-1. 




TT, ^ (tt is apprDXlftately 
J 3.1*^16 ) , . 


(b) 






'3|4 h a;), |<^o. =b 8) ^ 


(c) 




(s) 


'2(8.4-, 5>V 15 y '0 


(d) 




(h) 





Choose t^e^reater af each of the follov/ing numbers and itS; 



(a) 


■j.2 , 


(e) 17 


(h) 


(1 


-if 


(b) 
(c) 




(f) -.01 


(1) 


1 


^if 


(d) 




(g) =(-2) 




-4 





Write two open sentence 'for each of the following graphs, 
one involving and the other involving -x. 



(a) 1 ' ' ' 'O ' (e) ^ O— ^ 

(b) -- O^'^ I I'll r i^f I _i _■ — J L__L 



\ (0),.=^^ I i I (g) — ^ ■ ' 1 




^2 "I "^^1 2 

Dh the truth oets of ti:e fDllowintx open sentenci 



J u 



(hint: flrGt express the relation involving 
ti'ie oppos Ltcs 'Of these numbers.) 



\ 



\ 

\ 
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r. I 4, 

V- ■ . ■ . ' Problem Set 6^ ' 



(a) -x ^ 3 (Rtfmember means' "<" or 1^' .) 



5. Describe thft,; tfruth set of each open .sentence . ; ■ 



(b) =X ;^ =3 . 

(c) X < 0 

(d) -X < 0 

-if) ^ < 0. ^ i 

6* Write open sentences that would help so^ve the^ follov/lng 
prot^lems * Be sure" to tell.,what the variable represents, 

(a) John's scbre^ l^^greater th^n negative 100. What is his 
SQore? ^ . ^ y ^ > 

(b) ^ He doesn't^ have \any'^ money j but he is, no more than |200 

In debt* ^ KowTTTUch^money does he have? . 

(c) Paul has paid $10 on his /bill^ but still" owes more than 
$23, V/hat was the original amount of 'the bill? 



What is the "opposite of 5"? By this time, this Is- an easy 

^question. You knov; that the opposite of 5 is ^ 

Since we have agreed to use "-5" to mean "opposite of 5", 
we can say: - . 

In other words, -J and are names for the same number, 

t'laybe you have noticed this already. Of course, it is also true 
that -2 and ^2 are equal, -J and ^7 are equal, and 
' ^(4) '^t'e equal, and so on, 

This means that v/a don't really have to use twof^dif ferent 
dashes anymore. From nov; on^ for example, vie can use ^'=5" .to 
mean either ''opposite of 5" or "negative 5'^ 

V/e must be careful with the expression "-x". If x is a . 
negative number, then its opposite^( -x ) , Is a positive number. 
Xf X is a* positive number, its/opposite,^ -x)^, ^is a negative 
number. If x is zero, its o^posite^ ( -x^j— is zero. 




Absolute Value , 
Think, of the number 5* Its opposite Is -5. 
This gives us the patr of numbers '5 and -5* 
Which number of the pair is greater? ^ 

^^blnk of the number -8. Its opposite is 8, 
fln,±B gives' us the pair of numbers -8 and 8, 
Whieh number of the pair is greater? 

Think of' the- number - its opposlta is i . 
^This gives us the pair of numbers' - ^ and -g-. , 
/■/Wfiich number of the pair Is greater? ^ \ 

. ' ' When you' ahs^eM^ the questions "above, you were working with 
a new and -useful operation An mathematics. It is called "taking 
"the absolute value" of a niwibf r. * 

The absolute value of a^^r ^ ^noK- z e r p real gum be r is the 
' great gr"x?f that number afid its opposite . The absolute value of 
lero* ' > ^ 

we could reword the questions above and asii: 
-.Pi^ What is the absolute va\ue of 5? 

What is the absolute value of -8? > ^ 
What is the absolute value of - ' 
^ Instead of welting "absolute value" ea^h time, we use a new 
synTbol * For example: * ^ " 

"|5| ^ 5" means "absolute value of S^is 5"^ 
"(»8| - 8" means "rbsolute valufe of -8 is 8". 
"|0j ^ 0" means "absolute value of 0 ii 0'*, 
"jnp' means "absolute value of the number\^ n" . 

. Check Your Read^l:- ^ 

1. What is the absolute value of a non-z^ro number? 
2* What is the absolute value of zero? 
3* • What does the symbol |n| mean? 




2. 
3. 



What ls^j^%he absolute value of each of the following numbers? 
(a) -7' (e) (6 p^4)^ , (e) ^(l4 + O) — 

.(b) -(^3) (d) Ikfo (f) ^(.(.3)) 

What Is the absoluje value of x ^If x^/ is 37 If x Is *2? 
If X 4a a non-nGgatlve real number^ Whafe kind ^f number Is - 



If X is a negative real number, what kind/of number Is |x|? 
Is |x| a non-negativ% number for ever^ x? " ^ 
Por a negative number Xj which Is greaterj x or |x|? 
Is^ the absolute "alue of a number ever a negative number? 



4.; 

■5: 

8#^Ajhen is the a 



bsolutei^value of a number not a positive number? 

■■ t 



absolute 



Using the" nun\be,r llni sometim^a*- helps in wbrklng with , 

va^.es. DQok ay the following ^ekamples, 
(1) I ? WhVwis the distance between b and 4"? How 

do , the answers to thesf questions compare? 



(2) |_'4| =^ ? What is the distance -between. 0 and ^4? 
'How do the anawers to t}>ese questions compare? 



^(3) m ? What Is the distance between C and »5?' * How- * 

do the answers to thfese questions compa^re?^ 



-5 



^ 1 

the answers to these questions compare? 



'/hat is the distance between 0 and j? How do 



■ ■■>?• 

: Do yeu see that the absolute value of a numtar"- Is the, 
dlstanee" between the number and 0 on the number 11^?' By 
"^distanee'* we mean Just the "number of units". Here, the word 
"distance" /has nothing to do with direction. , . 

■ 'l^ If X is 7,^hat li |x|? f 

^ ' . if X li 12, what Is |x|? - \. ^ 

\^ If X ^ 8,750, what is \x\1 

' . If X Is 0, what is |x| ? 

In these^our examples, n has been either a^poilitlve number 
or zero. .\ shorter way of saying, this is . to say that x has 
been a non -negative number.. Note that a non-negative 'number is 
a number thafc-is not negative, that ^is, a number thatf Is either 
poaltiv^f or'z'ero. In each of the e^i^|les above, it turned out 
to'^be true, that |x| ^ x, nfter thinking about other rion-negatlve 
numbers, you should see that can say: * . ^ 

^ |x| - X, If x.>.0^ ^ "X \ ' ^ . 

Is it always true that |xj ^ Let's t^r* some^negative / - 

numbers. ' ^ / , ^ - 

- - is »5, what is |^|? !x| ^ 5. Not^e 'that. 5 - ' ' 

V 3W X la -3, wha.t Is |j<|? |x| = 3. Nottce thate 3 » _(_3), ^ 

If X lsi^45, what la |x|?'^'^-1x| = 45. Notice that ■ 

" V * ■ • 

In these three examples, x ha^^een a negative numter. 
Each time-, |x| has been, n£t x, biu« -x. We express this by 
.laying:' 

• / . ' 1x1 .= .X, ir-jt < 0., 



You may have noticed that an absolute value Is always a non- 
negative "number. r:o l*t may seem strange ever to say "|x| - -x" 
^ But . remember^ if x is a negative number j Is a positive 

|number. Therefore, \ 

I X I = X , i f X > 0 
and |x| ^ - -^^ if X < 0 
La Just arjother wajf of sa.^lng that |x| is always a non-negative 
dumber, ■ ^ 



-6-4 =/ ■ . . - ■ 

AS priB more example, let's look at- | 1 : 

■ 

;v • 1-201-20. 
Thia agrees with what wns said above, since -20 < 0, antfl 

""I -20 1 = - {•=mv~'~j~— — — 



Check Your ■Reading ' ■ ' ' 

Which of the folfowlng describes all nan-negative nambefs?' 

'' x<0 x'ao x<0 x>0 

Which of the following open sentenoea are true for all real 
numbers x? 

Ix| > 0- -X < Ijfcf. V' 



X < |x| -|x| < X 



r 



state in words thase sentenced 



thqsa santence^in Question 2 whl^h you ^ 




decided are true 



Oral ' Exercises 6-4b ^ 

1. For a neiative numtfer which is greater^ %j 

9, Which of the following sentences are ''true? 

(a) 1-71 ^ 3 (e) \ -b\ ^12| , 

{b)^\U\ < r^3| ^ \ ^ (f) -3 < 17 

(c) !^L< 111 ^ (si; -2 < 1-3! 

(d) 2 < |-3| ' ^ Xh) |=2|2 = 4 
3, State each as a simple numeral. 

(a) |2| + |3| (D 7 - 1-31' 

(b) |-2| + |3| . (g) !-5l K ? 

(c) + |3|) (h) -(1-51 - |-2|) 

(d) -(|-2| + |3|) (1) 1-31 - lal 

(e) l-Tf - (7 - b) (J) |-2| +1-31 
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. Oral Exer cises 6 -4b 
(continued) 

t^VCK) =(|=3| = 2) (n) ^=(1=71 - 6) ■ 

"^1) :(|=2| + \-3\V (o) U5| ^ |-2| ' ^, 

(m) 3 - 13 _ 2j ^ (p) .(|.2| X 5) 

Problem Set 6-j4 

_ _ _ ^ 

Vftiat is the . truth set of each open sentence? 
'(a) |x| = 1 ' (c) |x| + 1 = 4 ■ ' 

(b) |x| = 3 ' ^ *->. (d) 5-Wf3=2 ^ 

Graph the truth sets of the following sentences. ' 
(a) |x| < 2 , ' (c^) . |x| > 2 > 

(br X > -2 and x < 2 (d)-^x < -2 or x > 2 

^aph the Integers less th^ 5 whose absolute values are 
jraater than 2* Is -5 an^^element of this set? ^ Is 0 an \ 
eleni^ht of this set? Is -10 an element of this sBt? Is' ^ 
^ an 'element of this set? ' ^ 

4, If R is the set of air* real numbers, P the set of all positive 
real niambers^ and I the* set of all Integers, write three 
jiumbers which are 

(a) in P but not In I 5 

(b) in R but not In P, 

(c) in R but not in P or in I, 

(d) in P but not ±p_ R.^ 

3, . Compare the trut^i sets of the two sentences. 



|x| ^ 0, |x| ^ r^. . 

*6 , Three boys, Samj Ecb^ and Petej wei'C talking, Sbh saidj 

"Bob is older than I am." Pete said, "Bob Is twrde as eld 
as I am and Sam\ls 3 years older than I am." Bob saM^ 
"My father Is more thantwlca as -old as^all of. our ages put 
fcoge ther>..and h/e Is ^p.-" Hbw old was each boy? Write the 
_ Sentence whose truth set will lead to the answer to this 
'\problem. It Is not necessary to find the answer, ^ 



0 



Summarv^ 



(1) Polfits to the left of 0 on tfie number line are associated 
with negative numbers. 

(2) *The real numbers are those numbers that can be associated 

with points of the real number line. ^ They include rational 
numbers and irrational numbers . 

(3) \The Integers fom a special subset of the rational numbers,* 

(4) Positive integers are inte^er^ associated with points to % 
the right of zero. 

(b) Negative integers are Integers as;sqciated with points to 
the left of zero. 

(6) The National numbers to the right of zero are called 
positive ra'tlonal numbers, 

(7) ' The -rational numbers to the left^of zero are called negatlv^ 
^ ratlor^l numbers. 

(ff) "a is greater than b" and "a is to 'the right of b on 
the number line" have the same meaning for any two 

. numbers a and b. 
(g) For any two real numbers a and b, ^ exactly one of the 

= folfowing is true: a > b, a < b, a ^ b, 

(10 ) .The opposite of 0 is^ 0, The opposite of any other real 
number is the number whl<h is at an equal distance from 0 
on the number line and on the opposite side of 0. 

(11) The opposite of the opposite of a number is Just the number 
itself. That Is, -(^x) ^ 

( 12) The absolute value o^ 0 Is 0 . The absolute value of any ' 
other real number ry is ^e greater^of . n and ,-n. 
".absolute value of n'* Is written 'Mn|". 

(13) |n| is the distance between 0 and n on the real number 
line, 

(I4t |n| - n, if n > 0, 

|n| - -n> if n < 0 . 



\ 



Review/ 



Problam Set 
Consider the following sets, ' - 

R*i the set of all real n^bers 
f i the set of positive real niters 
^Qi : the set of negative real numbers 
R* the se^ of all rational numbers 
Ni the B^t of counting nianber&— — 
Wi the eetSgf v4iole numbers 
It the set of integers — 
J: the set of irrational nimibers 
In each of ttie following pairs of sets tell which set Is a 
subset of the other* For some pairs neither set may be a 
subset of the other, 

(a) I, W 4 ' 

(b) W (s) R*, J 
(q) ^n, R / (h) ^ I, J , 

(d) R*, R . (i) R*, W ■ 

(e) R, I . -f4) P, W 

Give two meanings of the .symbol one related to numbers 

an^ the other related to the position of points on the 
ntaiiber line. 

Place the correct symbul (>,< , or ^) between these numbers 
so' that a true sentence results. 

(a) 3 _ 5 (f ) 

(b) =3, 5 

(c) -3 -5 

(d) 3 -5 
/^^ 3 26 

Name tnree nu:nberD .that are not rati'onal numbers. Is ^/lo' 
irrational? -/Tq ? 




'J 
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Hevlew Pro fax em ^et = . . 

{ continued ) 

f • . / ^ 

Graph the truth sets these sentences. = ^ 

(a) X < 5 (d) |x|;> 0 

(b) -^x < 5 (e)- lx| < 0 

(a) |x| - 4 (f) |x| ^ 0 ^ '* ' 

Tall what you know about the order of'any^two real numberE 
a and b, ^at \^roperty. is Involved? 

If X < 3^ what can we state about the order of -x and -3? 
Graph these sets, ^ 



CHie set of all positive Integers less than '2 

TTie set of all counting nimibers less than "g 

The set of all Integers between "4 and 2 

The set of all numbers between and 2 



(a) 



(b) — Cr i L-L i _ 
-2 H Q 1 2 



-2 -I 0 I 



10, Describe In words the sets for which the following are 
the graphs. ^ » 



(a) 



-2 -I 



2 3 4 5 



2 3 



r 



11. 



12, 



13. 



What nuinber^ added to the same number increased by will 
result in a sum of\7.3? Write the sentence whose truth 
set in^-l^udes the answer to, this problem.. You need not fin^^ 
the ^swer. Tell what the variable represents. 
Do as in Problem 11 for this problem. 

If a ntimber is increased by 776 times the number^ and 
the resulting sum is 58^ what is the number? 
Do as in Problem 11. 

ThB product 'of a number and the number increased by 3^ 
is 84, ^at is the numbftr? 
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Revtew Problem Set 
{continued) 



14, Do as in i^roblemai, ^ 

One book has 310 page a more than another. The number 
of pages in the combined volumes Is more than 1000 pafies.. 
-ffpir-m^^ p^gre are / y—- - ™ 

15* ^An airplane flies due east at an average speed of 200 miles 
par hour. Another plane leaves from the same sfemrtlng point 
one hour lat^r. It flies in the same direction and over^ 
takes the first 8oo miles, away, vfliat war the average speed 
of th^ second plane? , . 



0 ' 
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Chapter 7 
ADDITIO:; OF slEAL rnjMHiLRG 



^' Using the Real Numbcro /uid 1 1 1 orf . 

Eve'r Gln^. the firnL Pir^ie, you fiavo i.een addinp: numbers-- 
the numbers of arithmetlu . ' Mov; v;e are ready ^to work with a larger 
set of numbers--the real numbers. Your v;ork In adding the num-- 
bere ol' arithmetic ohould [rive a clue as to hov; v;e add any tv;o 
;real numbers . 

To begin with, think or an ice cream salesrmn Jn business tor 
tv/elve dayn . On some daya , lie makes money: tnen v;e say that he 
^ Shov/B a protit,. On o-nc-i" da./;:, ae i oaeci money: then we say that 
he, 3hov/5 a loss. On still other dnyD, he may yhow neither a pro = 
fit nor a loss . 

At the uottom oi" the pa^^e-' %'e uv/o ooliimns , The , one on the 
left f'ives, in v/ords , tne prorlL>or Iqsg l or eiGh one of the 
'twelve dayc; The colartiri on the rl?^. shows Lne aritnmetia used in 
figuring the prof^Lt or lose I'or .-wo-o^y periods, 

NoWce that to rind the proiHt orNlons tor a two = day period, 
'V/e "put tonether^' , or aaa , ^he protlt or loss for one day and the 
■ profit or loss I'or tac otner da./. The num^^era that we add are pos 
itive In some cases, negative in others, and zero in still others. 



Monday - 
Tuesday : 


Fro tit Qi' 
1 :"'0 :M. a :' 


•:^ f 

ya 


7 




0 = la 


1 ... Is the number 
showing 'his net 
income for 2 days . 


V/ednesday : 
Thursday: 


r ro..'t t 0 : 
Loss 0 1 ■ 




'J 


-1 






Friday: 
Saturday: 


Loss Oi 
Protl t of 


l f 


(' 


^ ! . 


) -1- - -t 




Sunday : 
Monday: 


Day of re 
Loss ol' 


at 


0 


4 


C-^^ ) - -t 




Tuesday : 
V;ednesday : 


Loss of 
Loss ol' 




(' 


ai ; 


) -i- (=u) - 


-10 


Thursday : 
T^r Iday : 


f rpt 1 t of 
Loss of 


ib 


0 




l-o) - 0 





\ 




i 
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In theuD examples, we have round the sum of two positive 
numbers the sum of two negative num^^ers, and the Bum of a posi = 
tive num^ber and a negative numDer . We have also I^ound a sum 
involving zero , ^ 

How would you complete ea'ch ox' the iollowing statements? 

I + - J (- '0 + 2 - 

0 + - - ' (^i) 0 - ■ 

^ + i-;^) - (-'0 + (4) - 

Maybe you thought oi^ the numbers above as representing pro-^ 
I'lts and losses, as in the example aoout the ice cr^am salesman. 
You may want to keep thinking aDout positive and negative numbers 
in tbiis way for a while. However, you v/ill probably iind, as you 
study this chapter, that! you will be able to add real numbers 
V/ i t h Q u t thin Ic i n g a o o u t p r o i i t s a n d 1 o s%'e s at all, 

Check Yo u V Reading 
* > 

1, v;hen you added two negative numbers, v;as the sum a positive 
or negative n u m n r ? 

2. V/hen you added zvio positive numbers, was the sum |^^^^^sitive 
or a negative number? 

V/hen you added a positive number and a negative number, how 
did you decide wheuher the ;:'jm was a negative number, a 
p 0 s i 1 1 V e n u m b e r , o r z e r o 7 

. Wh e n y o u a d d :3 e r o t o a r e a 1 n u m u e r , h o w d o y o u decide wh e t h e r 
the ansv/er is a negative or a positive number? 

Oral Exercises 7-1 



s 



Think ob gains as pusitive numbers and losses as negative 
numbers to answer the lollowing questions. 

(a) Harry earned yesterday and spent 4j today. What is 
his present tM.nancial situation? 



: 4 ' ^ 

^ Ofvil hixerclses Y-1 
f^onl.i nnf^^l ) 

(l) H^ili naci -jO^ v:nen he. v/enu to school Undi:// Ho,, pent. 

'*0^ Tor hln Inncn n.nd ;ie v/n s char;:;e':l V m$*^ ror' nuppJ ICo . 
V;;rit; :n nls l^'inrincial situation? 

(c ) A conn In ovock marked priao ^v;o poirv.::: oric -Iny 

: ncn lo:;t^^5 poirV-G nho nr;Xt. d^}y. VJkott wnc the nt i 

(d) MLns Joner: lonr: ^} pounds ';dur. i nf^ '.he iM rst v/eek oi^ her 
dinhin[r> lon^ ^: pounds tne second v/cek ^ pnjnod pounds 
•:n^:' third v;eek , ?ind ^^aincd ;j pouridc the last v/eek. 
Vdlnt vriG her net £?;aLn or' loss? 

(eT^^i tODtbali -team lost^_^;^rds on the first play and 
■ ^yilncd t yirds^^^^a^^^ie second play. What v/as 'the net 
yaraage' on the tv/o plays? ^ ^ ^ 

Find '^ne i'ollovrlng numa uy :;hinking of the positive, numbers 
as prof'1'3 and the negaTive numbcra au losses , „ 

(a) 7 + ^ iF.) i-o) + (-d) 
(O ( = -•) + (- ) ^ '(h) t + o' 

(e) ; + (-8) (1) yu) +..0^ 

(d) :J + (=:.i (:. ) (=2) +■ ((-a +6 

(e.) (=0) + (k) (( a (='.)) + (-=2) 

(xj {--') -t- -v ! ia a -I- ((='a -i- b) 

} aot/lem h."^ T-l 

vir^ite the common name tor aaca at uao toilov/ing sums. Think 
oiOjaie poai.tivc rjurnaers as protlts and tdie aegatlve numi ora 
a s .1 o 0 a e a . 

.(a) -^^1 (a) 7 -1 (-;t) ■ 

(b) 1) -t : iv) i-f) a . 

(d ) [-^■) f i i - J i (-'fW 
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\ 

Problem Set t=l 
(conti.nued )\ 



(1) 


V + 0 


(o) 


(,!) 




(^J 


(k) 


(=6.^) + ( = '..,) 


(q) 


(1) 


(-5) + 0/'' ■ - 


(£■) 


(m) 


((=•0 +;^0) + :> 


.IB) 


(n) 


(8 -f ( = ,)). ^ (=i:j 





X' 



(-2 



; + 1=1) 

^ + (=1)) 



4 



In each of the following v/hat "prorit" or "losA," will maka- 
the open sentence true? 



(a ) 


a 






(h) 


( 


-^0 + n = 




a 






(1) 


' m 


+ (=1) = (=s) 


(e) 














^ a 


■f 






n 


+ (-i) =- 3 


(d) 


b 






' (k) 


b 


+ ' - (= -7 ) 


( e ) 


( = 




+ G ^ 




( = 


^si) + a = (-5 


(r) 






-h m - . ( =6 ) 


(m) 


b 


+ (1.5) - 1.1 


(g) 


a 




n = - 









7 = 2 



Addition and the Mumber Line 



I n a a r 1 i e r c h a p,t e r s \, we u s e d t h e n u m b e r line to s h ow some 
> about -nuFTibers . Now let* a use 
ar^ithmenia oil the ice cream salesman 



["acts about -nurTibers . Now let^s use theV numbef* line to show the 




cord . 
V/od . and ThurG 

h- 



7+ 5 ^^l£ 



2 6 
6 =h(-4)^2 



Notice t^mt in the r^lrnn example (Mon. and Tues . ) we start 
at zero. We flrnr. move z"-;^ units to the right , ^herr^e-move f- 
more unluc \-q ihe rigni: . The itlnal poeition on the numDerillne 
in Dnown t.y a "x" , ThlE position snows ijs that the result^ 



Idling . 10 / 1 n u:' , ' % 

In t\m seoond example (v:ed. nnd Thura , ) we again ctart at 
:ero . Flrat we? move' 6 units to the right . Then; we m^ve ^ 
mitB to the left . (Why do we move 'i units to ^ the left Instead 
)i' *r units to the righi.? ) ' V;riat ii: the r^esuln? Would we get 
.he Game result it we moved |^^'| units to the left? Remember 
;hat l^'^h^ ' Do yo^u see, then,, that to = add ( - 't ) we move \-^^\ 
mits to :;ho left? To add d v/e move |6| units to the right, 



Frl . anu Jat 



Cun , ' and -Mon . 



0 



.--^TOv and 'v^ri 



( 



0 + ( 3)-3 

Thuru . and Frl : 



In v/)u^:Ln,: v;lt:i t.u- nui.il u;/ .L Lnr- 



0 1 5 

Hjiihjunjijc that v;c shov/ 



TjU It 1/ 



iddlti m -jt 

ibovu u::a;.iu Ler^ , y 
.u ..;h jv;ri Ly .r/lny 
;q :dr3V/ auci i t Lur"i u 



a:. 



-luvLny to the^ rlcht . From the 



uan S':-: uuat auui.t.lon oV a n ^^^^^^- number 
■ t. .i.^y:t , Xn v/ulnii dlreGtion do v;e move 

or/. l:i -ra.:.!' ;aae tfie nu;nbor of units moved 
s the /ibsoliite value ot^ the numuot*. 

Eelov/ Is a summar;/ t[itnys io rememuer when shov/ing addi = 



ion or tv/o real num. -as 

( J .) :itart ry; /a ro , 

(r) From 30 ro, move 
pos 1 L Lve , ]a | 
^ no units 1 v a 



a nd 



on the number line. 



|a I units to tne right if a is 
unfts to the ..left if ' a is negative, 
! s aero . 



From this polnaj inove | 
IS posf t l vo , |r- I un i "a: 
no iUiits 1 f [ Is tioro , 
^jr tar '' 1 1 rri I par: : t 1 arf ' . 



I i.:ni^s i:o the right il' b 
ao tne left if u is negative 

This determines another point 
on ^he numr^' ■ line . 



7-2 ^ • . ^ ^ 

(^0 Tiitj nnovdUinte oi' inc ^^rinal posiliof]" poLnt Is the 
sum ol' tne two numrerc , ' 

^In the third exampie l^ry(,^nnd ^Jh::,), the sum of (-7) and 
4 is obtained uy mov.!^':u:- | -V| ■ ^ninj \o"tno .1 ei'l zero and 
then moving | '^|. uniii: \o Uit; rl.fji}^ . Trie rim^l position ic: 
at (=3) ^ ^ . ^ . 

Cnock Your ;io:ia_L n,^ 

1. What is the starling point: viiwn v/o aci'i on me number eline? 

2. In which dirocLLon do viq move on i ho numror llne,.*t>t5''lndicate 
the- addition oi a poc:. tivc numicrT 

^, In whiuh tliroatioii do Wl- movo on tne numL^r line to^indicate 
the addition oi' a^nu^ativo nutnuen? 

. What is the ' oumbGr ot units moved when 'we add a numDer x .7 

5, What does the tlnal positlor: on the numLer line indicate? 

1. If a thermometer rogintered -lo^ F and the temperature rises 
10 degrees, what does the thermometer then register? 

2, A thermometer regl£;tered 10^ V at noon and dropped o ' 
degrees in three hours. V/hat was the tempenature at .t p.m.?' 

_ M _ _ . ^ - 

How wouid you r'opreseni a dror o:^ -'' " l y a numL.ert 

. Ii' a thermometer r^^r: interna -■:/' C ^ind then risen f'^^\ vdiat 
Is the ne\'} temperature'? 

ir a thermometer re/;:stero C and then dr^opo defri^ees, 

vdiat Lo the new" T;i^mpor*a turret 

6. Describe hov; you would itlnd these sumo on the number line, 

(a) f 2- 

(b) -t ^. (g) h a^. 10 
* (c) k (h) 6 -t (=7) 

(d) b + (-t) (1) 6 f (^o^ 



^{1) (-11) + lb 



(e) (-o) 4^ (^7) ■ (d) ^--7 



4~ 0 



Or'i I Kxo '^a. 1 son. - 



I rcL 1. urn 



1. Find LhK roi lov; 1 ry,; nn-iu . ijni- the ni;m[-e| line t.o ?:iid you if 



neaerj ca ; 



( - ) 



(r) (=vj -I 
(f:) 1-7) + 

( h ) n + 0 



I'i + ) . ( I ) :^ 4 (=10) 

Trunic or -.ihj i' j:, i -.v; 1 ; ■ ni;:nl;,rn nrj ''go Iris" and "losBes" .and 
Ufien rind tno :;uma , 

(-0 ) 0 . ( - ) 0 + 0 . ; 

^Jt) -i- V - (r) ((.7) + 1,) + 1 

(h) ((-)) + ^ + ^ 

ices are true? Use "gains" or 
"^o help you decide,' 

(g) (-1 ) + D 1 + (=6) 

(h) o + (=7) = 7 + (-8) 
(1) H^') + (-'») (-5) + 6 

i(3) + > (=5) + f? 

(k) + < (-5) + 6 

(1) + (-'•) = + 6 



(g1 


Q -H (^1: 


) 


(d) 


(-0) f . 




V/h 1 c n 


01' the 1 


"ollov;ing cent 


'■ l.OS 3( 


so" , or t 


. fi& nuniL-er 1 1 n 




( = ■:.) + 




(u) 
"(c) 


(-:) + 
(-:) + - 




I'd) 


i-n 4 




(e) 


(-1 ) -1 i: 


. ^ 1 + (=d) 


(1) 


(=1) + c 


. > i T (=d) 



o 

ERIC 
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^ Problem - Set 7-';'a 

* (continued ) " 

'^ , perform the following additions of real numters . (use the 
nu/fi'ber line, to hepLp you 11 you need to.) 

(aV (-5) + 2 + 7 (r) 7 + ■^ = ^' ) + i) 

(b) ' (=5) + (-2) + 6 (g) (7 + (^^^+ 

(c) 6 + (=2). + '1 (h) (f=7) + (-^/)) + 

(d) (=7) + ^ + ( = 5|) ^ (1) (-7) + /^-'O + i)_ 

(e) 4^7) + + ( = ^0' (J) (-7) i (-^ + 

5, V/hich or the f^ollov/ing sentenees are true? V/hlch are false? 

(a) (=5) + (=7) = =(h5| + |=7l) 

(b) (^ f) + (- |) - (1= || + 1= ll 

(c) (^G) + 2 = -(l=q = |a|) 

■ (d) - 7 ^ (171 - hM) 

(e) a + (=8) ^ (hB| = l£|) 

(?) (=:.) + (1=,| = 1,1) ; 

(g) (=7) 0 - (h7| + J) 

(h) 0 + (= I) = -(u r \- ||) 



6. 


If the domain of 


rho ■ 


^/ariauio 1: 


; tiie 


net Ox 


real 


numbnrD ^ 


find 




bllC 


truth Gutr; 'jl 


' the 




open 


Gcntoncc:: * 








(a) 


in + \' ^ 1 






b + 












(b) 




(1) 


a -i^ 




:=2.i.7 


) 






(c)' 


(-3) a 




(J) 


a -^ 


(-3) > 


1 








(d) 






(k) 


rn 4= 


(=2) > 


(=2) 








(0) 




0 


(1) 


(-3) 




(=.■) 








(!■) 


n (-1) - 




(:n) 


('-^) 


-1- :,i 


(-3) 


-V in -;- (--^ 






(e) 


b ^i- ' ^ -3 




(n) 


(=-") 


^■^ h ^ 


(=:-.) 


■r b -H 1 





Let us go back to the fii'th example In the Gales of ice 
cream ("Tue's . and Wed.) in which v/e add . - 

(-'0 + (-6) - -10. ^ 

By this ^'tirnv you Gertainly' know how to find the sum, which is -10, 

In thlc as in the other examples you have been able to find 
the * sum eitrior by thinking in terms of proi'it and loss or by 
using: points on th^ number line. 

We would now^lke to see how addition of real numbers can be 
de s c r i e d , o r djiFi nad ^ v/i thou t re fare nee t cj a nu mbe r line or s ome 
Dtner special device such as pro i" it and loss = Can we do this 
using only addition and suDtraction oi' numbers o f arithmetic and 
the Lakln^^ or opposites^ Can we, in other' words^ define addition 
of real numoers in i:erms of operations with which you are already 
L^amiliar? 

In i^o rmi ng ou r d e i' i n i 1 1 on we must keep two things in mind, 
^'irst, we must inalude all possiole situations. Second, our 
ieiMnltlori must-not ohange^ or contradict any ideas which we have 
ri 1 ready developed aDout the additlcm oi' numbers of arithmetic , 

V/ith this la^st notion in mind, we should Degln as follows: 

The sum of^ any tv;o nc/rr-negative real numbers is equal to the ' 
rum as defined for numbers or arithmetic , This means, of course, 
ihat additions sush^as 7 .5 = 12 and v ^ 0 - j) , etc.^ may be 
created ns oetor^e. ^ 

V/e 'must ::hen aonsider all cases involving one or more nega- 
:ive numbers, 'Let^s first look at the example (-^0 + (-6). 
/orklng witn ::he numDejgi' line we saw tnat 

'.i v/e considGr absolute values, wa v/ould get 

'ne r'Qsultlnf: num in :;ne oppos Lte 01^ the numuer line answer. This 
uggests a v/ay o ■ ' defLrjing the sum 01' tv/o negative num:jers , We 
oulQ say that the sum oi' two negative re^i numners is equal to 
opposite of tne sum ox^ absolute valufes , That is. 



Now j.^vt, J -mk fi-: motnor uypo . On uiie nurnt.er* 1 I.ne v;e 
found that 

Here the sun ^'nu ui.'^ainc.i Ly moving: un.ltJi v.o the let^L oi' o. 

Do you see lhal v/e v/ouLd also gel a reauli ai' 1 i" v.e Gu:;nrBGted 

the numuer - rroiH Unuu ^u^ain v/e cnn m:)ke u^c ui^ abGOlule 

values. Since | = j = and | ] - o., we could say thai: 

A Similar example J v/hich we also v/orkod on the numljer line 
gave us. 

i-f) ^ ( ^0 - ( - ) . ■ 

Hov/ever, J.n unia^ case IV v;e auatracl absolute values v/e obtain 



Oui' anawer la the oppua 1 te ot the numter line result, V^hat , then, 
is tne Laalc aittcaence LC' V/eeri tiila and Che previous example? 
In Loah Lnatancec v;e v;er*e tind^np tne sum ot a positive and a 
negative numter. Vaieae is une^'dl t^^'icalty? Look at the examples I 
In the rirst caae t/;e pncltlve number o has the larger absolute 
value. In thu aecond anae tne noicat l.va number (=7) has the 
larger aasoUjto vali;e . That in, ^ 

^ la > a M ' '-^ ta > 

>/e can^ the tv/o iaaaa oautiiar and come up v/ith the 

rolLovalnr: To ada tv;o rorti narnLera one ot^ vailah is positive and 
the otaier nap-^i^d.v^; v/e aaitr^^-jct 'he Graaller ai.aolute value iTom the 
lanaea. Ifov/everl ' i' -aic nefyil la/e numt er nas tdio larp:e!^" auaolute' 
value, v;e must ^ako ' ne o pj2oa U e ot the result. For the tv/o 
cahes v/e have i » 

6 - = |o| - 1 = ^^ ! 

f^V ) a - -( l-r I = 1 M ) . 
•It alao tollav/a i:au^t 

nnd [ ■ J -^- "Vr i - ' 1-7 I - I M - 



Thf? tv/o rcrna'nlfir ^ "o oonRl-ier are 

D =H ( - n ) " and 0 -i- 

From "he proi'i*: and loss example v;g recall that; 

— ; ) - 0, 

We also note chat 1^ j ^ j=-j| , This r^upicesto tnat the sum of- a 
positive and a negative num; or with equal atsclute values is 
equal to zero. It aan also le shown tnnc + 5 ^ 0. 

For tne laDt uypc, .:he pro;.Mi and loss example gave us 

0 + ( = ) - - '^ . 

On the OLner nand ^ the sum ot aDColute values gives us 

Once again v;- \aKe ':he opposite. That is. 

Here v/e see tnai: tne sum ecornes nne nru.p:!nal negative number 
itseir. Tnat is, 0 r - ^irniyarly ( - O 0 - -3 ^ 

V/e have aae ompl i shed zko important steps In the study of 
real njmsers , V/e nave learned how to add them. The examples 
have suggested to :.;s a in v;hleh addition may be defined in 

terms of the familiar operations on numcers of arithmetic. 

Tnis definition v;i;;i^ ij© loaf:, since it ^s necessary to in- 
clude all of thp^JirTS.ereni G:^ses. V;d shai' protably not us^ it 
very oit.en in ti r:d L np\o t 'r.;a.i s-s^ns. Yoi.r Gv;n inearj on how to do 



i-nis f-^jr 'j } j:\rj numi'tr 1 .! ne v= 1. l ... ul'icii lc more efi'lclent 

J^ie .:-^T ;",i ". : an . nowever, I J impOi't^t:!: . It must be used In 



proving aer|»:ain properties of/ real numbers, and v;lll help us 
dev^'ion utU 0 rs t a fid i n g ot taese numbers. V/e shall the^e 

tote s..-i:.t tne de tlrd.:.. . -aie torm ot a summary of the ideas 
we nave oi.tainal ^j'.ova, you real me iollov/ing, try to 

atsoc late easn [-^-v v:]':: ann :u' tne given examples r ^ ^ 

ADJlTlOt OF HE^.L fUMHKRS 

[b.) Tiie sum ot tv/o non = negat!ve real numbers is equal to uhe 
si-Hn at t::itlnet tor riumL ern of ar:! unmet le. 

(t) rr*<L. snm ot tv:o negative rea.l numbers is equal to the 
^ ■ or posi ' e 01^ me s .m at '..rie aLsciute values. That is. 
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if a and •iff: rifcgat.!'Vtj, iiitn^ 

ay ^ = =( |a 1+ h I ). 

The ^um cV tv/o i'(ri} rrsmiiern^, one o:' v;hich is pnnltive and 
.T.:he other :":G£^lt Ive Is equal ^" o 

(1) The di r'Terorice oi ab:-plu lo valuer IT idie poLiltl^ num- 
' DSr nas the larger alBolute value. > 

(2) The opposite of the dift'erencc of absolute values if 
the polTTrvo numLer rian the oinalier arsolate value. 

(^) %GrG, If thp aLSOlute valuea arc equal, 

That is, for -^ny uos i t Lve riMinrer m and negative 
nnmber 1 

ii' i a! > I e| , then a -\- I ^ | aj - jrj 

■1 |:^| |b| - Mien o i l = =(|d| ^ | a| ) 

if I a I - I d| , :^vjn a a u - 0 



For a::;; nerat:ive nana^or and pocltlve numuer 

if Ma| > |nh tnen a a b - = ( | a | ^ I r j ) 

\ 

if |a| r Ul , L^n a a u ^ |r| ^ | a| 



lek a a L =^ a ■ 

(a) The sum of fa-;o real aurnrerSj one oi' vmich is negative and 
^ th,^y otner zero i::; equrs to tre oppooJte 01' the sum oi^ a^bso 
'I J iu^e values. Tnat is, for any nogat.ive number ^ 

r -I 0 - - i h^l - ! 0| ) 
and 0 r)a - - f| ^1 M ^1 ) ■ 

(In sot a oases tne result Is oqirif to tne ori;tinal negative 
numtor^ . ) 

^'"\.^ 

^All aasoc aave i een ooverel. V;o ran now slate tv;o sjnn:fi = 
. cant results . / 

I 

(1) It i^ poos! Lie \o aai nny i:v:^ reaj/ numsof^s . 
[W ) Tr.e r'caoji'. Lap s rn a ivri.'/s rphl nu:ia'er. 



* Chuak Your Reading 

1 . How is the sum of two non-negative real numters del'ined? 



is tm% 



How is tha^um of two negative numLers defined? 

j) , What detarmines v/nether the sum of a positive and negative 
numtjer is positive or negative? 

. V/hat operations and numbers are used t^o define the addition 
of r»eal numuers? 



Froblem Set 



Uoe the definition of addition to add the i'ollowing as in the 

example . ^ ^ ^ 

Examples (^5) + M = 1^:^ | ) 

- -Id = 5) 

^2. (^7) + i-y . 7, {-y + (-7) 

3^ (-7) + 0 ) : . 0 + (-7) 

^. 3 + .(-7).' 9. (=3) + 3 
5. 7 + (-7) 



ijse de^^inition of addition dec:ide v/hich of the I'ollowing 

s¥ntenae?. are true and v/hich are faiso. 

10. (-a) + o = = = 15. (-^) i i = =(|4| - ih) 

11. o + Mh^il - |6|) 16. I ^M^I) . j|| = 1^]). 
1?. ^ 1=^1 ^M-M ) 17. (^u) -f- u - 0 

Ip. (-10) V 0 -^=(1-10! t 0) 10. 0 (^r:) = \y\ = |0| 

1^. It ) - (rnl^ - hltM 19. = - ( h^l + ^l-V 



7' = : . j\dd^r_I_Qr^ Prc^porty ,-:erQ ; Additio n froperty of Opposlte^S 
In part \:\) ot rne dvL'Inltion, ':ne ctai^emen^t in paren- 

i 

thenen L ! us tin' n!ie ^'.;m of any n^;g?f" 1. ve reaj number and zero 

.is equal t. 'dio nera'lve n imLer v/e si.nr'ted ic: "n . The same thing 

io ' v\\Q ['or nil numEer:: of riLnmei:ic . ComijinLng these ideas 



wev.can state the fol lowing proper:ty 



For any r eaj num uer a, 



3 + 0 = a . 



A ^on^enJent name for this property is The' Addition Froperry of 



The definition ol' addl tlon ' al so tells us that the sum or a 
positive and negative numLer Is'ze^o it the auaolute values are 
equal. We already knov; that every'^eal number and Its opposite 
nave equal absolute values and that oV these two numb^^ra one is 
posLtive and the other negative. Thus another property I'ollows . 

For any real ' numuet" a^ a -\ (-a) - 0. 

ll\i:j property is often called The Addition Prope ri:y . - of Qpposites 

Check Your Reading • ^ 

1 . W>"i n t is : h e sum o i ' a n y v e a 1 n u m b e r and z e r o 'r 
2,. V/hat is the sum ot any real numE'er ind ilg opposiLe"' 
'] . State tne addition properLy oV zero i^or real" numuerG . ' 
t. Suate tne [iddition property oi' opposites tor real numt.ers. 

Oral Plxerc Ises 7 - \ 
V/nich of the VolS^inf^. are ^^r^ia sentence^v V/nich are raise? 



■ - M - C - 9 ' (^(^^^^ ^ " 

^^^^ 

^'^) -I 0 -'.^ ' 11 . ■ (-( =1-, )) -I Lo - 0 



1 

0 " ■ .1 ■ ^ n 0 ) ^ 



0 



0 I - . ^ (if -} 



fi - 



Far vrri' valine (cr viLiios) ot tne '/ar'^n: 1 



^ ' Problem Sat 7-3 

. (Gontlnued) 

3. r\ (-^) « 7. a + d - 0 

4. 8 + 0 = (<8) 8, a + (=3) > 0 
|f5»" 9 +v/- 0 9. 3 + b < 0 

' 6. ' (-^55) + 0 = c 10. a +^(-3) > 3 

11 . 2 + b < (-2) 



7-4. Properties of Addition . 

Our definition of ^addition wae an outgrowth of the results 
which, were obtained on the number line and the proflt-loiS 
example. At the same time we wanted the definition to be euoh 
' that the properties whleh applied to numbers of arlthmetla would 
also hold for all real numbers InGludlng the negatives. We have 
just seen that the addlt^n property of zero does hold. We have 
also come up with a new property, the addition property of 
opposltes . ^ • 

^ It now Remains to determine whether or not the GOmmutatlve 
and associative properties are also retained. Let's first look at 
the former. We already know that for any two numbers of arlth-^ 
metic the sum 

a + b ^ b + a . 

Is this true for all real numbers? Slnoe parts of our 
definition of addition involve subtraction^ we might not be sure. 
Suppose we examine one case . Let a be positive and b be 
negatlvle .and assume that ja !> jb ! . By definition we know that 

^ .What about b + a? The definition tells us to take the 
difference of absolute values . The difference of two numbers of 
arithmetic is obtained oy subtracting the smaller number from the 
larger. Thus v/e see that 

b + a ^ 1^1" 1^1 also . 

If we considered all the Qther oases which involve negative ' 
numbers, we could show in a siml>ar way that the commutative 



2^3 



7^k 



of addition holds for eaeh of these . Henae we oan Bay 



property 
that 

For any r^#l numbers , a and b, a + b = b + a. • 

Through %he use of the definition -and arguments like those 
above, v/e can also show that addition of real numbers is asoo- 
clatlve, Thia means that 

For any real numbers , a, b, and 0 

(a + b) + 0 - a + (b + 0') . 

»^;e shall not attempt to demonstrate this property for any of the 
cases Involving negative numDers . However, the following example^ 
should holp ^rlng out the -point . / . 

ir a - -d, b ^ 6, and c ^ -7, (a + b) + o is ; 
(^2) + (-7). TnlB is equal to -9- But a + (b + c) Is^ 
(^y) + (-1). This Is also equal to -9. 

.» Oral Exercises 

1. Add a negative number to a pooitive number; now add the same^ 
positive number- to the negative number. .Did you get the 
same sum? 

2, What property of addition was shown in Question 1? 

i.^ (a) Add (-5) and (-H)i then add 5 to the result, 
(b) Add (-4) and 5; then add that ^number -to (-3). 
(q) Did you get the same sum Ir^ (a) and (b)? 
(d) Vmat property or addition is illustrated here? 
state the commutative property of addition for real numbers. 

5. State^ the aosoaiative property oX' addition for real numbers* 

6. Tell what property or properties of addition are illustrated 
by each of the following^ 

(a) (-5) + (-7) - (-7) -f (-5) 

. (b) (4 + i^Z^ +■ 2 . u + ((^3) + 2) 

(g) (^J) + ^^2) -f (-5)) - ({-:) + (-?^ + (-5) 

(d) ^^'0 + (-p)) + 2 - 2 + (i-^) (-sf) 



Oral Exerci€el 7-^ 
(continued) 

(e) (.It) + 1 + (=7) = (U) + (-7) +1 

(f ) (m + n) + q = m +' (n ■+ q) 

(g) a.^'-<"t^H- c)^(b + c) + a * 

(h) (x + y ) + z = (y + 2 ) + X ' ^ 

(i) X + (a + b) (a + x) + b. 

(a -f b) + (x + y) t (a + y) + (b + x) 

Problem Set 7-4 

Find each of the following sums . Watch for easy groupings 
numbers that make use of the properties of addition. 

(a) ('}) + 7 + 5 + 3 + (-5) ' , * 

(b) lU + 6 + (-7) + ^ + i 

(c) 5 + (=8) + 6 + (=5) +2 V 

(d) (-9) + 5 + 6 + (-5) 

« 

(e) 11 + (-17) + 9 + (-3) + ^ 

(f ) c + a + (-0 ) ■+ 5 

(g) r + 4 + 4-r) + (-4) 

(h) r + 6 + (-r) + (-3) 

Which of the following aentenoea are true? Which are false 

(a) (-5) + (=2) = (=2) + (-5) 

(b) 0 + (=2^ + (-6) = 7 +■ ((=2) + (-eT) 

(c) (-6) + 3 - 3 + (-6) 

(d) (=8) + 2 - (-2) + 3 

(e) (-b) + Q + ( = u|) = b + 6 + i^ii) 

(f) (-9) + (3=3) + e) - ((-9) + (-3^+ ( = 6) 
(s)' (7 + 5) + it = U + (7 + 5) 

(h) (I'i + 5) + (-2) = lU + ^ + (-5)) 



-= /' • ^ — ■ ■ ^ . ' . ' ^ , . 

In each of the following find the real niunber (or nunibersi 
whleh roakis the open aentence trmi. 

(a) (-6) + (^3) - (^3) + r [; ^ ^ - , _ 

(b) (-5) + y - 7 + (-5) 

(e) 15 + ((-9) + s) - (15 + x) + 2^ . . : 

(d) ((-2) + 5) + c - (-2) + (5 + (-3)) 

(e) 1^ 4- X = 2^ + l4| 

(f ) (1« + 8) + (-4) - 14 + ((-4) + b) ^ 

(g) a + (-16) m (.12) + 10 + (-4) 

(h) (5 + ("5)) + m - 5 + ((-5) + m) 

(i) (3.2 + (-n)) + 2,8 - 3,2 + (2,8 + (^n)) 
(J) 1-51 + a - h4j + h5| 

(k) b + (-9) - |^6| + h3| ^ 



7-5- Addition Property of Equality , 

"3 + 4" is the rmme of a number. If 8 is added to the 
nuinber, we get a number which can be nanied '*(3 -t 4) + 8", 

"9 - 2"^ is the name of a number. If 8 is added to the 
number j we get a number which can be named "(9 2) + 8", 

Did you notice something strange about the pair of state- 
ments above? They were really saying the same thing. In both 
oases, we had the, number 7^ and we added 8. Of course^ the 
result in both cases was 15* It is true that we ul^d different 
names for the number 7 and the number 15* However, we were 
talking about the same numbers . 

We can write: 

(3 + 4) = (9 - 2) 
so ^ (3 + 4) + 8 - (9 - a) + 8. 

This la an example of a property of equality. 



<f5 



V \* Here arft iohii other ■eximpies . ' 

'■ ' > _ " ' '_ * , . - ' >^ 

.' :\ '(-7) + 2 = -5 ■ 

' ' ((-7) + 2)+ (-2) - (-5) + (-2) 
*' e 2. ' 



(-3) + (-2) = (-8) +3 
. ((-3) t (-2)) +2 = ({-8) + 3) + 2 . . 

Sometirrt^ people talk'' about "adding the ijune nmnbtr to both 
pld#s"« the two examplei above, we could eay we ■'qdded 
to both sidts" in the firgt one^ and "added 2 to both sidee" in 
the sesond one, ^ 

"skdes'' ia a Icind of slang word in mathematies , In the 
ientenci "(-7) + 2 ^ -5"^ we might speak of "(-7) + 2" as being 
on the^eft side of the verb ''-"^ and "-5'' as being on 'the right 
elde of the verb "^". . 

Here is another example* / 

(3x2)+ i-k) ^2* 

This true sentence says that we have two different names for the 
iarne nuniber. If 4 Is added to the number j the sentence then 
reads % 



({3 X 2) + (-^)) + 4^2+4, 



This is also a true sentence. You can see that the "left side" 
and the "right side" of the sentence both show that h has been 
added to the number we started with. 

All of these examples show a property of equality called the 

addition property of equality ^ 

which can be written? 

For any real numbers a^^ b_, u o_, if a ^ b^ 

then a + c = b + c , 

Of course, it could also be 'stated: 

For any real numbers, a, b^ and ^ ' If a = bj 

then c + a ^ c + b. 



^7 



7-5 



9 T ' . * . * 

1, What happens when we add the samef number to each side of, the 
true sentence "9 + (-4) ^ 3 + fi"? * . 

2. What happens when we add a poBltlve number to the rf^t side 
only hf the sentence in question*!? ' 

3,.* What happens when we add a negative number to the left side 
□nly of the sentence in question |? — 

4, ^ich of the following Is a stat^ement of the addition property 
of eqi;ialit^ ' V 

^ (a) For ail real numbers a^ and 'c, " 

if a ^ b^ 
then 0 + a - G + 

i 

(b) For all real numbers^^ a^ bj and 
. - if a ^ b^ . 

then (a + b) + G ^ a + (b + c) , 

(c) For all real numbers a, and ' 

if a - b, 
then a + c ^ b + c . 

5, For what values of the variables are the following sentences 
true? 

(a) 3+x=x+3 

(b) (-3) + 4 + (-5) + X - i-n) + X 

(c) X + (-8) + (-7) + (=6) . (=l^i) + (=7) + X 

6, In each of the following what real nmnber must 4Je added to 
the given number so that the result is x? 

(a) X + 5 ■ (f) (-7) + X 

(b) X + (-6) - (g) (-3) + ii + X 
(o) X + (-11) ■ (h) X + 3 + (-8) 

(d) X + 8 (1) (-5) + X + (-^7) 
- (e) 9 + X (j) 12 + X +'(-24) 



5 



Oral Exercises 7-5 * 
(cor^tlnued) 

In each of the following s-entences assuine that both "sides" 
are names, or the same number. Now tell what number could 
fie added to botfe=sides so that the ^ new sentence will have 
the variabl^r^lone on one side, ^ # 

acamplei x + 4 ^ 5 + (-2) 

We would say "Add (-^) to both sldes'S because thl£ 
would give us 

3c + 4 + (a) - 5 + (-2) + (-4) - 

X + 0^5+ (-2) + (-4) ; 

^ or X ^ 5 + (-2) + ("4), 

r _ , 

Here' x Is alone on the left side. 



(a) 


X + 3 = 10 


(s) 


' l6 = 16 + a 


(b) 


(-4) + X = 11 


(h) 


28 + a + (-12) = -7 


(c) 


X + (-16) =" 16 


(1) 


(-6) + (-,5) = X + 5 


(d) 


X + (-8) = -8 ' 


(J) 


(-14) + X 14 + (-6) 


(e) 


(-5) + m + (-4) " 12 


M 


+ y + (=3) = -IS 


(f) 


-18 = b + (-3) 


il) 


y +^ (-5) + 5 = -8 



Problem Set 7^5 



Which of these sentences are true? Which are false? 

(a) ((-7) + 2) + (-2) . (-5) + (-S) 

^ (b) ((-14) + (-3)) + 3 - ((-20) + 3) + 3* 

(c) ((-6) + 9) + (-9)^ (-6) + (-9) 

(d) (2 + (-10)) + 6 = (-8) h 6 

(e) ((-a) + 5) +(5 -i- (-10)) = (-3) + (-5) 

(r) ((-15) + 23) + (-23) ^ (8 + (-16)) + (-23) 

(S) ((=2i) . 7f)) . 2^ = 4. 2§ 

(h) (3.6 + ^^2\) +,(=3.6) = 7.8 + (-3.6) 



1 '--i 



Problem Set 7-=^' ^ : 

' a i * ■ 

(Qontlnued ) » 

In each of the followlrig sentences assume that both sides 
are hames for the same number. Determine what number^ we 
eould add to both sides so that when the sums are simplified 
one side consists of only the variable* 

t a. 

a t ^ 

(a) X + 4 = 10 *^ 

- (b)- ',(-65 + X + ii = IS, /• ' i . 

(c) 5 + y = 12 + (-2) ' • * 

(d) k + a + (-7) - a + (=2) . . 

(e) a + (-2) + (-7) = i-'B) + (-M " , . 
: (1') 6 + b = (-11) + (-5) 

(g) ' n + X + (-6) - (-8) +.8 

(h) (-iO) + (-10) + y = ( = i+0) 
(1) -(3(i< + a)) + m = 0. 

(,J) I + (=3) = y 

vmat real number will make each open , sentence true? 

(a) ((-5) + (=2)) + '1 - (-7) + X 

(b') (l^i + (-'3)) + 3 = y + 3 

(0) ((-7) + + i-'n - nr + (->') 

(d) ^i' + (-11)) + 11 = n + 11 

(e) of + 4) + (-4) = a, +'2^ 

(f) (l.5 + (-.5)) + 1 = 1' + 1 

(g) + (-6)) + 8=3 + 8 

(h) 7.2 + ( = b.2) + ( = 5.2) = in + 5.2 

(1) - (-5) +' y + :5 - y 

(J) 7 + ( = 1' ) + X - (-^)=+ 12^3 



7-6* Truth Setfl of (^en atnttneeB . 

^. , Imrlier wt^ worked with apen sentenof^iind found truth* nura- 
"fews, iti nearly all aaaes we found "tfiEfslp Ambers by "guessing" 
certain values and then teftlng to see If these were Gorreet . 

Tou may have wondered how you oould find the truth set of 
an op^n sentenca without guesiln^. A method of doing this would 
. be quite helpful In the ease of more oompllQated\#ntenees for 
whiah the gueBsi.ng prooeea might be very diffieuli * Suoh a meth^^ 
will also have, other ^dvantages^ as we shall sQon see. ^ 

Suppose, fpr example, you were asked to find' the truth seV ' 
for the sihtence , - ^) 

: 3 ' ^ ^ 

K*om now on j unless otharwise specified, we will assun^in sorvlng' 
sentences that the domtin of t\ie variable is the set of all real 
numbers tor which the sentence has meaning. It may be that you 
aan guess a number which will make this sentence true. But this 
may not be easy. What if there is no truth number? What if the 
sentence has more than one truth number? 

We can use -some of _ the properties we have studied to take 
care of .all of these questions* We shall also obtain a useful 
method for finding truth sets in general. 

Let's begin by supposing that there ±q_ a truth number x 
which m^ea the sentence true , Then for this number x we would 
know that the left side "x + and the right side "-2" are 
equal. This allows us to use the addition property of equality 
and add a real number to both sides. In other words, if the 
sentence 

3 ' - 

X + 1= -2 . 

is true for a certain number x, then 

X + I + (-f) - =2 + (-|) 

is also true for the same x. The number we chose to add to both 
sides was which is the opposite of i. Do you see the 

reason Tor this Ghoice? 



251 ^Ij^ 



BeGSUSa of the additl©n property of oppdsltes and the addi- 
tion property of zero our seiittnce may new be written 



X + 0 ^ -2 + . ' 

Adding We get , = - , 

. ^ * ' X -^2 4^ (^|) 

and V 

5 

where the last form was ob trained py addlna the real numbers on the 
right. From this we see that if a eertainSiumber x is a truth 
number for the original sentence, then it is also a truth number 
for* the sentence . * ^ 

This tells us that we don^t have to guess. If the original sen- 
tence' has a truth number, then this truth number must be - 

i - 1'^ 5 

We still have to find out whether ^or not is a truth number. 

We can do this by substituting (-^) in the original sentenGe . 
When we do this, 

X + ^ ^ -2 becomes + # ^ ^2 . 

Adding real numbers on the left "We get 

1^ 

Which is a true sentence . Thus we know that is a truth num^ 

ber. From what has gone before we also know that it is the only 
possible truth number. This means that we have found the complete 
truth set. It is 

As a. second example, find the truth set of 

X + - ^2 , 

Though it is fairly easy to guess a truth number for this 
i one , we shall use the addition property once more to illustrate 
the method . You can then see whether or not your guess was 
correct. See if you can understand all of the following stepsl 



0'' 

^ J u 




Assunt thei*€ is a vam^m of * x which makes this sentence 




true. TOien for this partloular x the sentences 

■ . " / 



(opposites ag^n) 



and ^ X - -6 ^ 

are aH true* TOius -6 is the only possible truth nuinbar, If 
thfre is one* Again we substituej and 

X + 4 = -2 . becomes -h 4 = 

which is a true eentence , Do you see, then, that [-6) Is the 
complete truth set? Is this the number you guessed to begin with? 

Example 3 . Find the truth set of 4 + (-2 ) ^ x + (-5 ) * 
If 

. 4 + (^2) ^ X + (-5) 

Is true for some x j 

then 

^ + (-2^ + 5 - ^x + (-5^ + 5 

is true for the same x. 

^ + (-2^ + 5 - X + ^-5) + S) 
(J H- (-2^ + 5 - X + 0 

^ + (=2^ 4- 5 ^ X 

(2) + 5 ^ X 

Then 7 ^ x is true for the same x. 

Is 7 a truth number of '*4 + (-2) ^ x + (-5)"? 
If X is 7, the right side of the sentence Is the 
numeral ''7 + (^5)"^ whose common name Is '^2" . 

The left ^ide of the sentence la the numeral 
" li + (-2)", whose common name Is "2", 

Therefore, the complete truth set of + (-2) ^ 




J In ^he^ abovt examplt the original sentenee 
' 4 + (^2) . X (^5) 
oould have been written as 

2 ^ X + (^5) 

^ to begin with . If more than one number appears on any one side 
of the sentence, suoh numbers may be epmbined before the addition 
property is used. ^Is may simplify the steps involved, 

Chegk Tour Reading 

1. Wiat property guarantees that if "k + ^ -2" is true for 
a certain number, then ^"x + I' + (-j) * (=2) + (-^V' ^1§ 
true for the same number? 

2. Why was ("j) ohosen to add to both sides of the sentence 

3. How can we be sure, than Is a truth number for 

X + g ^ . ^ 

Oral Exercises 7-6 

Wiat number should be added to both sides of the sentenoes below 
In order to obtain a simpler sentence? 

1. X + I - 3 6. 2x + (=1,5) - .5 

2^rn + |- | 7. y + ^-3) + (-s|) - 8 

3. 2y + (-9) - (=5) 8. 4m + 3 - IS 

(-3) - y+ 3 ^ 9. 17^ + (-2) ^ 32 

5. 3^ + 6 ^ 9 10, 35 - ilk + 2 

Problem Set 7-6 

1. Find the truth number of each of the following open sentences. 
If you cannot guess the truth number^ use the addition 
property of opposites to write a simpler Bentence , 

(a) X + 5 - -3 

(b) n + j ^ 5 

25^ 



Problem S#t 7-6 
- (continued) 

(a)' 4 + t ^ -7 

(d) (-5) + (-7) = m + 3 

(e) y + 8 » 5 + 5 , . 

(f) ^>n + (_ ^) = IS, I 

(e) ( .32) + (-.77) = 1.05 + w 
(h) (-5) + 3x + (-8) = 15 + (-?0) + (1) 
Find the truth number of each of the following open sentences . 

(a) (^5) + a - (-5) + J+ ' 

(b) a + (=3) = 6 + ((=2) + (=1^ 
(o) b + (-6) = ^=3) + a) + (=6) 

(d) 5 + (-4) - m + (-4) 

(e) (=7)'+ (-5) = ^-4) + (-5^ + n 
* (f) si + (=li) - si + b ' 

(g) (-2.6) + c = (-1.6) + (-1.0) + 3.1 

(h) 3.5'+ 0 = 5.0 + (-1 .5) + c 

Find the truth number for each of the following open sentences 

(a) 2x + (-5) = -3 

(b) 11 + 3y m 26 
(c ) 13m + 5 = 31 

(a) ..i = f 

(e ) 5x + (-11.) - iH 

(f) 2'4 = 3 + 7k ' 

(g) 2z + 3 « 3 ' 

(h) X + (- i) = i 



'4 
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7-7* Additive Inverge . 

Can you complete eaeh of the following h6 as to have a true 
ientpnae? ^ ' ■> ^ ^ 

I V . ' ■ 4 + (=4) = • ■ 

\ • (-8) + 8 - 

^ X + ( -X ) ^ 

^ Gan' you answer tri^ foKowttg questions? ' 
^ What number added to* -7 gives a sufflri of zero? 

JWhat number makes 'the open sentence # "x + 9 ^ O" true? 

These questions were probably not very hs^d. We have already 
learned that the sum of m number and its opposite Is zero . 

In mathematics, there i^ another important n^me. we can Start 
using v^en talking about statements like J'^ +'.( = 4) - 0", 

is called an additive . Inverse of 4j since + ^ 0, 

k is called an additive inverse of ^jSUnoe (=4) + *f * 0* 

^ -7 is called an additive inverse of ft since 7 + (^7) = 0, 

7 ^is an additive inverse of -7* Why? 

Give aiT addit^^e inverse of 25- ' 

If we have two real numbers x and y whose sum is zero, 
like this: - 

X + y ^ 0 

then y lis the additive inverse of x ^ - ' 

and X- /f^ the addltl^^nverse of y. 



Oral Exercises J-Ja 

1, What number added to (-5) gives the sum zero? - 

2 . UTiat number added to b gives the sum zero? 

;5 . V/hat Is the odSltlve inverse of (-7)? 

. V/hat in the additive inverse of 10? 

5. In, the sentence k + ^ - 0 

( a ) C h o o g e a n a d d 1 1 1 v e 1 n v e r ■ r? e that will help you find the 
truth set , 



7-7 



Oral Exercises 7=7a 
{Qontinued ) 

( L ) Emp 1 oy the add 1 1 i o n p rope r t y dV equality a nd the 

additive Inverse i.o t'lnd tne truth set of this sentence 

(c ) What is the tra^tn set of the gentence? 

t 

6. IV the -'sum 'oT -tv/o numbers is zero, what can we say about the 
numbers? ^\ 

7 . Give the additive inverse oi' eaan of the iollowing^ ^ ■ 



9 



(a) 

(c) 2^^ 

(d) -1 



is . 

in ; 



5k' 



(k) (=G) + 'rm 

(1 ) i^h) + 2y + 5 

( m ) a + L 

i n ) ')rn 4- n 

( o ) -^y - K + 2 



'orlem Set f-fa 



i . 



Find 
addl t 



(e 



K L n 

( 

(c 
( i 



the ii'uth sc-u or eacn oi' ttie i'ollowlng open sentences by 
ion O:" an additive inverse, 

0 - X 4- ^ 



V -I -: )■ - i 1 4 V 

(-7) 4 (^: ) + X - (=b) + n + 

/ X 4 ( ) - i - 0 i (-9) 

-f- ' r ( - 0 -- ( -V ) ^ {-:' ) -i- X 

no t i''.; ■:n > o each oV Lhe tol ft^v/lnr -^pen sent 



..Tl 4- 



- 10 

4- -1^-' 



7-7 



Problem Set l^M. 
(continued ) 

(f ) 6 4- 3y + (^7) - 2 
(s) 9 + (-7) - 7m + (^12) 
Find the truth set of each of the following .open sentences, 
(a) nk' + 3 - 11 
(b ) 6 4- 7m - 
(o ) 2e + (-11 ) ^ =10 

(d) ^ ^ 5n (4) 

(e) |x + (^3) - -2 

(f) 26 - By 4- 2 ,y 

(g) 1>E + (^^) - 11 

(h ) X + (^6 ) - -12 

' ^. .Find the trutti aet of each of the follov/lng open sentences, 

(a) 3k + 6 - 6 

(b) 2m + (-4) - 0 

if 

(g ) ^8 4- 5k - 10 + (-2) 

(d) 7x 4- (-3) - =2 ' 

(e) ^ Hz + (^5) 

(f) 10 + (=8) - 3 + X 

(S) 3x + (^1) ^ Ph + (^U) 

(h ) 1 \y + 6 - 19 

5, Translate these Kentencee into algebra, 

(a) A dumber added ^to its additive inverse has the sum zero 

(b ) The sum of a number and the additive inverse of 5 is 
Id. 

(c) Three times a number, increased by the additive inverse 
of" = is the additive inverse of the number. 



2^6 
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Problem act T-^Ta 
( continued ) 

(d) The sum of a number and negative J multiplied by the 
sum qV the same number and 3 is equal to 9 lesB 
than the ^squ^gpe of the numoer . 

(a) Five less tnw a certain number is the same as the sum 
ot the number and the additive inverse oi' 5. 

(f) Is tne sentence In (a) true for every number? 
Is the sentence In (e) true for every number? 

Write an open sentence for each of the following problems. 

John had four times as many pennies as nickels and twice as 
many d I rn e s as - ^ ' a k e 1 s , Then wh e n h 1 s u n cl e gave him 7 
cents he had ital of --i^^ cents. How many of each coin 
did he firjally .\ave? 

7 . The largest angle of a t r i a n g 1 e is 2 0^"^ more t h an twice the 
smallest.' The third angle is 70°, The sum of the angles of 
a triangle is ido''^ , How large is each angle? 

8* A rectangle is □ Imes as long as it is wide^^f Its perimeter.^ 
is 112 inches . What are its dimensions? 



When you were ansv/ering questions about additive inverses > 
you might possibly have wondered if a number could have more than 
one additive inverse. For' example, it is easy to see that =4 
is an additive inverse ,-_But suppose someuody claimtd there 

was another number, difierent from that is also an additive 

inverse of ' : 

Gould you pr'ov^e ^.o thlft person that he 1 n wrong? Gould you 
prove to him than Is :.ne only additive inverse of ^? 

You cQu.dj of aourse, ask'^ thi^ other person to name this 
other additive inverse of Prowever, you don't really need to. 

We can let ^' z" ne that, "other additive inverse oV U" that he 
claims to have. 

It it is true rhut z 1 a Rn additive inverse oV {^^hen 

=t- z - 0 ! Tbi sentence muA be i;rue if z 

: Hu addUM ve Inverse of , 
« 
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(.14) + + Z) = + 0 



Here we ar^e using the Addition 
Property of Equality, If you are 
wondering why we added to each 
^ side, see if you can discover why 

t from the next step. 

+ z (-0 + 0 Here we have used the Assooiatlve 
Pt-^operty of Addition; 

0 -f z ^ (-^0 + 0 .Here we have used the Addition 

Property of Opposltes . Do you see 
now why we adAed -^h back in the 
second^step? vlt was the only way 
way we could get that "0" on the 
left si<le . 

z - Addition Property of Zero. 

You may have that "So v/hat?" feeling; out look at. the last 
line, ^ ^ It shov/s that the ''other" additive inverse of 

.l^jrned out to he not a different one at all. It is once again 
. l:o, no mat'.er what anybody claims , we have proved that 4 
has one and onl;/ o/ie Vid-ii tive inverse, namely, --^K We know, in 
o t ne r v/o r'd p. , t h a tyJ ^r ^ II ^ ^ c omp 1 e t e t ru t h s e t of the a e n t e nc e 

Could v/e go LrJ^bugh the same kind of argument to show that 
b h a s only o n e a/'aii t i v e ■ L n v e r s e , t r la t 20 has only b ne additive 
inverse, and Si<on"\ V-c jiJOuidj r-ut we don't have to do it for 
0 r '1 e n u m e r ■ a l 1 1 m e \ In s t e a d v/ e can t a Ik a b o u t an^ real n u m b e r 

V^e know^.that \i\ x "1^^^^_r'eal number, thert is an 

additive inverse of >-r^ji^une 



it. 



li' there is Gome oi;her addluive 1.nver&^ of x, we can call 
"z" and write: 



■X i 4- X -1- 




VJe jef; ":-he " oi^hur" n;l:]!:.!vt- invorse In still Lne snme . 

I L' you are puz^xled 'ilouu some ot' the :.:tc'pn a:.ovej compare 
this with Lhe pr^oot^ init - hu:\ nuAy one riddltlve inverse. The 
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reasons are written out there, and the reasons here are the same. 
In the final line^ you see 

2 ^ "X. 

This shows t^'at if z is an additive inverse of x, then z is\ 

the same as, or is equal to, =x . In other words, there is no ^ 

----- - - -9 , 

other additive inverse of x, except =-x , 
We can state it this -way: 

Any real number x nas one and , cml^ one additive • ' 
inverse. This additive inverse is ^x , 

We have proved this statenient to be true . We proved it to be true 
by using properties that are true for all real numbers, "When^ a 
atatement is proved in this v;ay, it is often called a theorem. . 

By means of this theorem we can discover another important 
property. Suppore we consider a sum of any two real numbers. 
.- Call this 

a + u 

i 

Since this sum is a real number, it has an additive invr . ^e 
can write it as =(a + b), and we know that 

(a+D)+^(a + b)]=0, 
Now consider the expression 

By rearranging tne numuors, v/hleh we can do because of ansoclative 
and commNtative properties, we see that this expression -3 also 
equ^il uo zero. This tells \:s '.hat since 

(a> b) + ^^a) -f (-b^ - 0 
then th(: OKprosslDn f-n) -f ^-t) must also be an additive inverse 
of 

Bui our t:heoro;n Lclis us nhere Is only one of these. '^us we 
conolude that: 

- { a I. ) (-a.) + i-u) . 
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There is an interesting way to state this property. We can 
say that 

the opposite of a sum of two real numbers 
ie equal to the sum of the opposites . 

m 

Check Your Reading 

1. What property justifies the conclusion that is an 
additive inverse of x, where x is any real number? 

2. What li^ proved when we show that some other additive inverse 
z is also -X? j 

3. What theorem is established by the two previous statements? , 

4. Showing that (a + b) 4- ^-a) + (-t^ equals zero establishes 
what fact about ^-^a) + (-b^ ? 

' ' Problem Set* 7-^7b 

as a true sentence? 



1. What property establishes "0 + (-^^^ + ^(3 + (-^^^ 



2, Use the properties of real numbers to show that 

-f (^4)) + + ^ equals zero, 

3. Since exerotsee 1 and 2 establish both ^(S + (-^^} ^^^^ 
^=3) + as additive inverses of {t> + what further 
eonclusii can be drawn? 

4, What property establishes that "(-5) ^- 5 = O" is a true 
sentenoe? 

5, What property establishes that "(=5) + ^("5^ 0" is a 
true sentence? 

6. The sentences of exercises , 5 * and what theorem establish 
that 6 - -(-5)? 

7. Use -(a + b) ^ (-a) ^ (=b) to write another expression f or ^ 
the following: 

(a) -(a + 3) (d) -(^ix + 2y) (g) - ^=a) + ( -b ^ 

(b) =(x 4- y) (e) ^^^^\ ^ (^) =(5x + 5) 
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S_umm_ary » 

In this chapter, we hSiVe discussed addition of real numbers. 
IL' a and t are .any two real nurnl&rs, their sum may be written 

a + t , 

However, it is important to. rememDcr tliat (a + b) is Itseli' a 
real number . 

V/e also dlscusGed the I'ollowing properties: 



\ 



Commutative Property ot' Addition 

For any two real numbers a and b, a + b = b + a* 
Associative Property o 1 Addition 

For any real numbers a, o, and a, (a + b ) + c - a + ( b + c ) 
Addition Property ot Opposites 

For every real number a, a + (-a) ^ 

Addition Property of Zero | 
For every real number a, a -f 0 =^ a . 

Addition Property of Equality 

For any real numcers a, u, and if a ^ b 

Lhcn a + c - b 4- c . 

\^ It is important ::o rememLer that: uhe addition property of 
equality can re used ! r: rtndinf^ the truUh ::ets of certain open 
sentences , 

X> = — ^ ^^-^^ 
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iievLew PTOb_lem Se^ 
Perform the roiiov/lnc acidit LoriD on the number line, 

(a) U + (.3) (d) 0 + 

(b) 2 + (=u) (o) l.ii + 2.(3 
(-;) 7 + ^ (r) 6 + 0 

In each dl' th_a L'oilowirif' doGcriLf: ti,'' niir.i by using the 

dGflnitlon or addition. Check your ancv/ert; by ualng any 
convenient method, ( 

(a) 3 (-i)) ■ ] (c) (= 1) I 

(b) (^5) + (-11) (n) (-^3o) + (-65) ^ 
(:0 0 r ( = (i) 12 + r 

(d) + (- ^/2) (J) (-u) + 10 

(c) 18 + (=ii) (k) 1 - (= |) 

(f) (=Tr) -r 77 (1) 200 (-201) 
I'M.nd a a jixnnn nario V jv cacii ol the i'ollov/lnf; . 

(a) 3 r (ij = k) (ii) (-, X O) + 6 

iu) H = (■■. ■ I) (1) 0 K (0 - 6) 

(o) (k ^ 1) -i^ L (J) J I (-o) + ( = 10) 

(u) (.^ >: 2) -i- , (k) o (=1) -:- (=l) , 

{■:) ' (^ o) (L) (-7) I (=k) -I, 10 

(-■) -(3 k :.) (:;0 . - (=u) -h (=8) 



(k) (^- = 3) >. o in) hk| + P I - (-1=51) 

■ ( 0 I I |8i -i- + (-0 

kk_cn j;' ',ne :')kLovkn,: ',^00 cu; ; eno i;; rk;' V/hich are I'alae? 
(a ) ( ^ 1 ' I , - Ik- -f- 1 
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F^Gview Problem Set 

(continued ) • 

(b) ^ Q + i-b]) + o - 4 + + ^ 

(g) (-7) ^ 1=3) + ( = - ^^7) (^5^ + i 

(h) -| + (-a)) - (-6) + (=2- 

(i) (-:^) + 7 ^ + (^7^ 

5. Which of the rollowlng are true for all values of the 
variables? Whiich are false? 

(a) (^-H2) + m- i+(m4-2) 

(b) 2(r + ) ^ 2r -f 3 v/here r is a positive number 

(c) ^^r(2y + z) ^ dry + ^'rz where r, and z are 

positive 

( d ) =x + 0 ^ X 

(e) =a + 5 - b + (-a) ^ 
(r) (^x) + (^y) ^ ^(x y) 

6. For aach of the i'ollov/ing find the real number value (or 
values) of the variable v;hlGh makes the given sentence true. 



(a) 


X 


+ 2 7 \ 


(t ) 


3 


X 0 j 


(o) 




- y =y 


(cl) 


( = 


+ a =i 0 


(c) 


a 


-'^ ^ 0 


{■■) 






(g) 


b 




00 






(L) 


i- 




(J) 




+ (=3) =7 


(1-0 


y 




(0 


(.V 





Revlev; Problem Set 
(continued) 

(m) (3 + x) + (-3) = -1 

(n) ib + i^h) ^ 6 

(o) 6 + X (-'i ) = b + (-2) t ' 

(p) 5 + X + (-7) = n 

(q) 7 + ni + (=3) - m + 9 + (-:>) 

(r) (^.0 + (=6)^ - b = (=10) + (6 ^ b) 

(c) .1=51 + |6| + a = 0 

(t) b + |=n| + I -3 1 = |-7i 

i'Mnd the fcriith act of each oi' trio i'ollov;ino open BontGncec, 

(a) rn -i- 7 12 • 





(b) 


a + i-b) - 


8 








(c) 


a + (^.)' + 


(=5) 




+ 3 




(ci) 


(-o) - 7 


(-6) 




X 


J 


(o) 


(-1) + 2 


(-3) 




+ X + (=5) 




d') 


(=2) + z + 


(=3) 




X + (= |) 




(g) 


X + (=3) = 


!=•' 1 


4= 


.(=3) 




(h) 


4) + (X 

'.J 






X + (x + ^) 




(i) 


X H (=3) ^ 










(.:) 


1 = M 1 b ^ 






IM 




(Vr) 


1 - 5 1 a 




i j 


+ 1 =2 1 




(1) 






-f- 






(m) 


X ^i- 2 + X = 


^ (=3) 


-H 





Toll v/hy oac;h of tn^. "oLlov/lrif- zrmtenczo:\ Lg bimo. iJamo tno 
property, r:>r p- jporM. Lo.; , tMat: aro llluctratad by each :<ontcnGe^ 
v/hethor a::r: Lat.Lvo, o j-irnutat L vo , addltian prapcrty of 0, or' 
acUiLtlon praperty a i' anpaaLUca, 



(a) 3 ^- ((=3) I ) ^- -,- 
on f: i (=3)V 7 - f(-3) 



Review Problem Set 
( G ontinued ) 

(c) (7 + (^7)) +6.6 

W + 1-31 + (-3) =1 

,(e).* (-2) + (1 + i^h)) = ((.2) + 3) +- Wi) 

(f) (-1-51) +6=6+ (^5) 

(g) (i^2) + 6)+ (=8) = (=2) + (6 + (-8)) 

(h) 8 + |-5| + a = h5] + 8 + a 
(1) |-6| + (^6) + 0=0 

(J) a + n + (-a) = H 

Use thc; Gommutative and aasoc±atJ.ve properties to obtain the 
iOllC3v;inn yuinQ in an eany way. 

(a) (- f) ^ 7 + (=2) -r |) + 2 

(b) I + (=3) +6+1 + (=2) 

(c) 125 + (-17j + (=13) + (=25) 

(d) (-3) + 8 + 11 + (-5) + (-3) + 12 + (-4) 

(e) I + I + (. |) + 1) + |.2| 

(f) 1-51 + 21 + (=5) + f=8) + (=7) 
(c) (=9) + |-7l + IS + 1-2] + 7 

(h) H=iO| + (-15) + lb + (-3) + (-1-61) 

Write opf3ri ccfntenceG Cor me following- (Be sure to identify 
the variable . ) 

Lrn, ledrnad that on a certain day the low tide registered 
0,0 fecj^t bolov; coa level and that it rose 5.1 feet 
durinG a ^ti.Lx hgur period, Hov/ far above sea level did 
the, tide recl.cter after it rose to the high tide? 

(b) Dave shot at a target and hit 10 iriGhes above the 

center on the first nhot . The second shot hit 3 inches 

below the first shot, Hov/ far above the center was the 
Gocond shot? 



Review Problem Set 
(continued ) 

(c) A submarine that v;aG cruising; at 25-' feet telow sea 
level rose 78 rGet . Hov/ Tar belov/ oea level v/as it 
after it rose to the new pOGition? 

(d) A man loft a $50,000 cctate. His v/ill ntateci that hin 
son was to receive tv;ice as much a^ his daughter and his 
v/idov/ v/as to i^eGeive as much as Loth together receiveci. 
How much did each receive? 

(e) Mr. Johnson owed the bank $200, then had to borrow a 
small amount again. How much did he ov/e the bank? 
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MULTIPLICATION OF RE^L NIJKBERS 



8-1 . ProduG ts . 

In the previous chapter^^ add Ltlon was defined so that 
addition of real numbers "behaves" in the same way that addition 
of the numbers of arithmetic behaves. That is, it has the same 
properties . 

In this chapter, we shall try to decide how any two real 
numbers should be mul tlpl _Led so that mul t ipl ica t ion of real 
numbers also behaves like multiplication of the numbers of 
arithmetic. That is, we would like the' following properties to 
be true for any real numb)ers a, b, and c: 



We would 1 ike these properties to be true for real numbers; 
and this will help us decide how multiplication of real numbers 
shall be defined. 



The first three examples use only numbers that are not 
nega t ive , 

As for the fourth one.^ (-3)(0), if v/a want the 
m u 1 1 i p 1 L G a 1 1 Q n p ro p e r t y o f z e ro t o be t ru e , we .. mu s t be able to 
say-"(^3)(0) - 5:". So we can make the following definition: 



ab ^ ba 



commutative property of multiplication 
associative property of multiplication 
multiplication property of one 
multiplication property of zero 
distributive property 



(ab)c = a (be ) 
(a)(1) - a 
(a)(0) - 0 



a ( b + c ) = a b a c 




(=3)(0) 



Of course, if we want the commutativa property of 
■ciplleation to hold, we must also say: 



(0)(-3) = 0. 
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In fact, we malce the following definition for any real 
number a; 

(a)(0) - 0. 

, ^ (0)(a) - 0. 

Check Your Reading 

1* What is a simpler name for the product (3)(0)? 

2. Give a simpler nime for the^ product (o)(3). 

3, Give a simpler name for the ^oduct (-3)(0), 

4, Give a simpler name for the product (0)(-3). 

5. What is the truth set of the sentence ''(a)(o) ^ 0"? . 
5, What is the truth set of the sentence "(0)(a) ^ O"? 

7. State (in words) the definition made In this section for 
the product of 'zero and any real number, 



^ Oral Exercises 8=la 



Give the common jSmme for each of the following: 

(a) (7)(00 ^ (f) (m)(0) 

(b) (9) (6 )' ^ (s) ( =x)(0) 

(|) (0)C-3) (h) (=5.2)(1.0) 

(d) (0)(^ H) (1) 0(8 + (^10)) 

(e) (=92.75)(0) , (j) ((^6) + 6)3 



Which of the follov/lng sentences are true? Which are false 

(a) (0)(5) = 0 (d) (2.l4)(o) > 0 / 

(b) {5)(0) ^ 0 (e) (0)(=7,9) < 0 

(c) (-7)(0) < 0' , 
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* Oral ixerctsea 8-la 

(continued) 

Which of the following sentences are true for every value 
of the variable? ' '' 

"(a). (0)(a) = 0 



(b) (=a)(0) = 0 . 

(c) (p)(-n) < 0 

(d) (0)(m f (-m)) = 0 



ie) (0)(m + m) > 0 
(f) f =a) + (=a)) (0) < 0 
(l) + y)(0) 0 



In the previous section, we considered products/in which 
one number was zero. In this section, let us lookj4 some 
products jkn which one ^number is politive and onq^umber is 
negative, 
products: 



Le.t U5 begin by looking at the following list of 



(3)rH^6 

(3)(1) ^ 3 
(3)(0) - 0 



In each case, 3 is multiplied by another 
number, Reading down the list, the "other 
number" decreases by 1 each time. Do you 
see that the product decreases by 3 each 
time (6,3, o)? 

No simpler name has /been given for "(3){-l) 
because we have never before considered 
such a product. But If the pro.duct Is to 
continue its pattern of decreasing by 3 
each time in the list, what would (3)(-l) 
'^be^ ^ In a similar way,, we can decide w1iat 
{3)( -2) might be. 



Contlnu-' nn the pattern in the table, above, it turns out 
that (3)(-l) La -3, and (3)C=2) Is nnd' we can give 

an even more convincing aniument for defining these products In 
this- way. Remember that^^there are certain properties of 
multiplication which we want'tohold for ill real numtars , One 
of these propertios Is the distributive property of, multiplication 



over addition. ' See If you ean follow the steps in the following 
arguments 

0 ^ (3)(0) We have already agreed that the 

t produet of zero and any real number # 

Is zero* 

0 ^ (3)^ + (-2^ . If the first sentence Is true, so Is 
^ ' ^thls one, "2 + (-2)" is Just 

X another name **for the number 0, 

' 0 ^ (3)(2) + (3)(-2) This is what we want to be able to 

say, since we want the distributive 
property to hold for all real numbers 
The question is: How^^t we define 
(3){-2) so that this will be true? 

0 - (6) + (3)(-2) Here we have simply used the name 

"6" for the product (3)(2)\ 

J In order for the last two numerical sentences to be true, 
(3){-2) must be a number that can be added to 6 to give 
zero. In other words, ^ (3) (-2) must be the additive 
inverse of 6, As proved in Chapter 7, a number has only . 
one additive^ inverse ; the additive Inverse of 6 is -6. 
Therefore, in order for the distributive property to hold 
in the above example, (3)(=2) must be defiped to be^ -ff. 
llDtice that this agrees with the result obtained from the 
"pattern*' in the list at the beginning of this section. 

/ ^ ■ ^ I 

For any particular product involving a positive number- and 

a negative number, we can take steps similar to those above. 

For example, consider the product (£)(-7). The four sentences 

below correspond to the four sentences above, 

0 - (2)(0) ' / \ ^ t 

0 - (2)(7 + (-Tf) ■ ' 

0 - {2)(7) (2)(^7) 

0 = 1'++ (2)( -7) i ' ' , 



8-1 _ ' 

. Thus, if "0 ^ 14 + (2) (-7)" Is to be true, the product 
(S)(-7) must be defined to be -14, 

We have arrived at definitions for two particular products 

0)(.2) . .6 (2)(^7) - -14. 

From these, we can easily decide upon two other particular 
definitions. Remember that we want the eommuta tlve property 
of multlpliaatlon to hold for all real numbers. Therefore, we 
would want the following definitions: 

(.2)(3) - ^6 (^7)(2) ^ ^14. 

Following the same line of thinking that»we followed for 
(3)(*2) and (2)(-7), we could arrive at definitions for many 
other particular products. But probably these two exarf^les havi 
already suggested to you common names for such products as 

(7)(-10), {4)(^2), (1)(^1), and (5)(=5)., . 

In fact, based on our experience In this section, you can 
probably supply a word for the^lank in the following sentence: 

-The product of a positive number and a. 
negative number is a number. 

And with this experience, you probably feel that you know how 
to multiply a positive number by a negative number andja 
negative number by a positive number. This Is what y^^are 
ad^ll^ to do in the problems that follow-. In a la-ter section, 
we shetll give a ^fonnal defini.tion for such products. 

Check Your Reading 
1* Give, in order J simpler names for the following products: 

(3)(2), (3)(1), (3)(0), (3)(=i), (3)(-2). * # 

?, "2 + (=2)" Is a simpler name for what ni^ber? 

3, What number .Is the qddLtive inverse of 6*' 

4. What two properti^ were used in arriving at the definitions 
in this section? 

5* Is the product of a' positive number and a negative number 
negative or positive? 



* , Oral Exercises B=lb 

Qtvm a common name for each of the following* 



(a) 


6(3) 


(1) 


(-i.5)(8) 


(b) 


9(0) 


(J) 


9(-0.4) 


(c) 


3(b) 


(k) 


(-1.6)(.2) 


(d) 


0(8) 


(1) 


0(7.83) 


(e) 


H'5) 


(m) 


0(a) 


(f) 


8(-3) 


(n) 


2(-3) 


(s) 


6(4) 


(o) 


1(=5) 


(h) 




(p) 


a{0) 






(q) 


(-5)(1) 



2. Which of the following indicated operations ean be 
performed using only numbers of arithmetic? 

' (a) 6^(-7) (c) h5l-|6! 

(b) |»3|^(4) (^) (^2)H^2| 

3. (a) What is a common name for (3) (-2)? 

(b) Are |3j and j-2j numbers of arithmetic? 

(c) What is a name for j3h!-2j? 

(d) Explain why %{j3hj-2|)" 1^ a name for (3)(-2). 

4. Which of the rdllowing sentences ^re true? 

(a)) (-4)(3) ^ ^-|4h|3|) (c) (3) ■ h7| - I -7 
' (b) (6)(-7) - (IShl-T l (d) Q ^ (^5)) (2) - ^(|-lh !2| 
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Problem Set 8-lb 
Which of the following sentances are true? , 

2(-a.4) = (2.8) ■ 

8(-l.l) - (-8.8) 

3(_4) « (-4) + 3 
2(-8) « (-9) + (-7) 
2(-7) -^-7) + (-7) 
6(-6) « 0 

2,, Wrl^ 4 eormnon name for each of the followin^'k 

(d)'v|(-75)'+ |(=2S) 

7^H+ 7(2) 
28 f(. ^) 







I" / 






11 ) 


V ^ / 






(d) 


jt(-4) J" (16) 




(e) 


7(= |) = (^ f ) 


(1) 


(f) 


5(-6) = (-30) 


(m) 


(g) 


3(= J) - (^) 


(n) 


Wrl* 


d oormnon name for 


each of 


(af 


(-5) ((-6) + 7) 


■ (a)- 


(to) 




(e) 


(c) 


K-l- (--fe)) 


(f) 



We have not yet dlscusied a product In which both numbers 
are negative. Below la a list of products; In each of these 
products, the number -3 is multiplied by another number. 

(-3)(2) ^ -6 Reading down this list, the product 

(-3)(l) ^ -3 Increases by 3 each time (-6, -3, 0). 

s {-3)(0) ^ 0 No simpler name has been given for the 

{-3)(-l) product (^3)(-l), since we have not 

(-3) (-2) ^ 4 M yet discussed such producte.X— — 

•) /^^^ 

However, If the producl^i2^to continue 
its pattern of Increasing by 3 each 
' ■ time, what would («3)(-l) be? In a 

* ^ - similar way, we can decide what 
(-3)(-2) might be. 
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Continuing the pattern In the list above. It turns out 
that (-3)(-l) Is 3, since 3 represents an Increase of 3 
over the previous product of 0; also, it turns out t-hat 
(-3)(-2) Is b, since b represents an Increase of 3 over 
the previous product of 3, We can also use properties o^ 
multiplication to show that, the definition "(-3)t^-2) j^ 5" Is 
a desirable one to make. 




0 - (-3)(0) The product of zero aw any real 

number Is zero. 



0 ^ 



(-3)^(2 + (-2)} The truth of this sentence follows 

, from the truth of the first one, 
since "2 + (-2)" is simply 
• another name for the number 0, 

0 = {-3)(2) + (-3)(-2) ^ the distributive property Is 

to' hold (and we want It to), then 
the truth of this statement must 
followy^om the truth of the 
^ secoq^ statement. 



0 = (^6) + (^3)(^2) Here we have Just used the name 

"-:6'' for the product (-3)(2), 
which we agreed to in the previous 
section. 



"0 - (^6) + (-3)(-2)'' will be true only If (-3)(-2) Is 
a number that can^-be added to -6 to give zero. In other 
words, (-3)(-^a) must be the -l addltlve Inverse of =6. The 
additive Inverse of -6 is 6. Therefore , In order for 
the distributive property to hold In the above example, 
(^3)(_2)^ must be defined to be This definition agrees 

with the result we obtained from the "pattern" in the list 
at the beginning of this section. > 
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The same kind of argument cm be given for any other 
particular product Involving two negative numbere. Consider, 
for example, (-7)(-5), 

0 ^ (-7)(0) Why? ' ^ ^ 

0 ^ (-7)(i + (-5)) Why? 

0 ^ (-7)(5) + (-7)(-5) We want to be able to make this 

^statement so that a certain 
property will hold. What property 
is It? 

0 - »35 + (-7)(-5) 

Thus, if "0 - ^35 + (-7) (-5)" is to^ be true, the product 
(-7){-5) must be defined to be the additive Inverse of 
=35- That is, we must make the definition: "(,7)(^5) ^ 35", 
since 35 Is the only additive inverse of -3^. 

We have now arrived at the following two particular 
definitions: i , 

(.3)(^S) - 6 " (-7){-5) - 35 

Following the same line of reasoning that we followed for these 
two definitions, we could define the product of any two negative 
numbers. But these two examples may already have suggested to^ 
you common names for such products as the following: ^/ 

(-2)(=8), (=5)(=5), (-8)(4), (-lj(-l). 

In fact, .based on our experience In this section, you can 
probably supply ^a word for the blank In the -^fol lowing sentence: 

The product of a negative number and annther 
neGStive number Is a number. 

Probably, then, you can find a simpler name for the product of 
any two particular negative numbers. In the next sectlonj wV 
Shall make a formal definition for such products. 
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/ 

Cheek Your Readlrtn 

Give, In order, simpler na^ne^ for the following products^ 
(^3)(2), (^3)(1). {-3)(0), (^3)(-l), {^3)(-2). ^ 



Give a simpler name for the product (-7) (-5). 

7 



V/l^t two properties werfe used In arriving at the definitions 
in this section? 



Is the product of two negative numbers a positive number or 
a negative number? . \ 





Oral 


Exercises 


8-10 


Give i 


a common naine for 


each of the following. 


(a) 


(6)(5) . 


(h) 


(=1){7) 


(b) 


(-'0(3) 


tl) 


(=l)(=l) 


(c) 


(=3)(n) 


(J) 


(-i)(o) 


(d) 


(=3 


(k) 




(e) 


(3)(iO 


(1) 


(-7)(-b) ^ 


(f) 


(0)(6) 


(m) 


(=iO{b)(o) 


- (s) 


(8)(0) • 


(n) 


(0)(-l)(-5) 


(a) 


V/hat Lsia Gommon 


name for 


(-2)(^3)? 


(b) 


Are 1 -2 1 and | -3 


1 numbers 


of arithmetic? 


(c) 


VJhat Is a naniG for | -2 | • | 


31" 


(d) 


(E:<plaln v;hy 


. 1 -3 1 la a 


name for ( -2 ) ( -3 ) • 


Which 


of Uho following 


are true? 


Which are false? 



(a) (--0(5) - 

(b) ) - 1=1.21 -I-. dI 

(c) (b - (-a))(=^i) = |=2|-hH 

(d) + (-■.))-(^^0 - -(0-hH) ^ 

(e) (-3)(i^ - (= 15 ^ (-3)( 0 + (-3)(- |) 

(f) (-b)(( = M(-i)) - ((=l.)(-'0)(:^) 
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1. 





Problem 


Set 


8-lc 


Give 


m ■ * ' 
the eommon name for each of the following. 


(m ) 


5(8) 


(J) 


(-8)(-9) 

J 


(d/ 

f ^\ 


7(0) 


(k) 
(I) 


{=3)(-4)^ 
(=6)(-,M 


(d) 


8(-5) 


(m) 


(_12)(_(4) 




(-6)(1+) 


(n) 


(_9)(_0)^. 


(f ) 


(3)1; -3) 


(o) 


■ (."4k- ii 


KB) 


(-3)(-3) 


(p) 


(-.5) (-8) 


(h) 


(-5)(0) 


(q) 


(-.7)(-5) 


(i) 


(-2) (-7) 


(r) 
(s) 


( . . 6 ) ( - . 3 ) 
(r^)(-.2) 


Which 


. of the followlr^ sente 


incei 


3 are true? Which are false? 


la; 


5(10) =50 ^ 


(J) 


(-1)(1) = b 


(to) 


(6)(0) = 6 


M 


(,0)(.5) = 5 


(c j 


l(-5) = 5 


•(1) 


(-8)(-7) = 56 


(d) 


3(-iO = -12 


(m) 




(e) 


(8)(0) = O 


(n) 


(-2|)(-2) - 5 , 


(f ) 


j=9)(0) = 0 , 


(o) 


|)(- f ) ' M 


(s) 


(-2)(-3) = 6 


(p) 


(-1.5)(=3)r = ^.5 


(h) 


(-5) (=4) = -20 


(q) 




(1) 


(-1)(-10) - 10 . 


(r) 


(-14)(_3) . (.14) + (=3) 


Find 


the truth set of each of the folloy;ing. _ * 


(a) 


Urn » -12 






(b) 


-Sx = 2^ 






(c) 


x(x + 3) =■ -a. If the 


dona in of x is the set of 




Integers . 


(There are two truth numbers . 


(d) 


|x| < 1=31-1-21 






(e) 


3|x| < ((-3)(-S)) 1x1 
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Problem Set 8-lc 
- (continued) 



^, Find two integers whose product Is 5^ If one integer U 
k more than the other, 

5. Find a common naiBt for each of the following. 

(a) 2-1-51 (e) ji5|-|8| 

(b) 3.|M (f) 0.1=91 

(c) I5I-I-M . (s) l-l|-|-7| ' • 

(d) |-3|-h2| (h) 0.|^! ' ( 
6* Which of the following sentences are true? 

(a) 2. 1^1 = a. If \^ 

(b) |3|.|=M = =(3'x ^) 

(c) . (-5)(6) = =15 X 6| 

(d) |S|-|6| - =(2 X 6) 

(e) |-5|-'+ = =20 

(f) |-2|-|=6! = =(2-6) 
(s) (8)(3) - !8 X 3| 

(h) (7)(=^) = -(|7!-I=4|) 

(i) 0(-5) = 0. |5l 

(J) (-5)(-5) = |-5|-h5| 
(k) (-4)(=6) = =(|=iil-h6|) 
(1) (-3.5)(2) = =(|=3.5|-|2|) 

(n) |M'I=3| = 1 

-fil • I -si s 20 + 10 



(o) 
(p) 

(q) |3|-h8| = 30 + (=6) 



(p) 1=51 -IM = (=25) + 5 \ 
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Problem Set 8-lc ^ 
(continued) 

Given the set S ^ {^3, ^2, -1, 0, 1, 2, 3]. 

(a) Find Jhe set of all possible products of pairs of 
elements of the set S. 

(b) Is the set S closed under the operation of 
multiplioatlon? 

(c) Is the set of all of the Integers closed under the 
operation of multiplication? Can you think of two 
IryBgers whose product is not an integer? ^ 



8. Given the set R ^ (-2, -1, - 0). 

(a) Find the set of all possible products of pairs of 
elements of the set R, 

(b) Is the set F closed under the operation of 
multiplication? 

(c) Is the se^t of all of the negative real numbers closed 
under the operation of multiplication? Can you think 
of two negative numbers whose product is a negative 
number? 

9. Given the set - [. . . , ^ . ^ , 1, o , |, 1 , |, . . . ), 

(a) Find the set of all possible products of pairs of 
elements of the set A. 

(b) Is the set A closed under the operation of 
multiplication? * 



From the work in previous sections, you know how to 
multiply two real numbers. That is, given any two real numbers, 
you can find their product. There are several possible casesf 

One number may be positive and one number negative. 

Both numbers may be positive. 

Both numbers may be negative. 
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One of the numbers may be zero. 
Both of the numbers may be zero. 

Just as we did with addition, we shall define mul tlpMcatlon 
of real numbers. This wLll not make us any better at finding 
panticular products, but It will enable us to prove certain 
prope^ies, of mul t Ipl lea tlcn- - -somf* thing that Just "knowing how" 
would never do. We must be sure, of course, that our 
definition Inclurfs all possible cases. 

Ail of this may sound puzzling, but a few examples will 
lead directly to the definition. 

(.3)(.5) ^ 1^, We have already agreed to this- 

we know "how" to multiply two 
hegative numbers. 

Id It true that This is true, because both A- 

(-3)(^^)^ j ^ I ? expressions name the number 



Is" it true that 

(-^)( -10) ^ I -^h I -10| 
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Suppose that the variables a and b represent any two 
neaat_i_v_e numbers . Then do you see that 

ab - |ah j ta| ? 

Now suppose that the varlabies a §ind b represent any two 
ppsitly.e numbers. In this case, it is aiso true that 

ab - |a| ' I b| . 

For example i 

\ (10)(2) - llOh |2h 

.^Isc, if 3 = G or if b ^ C (or If a and b are both zero)^ 
Lt Is true that 

p.b - I a h I b| . 

Fa r example , 

(8)(C) - 181 -Ich 'Remember that |o| is 0, 

(C)(^2) = |ch|-2h 
(C)(Q) \C\;\0\. 



8*1 

Thusj of all possible products of real numbers, we have 
found some In which the product la the same as the product of 
the absolute values. This is true if both numbers are positive; 
It is true if both numbers are negative; and it is true if one 
or both of the numbers are zero. Is it always true? 

Let us look at some different examples, 

(3)<^5) - ^15. 



Is It true that 
(3)(-5) = |3j-|-5|? 



Is It true that, 
(3){^5) - ^(|3hhi| )? 

In this case, then, the produat Is not the same as the 
product of the absolute values. However, It is the same as 
the . opposite of the product of absolute values. A little 
thinking should convince you that. If the variables a and b 
represent real numbers , one number positive and one number ' 
negative,/ then 

ab ^ ^(|ah|b|). ^ 

For example, 

(^)(-7). - -(l^hhTl) 
{-3)(9) - -(I-3|-I9|) 

k 

And now a definition of multiplication of real numbers ma; 
be stated as follows: 

If a and b rapresent two real numbers, 

one positive and one negative ab ^ ^(|a|-'|b|). 

and in all other cases, 

283 



In this case, one number Is 
positive and one number Is, 
negative . 

This i-s not true, sfthce one 
expression names th# number -15 
and the other names the number 
15. 

This ^ true, because each of 
the expressions is a numeral for 
-15. 



ab ^ j a| • I b| . 



- \ ■ . ■ 

* ^ . ■ ^ .. , . 

Notice that the definition enables us to restate the 
product of any two real numbers in tenn^ of numbers of 
arithmetic and their ogposites, since |a| and |b| and 
]aHbj are numbers of arithmetic, for any rea.l numbers a and b. 
This will enable us to establish properties of multiplication 
of real numbers. 

Also notice that the definition assures us that any two 
real numbers may be Multiplied, ^very possible case la 
Included in the definition. 

Check You_r Reading 

i ' * 

1, In discussing the pro.duct of two real numbers, one 
possibility is that both numbers are positive. What other 
possibilities are there? 

2, Is |nj a number of arithmetic^ for any real number n? 

3, When is it true that ab ^ |aHb|? 

4 , When is it true that ab ^ I a | - j b| ) ^ 

* Oral Exerc Ises 8^1d 

Use the definition o f >mul tlpl lea tlon of real numbers to express 
the following products In terms of numbers of arithmetic. 
Example- (-2)(3) - ^( |2h |3| ) 



1 . 




11 , 






{-8)(^3) 


12, 


(^i)(-i) 


3, 


(2)(4) 


13. 


(o)(^|) 


4. 


(b)(0) 


14. 




5 , 


t^7)(l) 


15. 


hi- k 


^ -5 , 


(^|)(?) 


1 - rj . 


(3)(>7) 


"( , 


^ (-b)(= ^ 


17. 


(-11)(2) 


8\ 


(0)(^2) 


Id, 


(=5)(= |) 


9. 


(8)(^1) 


19, 


(=6)(-d)- 


10 . 


(^2)(^3) 


20 . 


(-7)(0) 
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, Problem Set 8^ Id . ^ 

Copy each of the following' aijd complete with eith^er ' 
'•|ah|b!" or; %( |a| '*|b| )" whicl^ver w^ll result in 
true ^sentence / I ' 

(d) It B i 0 ■and b < 0, then ab ^ ^ 

(b) If a < 0 and. b > C, then' ab ^ ' 

(c) i^^a > 0 and b <0^ then ab ^ ^ 

(d) . If a > 0 and b > 0^ then ab ^ ^ 

(e) If a ^ 0 and b ^ 0, then ab* - 

(f) tf a ^ 0 and b /p, then ab ^ 

'Determine a common name for each of the following. 
Example , (.S)(8j(^ |) " . 



(a) 


(5)(-3)(=3) 




(b) 


(5)(=3)(-3)(-l) 




■ (c) 


^C5)(-3)(=3)(=l)( 






(=10) (=10) 




- (e)'. 


(-10)(-10)(-10) 




(f) 


(-10)(=10)(=10)( 


-10) 




(=10)(=10)(=10)( 


-io){= 


.(h)" 


(2^)i 




(1) , 
, (J) 


(-24)(-= |)"- 




. M 


(1.8)(=2.3) 




ii) 


(-1.8)TS.3) 




■ (m) 


( -1)(. 1.8) (2^,3) C^- 


=1) 


*(n) " 


■ (y2)(v^) 




•(o) 


(-^)(-^) 





I 



> 




Dpertles of MuitipUeaftlon. / / -r/^ - 

sfe have ^discuss^d propertfes- many times. Hjid we have Seen" 
that 'properties ofVnjanibers^ are .Important in learning how mimbers 
bertave-; Now that' we ha>#e defined multiplication of^real^/- ' 
numbe-rej we must be^&Ure that^' the^properties of multiplication' 
th^t we lis^ted for the numbars' of irl^limetic are ^true for the' 
entire set^of real numbers. ^ . _ ^'^^ ^ ' , 

Let *us first donslder the multiplication property pf one. 



Is it true that a^l ^b, for 'any real number a? 



- ' We'alrpgrdy knqw that a-1 -^a ' If 0 is ^a positive ;number 
or zero, ilnce sueh.numbferB are htirtbers of ^apithme^lc^. ^You may 
^be willing to, believe 'thfft it l^.trtfe If -is a^ negative 
number. But it. c|n actually be- proved to be true / Just from ^ 
. our definition 'of ^ul t Igl Icatlon . ^ 
- For exaitple , . suppbse we want to prbve^ that (-^)(l) ^ 
* Tn tH^egroduct (-^ni)^ ^ne of the numbers if positive 
and one of thf nuT^bv^^-^G- Is^ negative . If you will refer to t^ 
^def Ini tion In the ^prevlnus sectlOTf, yoii._ will see that we/mac 
the following agre^mentf. Lf a and ^'^^ ^^^^ number^ , one 
positive and^ one a^z^ j n ^ \,r.on 

' ' ab ..(|a|-,|b|) 

—So, f.or nhe prcduct (-4)(l), 

Tftu%^ we have proved that (-4)(l)==^, 

Of course, we h^ve worked with Just one particular, 
produd%: Hut we can prove that for any negative 

number a , ( a ) ( 1 ) - a , 

Since a Is negative and 1 Is ^ 
positlvpj by the definition 
. ■ of multiplication, ^ - (a)(l) ^ -(iaMll) 

- =(Jahl) 

- ^(|a!) 
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. Hnweverj *slnce a negative, la| ^ -a. 
; . ; , . . So ^^|aj ^ > 

, _ . ' ' ■ , ' ' ^ ^ if. ' ^; 

Therafore, : (a)(1) ^ a. . . 

■ i - . ' ' . j ' ' 

!ThUBg from the ' def inl tlpfi of multiplication accepted In 
the previous section, wfe have projved' tjiat, if a is a negative 
numbei*, it mi/st be true that (a)(1) ^ a. Do you see now what 
was pieant when it was said that the. definition makes it posaible 
to prbve properties* jf ^ . - 

/ * Since we already knew ^tha't (a)(1) - a If a Is a positive 
number, or if a is zero, we can now say i 

. ^ For any- real- number a , 

' Following are some other properties which are true for^ 
the entire set of real numbers, ^Eaeh one of thes« properties 
could be proved from our definition of mul tipl Ipatlon, Just 
as we proved the multiplication property of one. However, the . 
proofs. aj*e long In most cases; so we Just list ^the propertle?*' 
with some examples. V , ... ^ 

. Commmtative Property of Multiplication 

■For/any real numters a and/ t, ab ^ ba . ^ ^- 

/ Examples 3 ') ^ ' . 

■ • ■ ' (0)(86) = (86).(S^ ' ■ 
■ ■ ■ . ■ (-7)(-5) = (-5)(-7) , ■ 

Aasoolat Ive Pro pert y oT Mu 1 1 i p 1 1 e a f i a n 
, ' For any rerfi'riiunbera a, b, and --c , (a.h)a = a(l3G). 

ExatTiples : . , • , 

■ " ■ ' 'f(3)'(2))(=M (3)((2)(=1:)) 

((7) (-3)) (=2)-= (.7) ((-3)^2)) 

((-2)(-3))( = 5) = .(=2)((-3)(=5)) 
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Distributive Property 

For any real numbers a, and c ^ a(b ^ c ) = ab + ac , 
Examples : 

5(2 + (^3)) = 5(2) + 5(--3) ' 
. . 5((-a) + (-3)) * 5(=2) + 5(-3) 

(-5)({^2) + (-3)) = (=5)(-2) + (-5)(-3) 

ecall that there Is another fom of^ the distributive ^ 
f property: 

(b + c )a ^ ba + ca, 

Exartiples : = 
(3 + {''^) - (3)(a) + 

(-5) (77) + (-a)(=-7) - + (-2))(=7) 

(3) (-8) + (3) (5) = 3 ((-8) + 5) 

Checjc Your Re adding 
What Is the truth set of "(a)(1) ^ a"? 

What name is given to the property expressed by "(a)(l) - a" 

"(5)(^4) ^ .(--^)(5)" Is a specific illustration of what 
property of the^real numbers? 

" ((3) (2)) (-4) - (3) ((2)(^^)) " is a specific 
Illustration of wh^t property of the real numbers? 

For any real numbers aj and "a(b + c)^ ab + ac" Is 

a true sentence. What Is the name of the property expressed 
by this sentence? 

Name the four properties of real numbers established In 
this section. 






Oral 


Exercises 


8-2a 


Glva 


a coinrnoii narne for* 


each of the following. 


(a) 




(J) 


(=3)(S)(1)(0) 


(b) 


(l)(-5) 


(k) 


(1.5)(-2)(1) 




U)(12) 


(1) 


(=2)(1)(=|.) 




(i)(-io)' 


\ M 


(7.8)(=4.5)(l)(0) 


(e) 


(-9)(1) 


in) 


(•-b)(l)(3) 


(f) 


('7)(a)(i) 


m 




fg) 


(3)(1)(6) 


(p) 


(= |)(5 + 4) 


(h) 


(5)(-3)(i) 


(q) 


((-8) + (=10)) i 


(1) 


(-6)(l)(-^0 


(r) 


((-9) + (=3))(= |) 



problem Set S^ga ^ 

Tell what pTOperty or properties (associative or eommutati 
property of niuitlpllcation, distributive property^ multi- 
plication property of ones or multiplication property of. 
zero) are illustrated m each of the folldwing true 
sentences, 

(a) (a)(3) = (3)(2) 

(b) (-^a)(5) = (5)(=a) 

(c) ((-i)(5))(-=3-) = (-n)((5)(=3)) ' _ 

(d) C(-3)(a))(-a) » .(-3)((-2)(a)) , for all numbers a 

(e) (a.) (3) a (l)(a)(S), for all numbera e 

(f) (-2)(a)(i) ^ (-a)6i)_, for all nurnberG a 
(s) (-^^l)(^)(l) ^ (-^J/y(t)). foi" all nurTiberB b 



(h) (|)(-b)(0)^^ (p)(^b)(2), for all numbers b 

(i) (-3)(0)(1) ^ /=3)(l)(o; 



(J) 2(3 + (^10) 



0 



5 



^9 



) 



8^2 



Problem Set 8-2a 
( continued ) 

^ (k) (^3)((-l) + s) ^ (-1)(^3) +2(^3) 

(1) (-5)^a + (-b)^ ^ + (-b)^(-5)> for all numbers a and b 

Find a common name for each of the following by using the 
properties of multiplication, 

(a) (- |)(-^) (m) (=3) +(2)'^ 

(b) (- |)(2)(=5) ' (n) (-3)^ + (2)2 

(0) (3)(=2.1)(0)(T.3)(1) 



(d) (=^)(3)(7) 



(p) (=4)(bJ(l)(2o)(0) 
(q) gA + (=2)) 

(=3)((=7).4) 

{e) l=3|(-2)(i^) 



(h) |-3|h2|(=6) 



(u) ((-9.25) + 6.5)(0) 



(1) (=3)|-2|(it) 

2 (v) (-5)x + 3x 



(J) (=2)^(3) 
(k) (-2) (3) 
(1) (1-31)2 



(w) 7a + (-2)a 



V/rlte each of the followins Indicated products as an 
Indicated sum. 

(a) 2(3 + (=2)) (s) 5((-6)a + (=2)) 

(b) (=3)((=^) + (.6)) (h) (-6)(lOx + (-3)) 

(c) ((a) + (-5)} (i) (6a + (-2))(ii) 
(1)((=5) + (=10)) .(J) ((-8) + (=2))(=7) 



(e) (l)(o + (-1)) (k) ((1.2) + (=l.l))f 

(f) (1)((-1) + 1) (1) ((-|) + (|))((- f)(2x)) 




Problem Set 8»2a 
(continued) 

Write the rollowlng indicated sums as indicated products. 

(a) 2(5) + 2(^0 ■ i^) M(-9> + (-6)(x) 

(b) (^3)(7j+ (-3)(3) (@) (1)(^) + (»(6) ; 

(c) (^)(-6) + h{-9) (h) (l)<-3) + (1)(9) 

(d) (-7)(-5) + (-7)(-^) ^i) (-2)(a) + (-2)(b) 

(e) (-8)y + (5)y (J^) (3)(a) + {M){y) 



V/hat is the product of 5 and -1? It is easy to see that 
the product is -5. V/e could say that v/hen 5 Is multiplied by 
-1^ the product is the opposite of^ 5^ . 

Check the follov/ing true sentences- 

(=l)(7) = _-7 
(=1)(3) = -3 
(-i)(-8) - 8 ■ . ^ 

(-i)(-a) = 2 , : 

L 

Notice that in each of these cases, a number was multiplied 
by -1; the product turned out to be the opposite of that number. 
In the last sentence, for example, ^2 was multiplied by -1: 
the prtductj 2, is the opposite of -2. 

From these examples, you might guess that If ai 
number is multiplied by ^1, the product Is the opposite of 
that number. We can use the distributive property to prove that 
this is really the dase, " ^ 

We are trylnr to prove that (=l)a ^ -a. ^ ^ 

This means tha.t we must show that (-l)a.ls the opposite of" 
a) that is, that (-l)a is the number which, when added to i, 
gives ?.ero. 

For any real number a. 
To prove: a + (=l)a ^ 0, 
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8-2 



i 



a + (-l)a - 1(a) + (-l)a 
• I 

- 1 + (-1) a 
I - (0)a 

= 0 



Here we have uee.d "1(a)" for "a"- 
We have the rtght to do thlp^ 
because of the multiplication 
property of 1. 

Here the distributive property 
has been used. 

^ 1 + (-1) is the same as 0, slriee 
the sum of a number and its 
opposite Is Eero. 

We have agreed that the product of 
any number and zero is zero* 



We have noW shown thatj for any real number a, if (-l)fe 
ia^dded to a, the .sum is zero. In other words , (-l)a Is the 
additive inverse of a, or -a. More briefly, we can say- 

For any real number Ej = v 

(-l)a - -a. 

For any numbers a and b, a + b Is a number. From the proof 
above, we can 'say 

(-l)(a + b) - -(a +*b). 

But since the .distributive property holds for all real numbers, 
we also know that 

(-l)(a + b) - (-l)a + (»l)b 

- (-a) + (-b). 

This proves thatj for any numbers^^a and b^ 

.(a + b) - (^a) + (^b), . 

Do you sea that this is the same result we obtained in section 
7-7? In words, we can say that the opposite Q_f ^ sum is the 
sum of the opposi tea . Below Is an example in which this fact 
is applied. ' ^ 

Write an expression for the opposite of 2. 
.(=x + 2) ^ -(^x) + ^(2) 
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The fact, that (-l)a - -a^ for any real number a; can be ^ 



v 

used to pji^ve other useful properties. Consider the product 
{-a)(b). • 

■ ' (=a)(b) - ([-l)a) (b) • • 

= (-l)(ab) 

- -ab. 

Therefore i foV any real number a and any real^ number b, 
(-a)(^) - -ab. . * 

Next J consider the product (-a)(-b). 

« (=l)(=l)(a){b) ^ 

The re fore J foe any real numbey a and any rggl number b, 
(^a)(»b) - ab, - 

Below are ioma examples In which the above properties are 
applied. 

Example 1, .(y)(-x) ^ -xy, ^ 
Sj'ample 2. (-4y)(-y) - 

Example 3. (-(x + y)} ^(x + y^ ^ + y)^ 

Check Your Reading 

^""iv What is the product of 5 and -1? 

2, ) What is the product of -2 and ^1 

3. For any real number a, what is the product of a and ^IT^ 
For any real numbers a and b, -(a +^b) ^ {-b) M (-b). 
may thias^^property be stated in word.^? ^ 

5, What is ihe opposite of the number -x + 2? 

Complete eacV'o^f the following sentences. 

6. For ^ny real numbers a^ and b^ (-a)(b) - - 

7, For any real numbers x and y, (y)(^x) ^ 

8. For any real numbers a and b, (-a)(-b) ^ 

For any real ^ni^ber y, (-4y)(-y) - 
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Orad Exerc Ises 8^gb 

^ Give a cammon name f or, eMifh of the following. i 

(-I)(2) ' ■ 11. -(x + y)' 

2.., (-1)(.3) ' is. - y) 

•3. (-l)a ' 13, (x)(-y) 

^ ' 4. (-l)C-a) lJh.(-x)(y) - 

5. =(x + 5) 15. (-x)(-y) 

6. * .(-X +5) 16. »(-l)(x + y) 

7. -it - b) • 17. (-l)(x - y) 

8. I -i^x - 5) ^ ' • . 18. a(-l) 

9. -(a +2) . 19. (-l)x + X 



10, 



(-l)(a + 2) 20. (m + (-2)) (-2) 

Problem 5e^ Q-ZV^ j 

~ " ' ' i 

Stare the opposite of each of the following numbers without 

Juat ^^lacing an "opposite" sign In front of the number. 

Cheek your results by adding each of the given numbers and 

Its opposite . , • ' • 

(a) -m . (f) -(am + (>ii)) 

(b) . -m 4 (g) -(-l)(5x + |) 

(c) -2x + (-3) V (h) -8x2+ (_^5j^) 

(d) 5y + 7x • . (|) 3y^ + (-7y) 

(e) -y.+ (-x) * . (J) -(=(£y + ll)) 
Give a common name for each of the following. 

' ia) -(-8y) ■ (s) -(5 + (-it))x 

(b) -(m + 2) . (^i) -f^y + (-7y)) 

(c) -(^2^(5x) (1) (-ab)(k) 

(d) (-l)(-(7y)) • ^ (J) (-m)t-3a) 

(e) (-i)(m + (=3)) , (k) (y)(-4y) 
(r) (-l)(x + 2) + (-l)f-(x + 2)) (1) (-2m) (-nx) 
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Problem Set 8-2b 
(continued) - 

3^ Find the truth set of^^ach of the following sentences, 
4 ^ (a) -(x + |) *'^S (c) y + (-l)y - 5 

Jb) 5- + ^{3y + ^)) - -2 ^ (i) 3m + 2 + (l(3m + 2)) - 

. The^ opposite of the 'sum of two numbers is 17* One of the 
numbers is 5 more than the other* What are the ntimbers? 

5. A motherland her daughter went shopping, Trfe mother sp^t 
45 more than three times much ^s the daughter. Togetner 
they spent $4.9. How much did*' each spend? 

6, One number is three times the ^op^osite of the other, '^helr 
sum is ' -86 , Whati are the nitmbers? 




8-3. . Using ^he Mu^tiplicati^ 

Mow that we know how to multi^^Ty any two real numberB and we 
have some important properties of m^^lplicatlon^ we can work 
with many kinds of open phrases in alg^ra, 

Here are some examples; 

Example l\ Use the distributive prt^perty to multiply 
~ - (-6)(2 + ^x)). ^ 

' ^ (-6)(2 + (-K)) - (=6)(2) + (-6)(-x) 

- -^12 + 6^ 



Do you see why (-6)(-x1 is the same a's 6x? 
It could be written out this wayi ' ^ 



^6)(=x) = (>6)((^l)(x))^ 
^ - /(.(5)( = l))(x) 



(6)(x) 



4 



Example 2. 



Example 3. 



Use t^he distributive property to^write xy + x 
as a product", . • . 

xy + X - x(y +1) 

Do you see that the d|.Btributive property 
tells UB ti^s sentence is true for any ^ 
real numberB x and y? ^ / ^ f 

We have written xy + X as the product 
x(y + l), which may be thought of as the 
product- of the niirnher x and the number 



(y + 1) 



Use the distributlvo. property to "■simplify" the 
open phrase "5x,+ (-S)x"'. 

/ s 
5x + (.S)-x = (5 + (-2))x 

- (3)x , - 

on 3x. You will probably agree 
'that the open phrase 
"3x" seems" '-simpler" 
than "5x + (-2)x", . 



% In Example 3, the distributive property was used to write 
"5x + (-2)x'' as "3x". ■ ^ 

In an expression like ''Sx + (-2)x'S "5x" and "(^Sjx'' are 
called iy^ms of the phrase. V/hen we simplify "5x + (-2)x" to 
"3x"j we often say that v/e are col lectins terms , 

Below you will find some other examples of simplifying by 
collectfng terms. - m ^ m 



Example k , Simplify "(-^On +*20n''. 

i-h)n + son ((-^) + 20^n 
- l6n 



li. Example 5^ Simplify "8x +'3y'V 



Do you see v/h-y the terms in this phrase cannot 
Lc collGotod? V/e can say that the phrase 
"8x + 3y" is already in simpleat form. 



^96 



Example b. Slmpl ify lOx + (^2)y f 'Tx + 

I Using the associative and commutative ' , 
I properties, we can rearrange the terms, 
like this: . ^ , 

^ . , ICx + 7x + (^2^)y^+ I4y, = 

, Then, using the .distributive property , we have 

(IP +^7)x + ^=2) ^ l^y, >r ^ 
ITx + 12y . . ^ ' / 

Exani^le 7. SlmplJ^fy " 4r + /(=2")z + (-7)r + 8z'' , ^ . 

4r^> (-2)1:+ (-7'^r + 8z 
^ ^ 4r + (=7)r + i'-2)E + 8z ^ ^ ^ > 

/ . - . ^+ (=7))r + ((^2) + 8)z - ^ 
- (=3)r + Qz 

Check Your Reading 

Give a slmp^ler expression for "(^6)(=x)," 

Supply an appropriate word for each of the blanks In the 
follcwlng sentence: ' • 

"xy + x"^ is an indicated the distributive 

property may be used to write, it as an indicated . 



Ho|^.many *'terms" are there' In the expression '^Sx +"(-2)x"? 

If the ''termsiare collected" in " bx) (-2)x'' by applying 
the distributive property, .the result is ^ ^ 

Which of the following two' expressions can be simplified 
by use of 'the distributive property: (-^)n + 20n, 
8x f 3y, ? 

(Jral £xqj.'GlGea 8-^ 3a ' " * ' 

Use the dlstrLLutlve propopty to pGrrorm the indicated 
iTiu Itiplicatlonu. 

(a) i^((=3) + t) ^cl) :n((=a) + (^c)) 

(I) (=2)((-3)'+ (-b)) = ^) (i-j) + i^2)J)J[^h) 

(0) (-rn)(^^:;i + (=l^)) ' ^ ' (f) (t=x) + x)(^x) 



Oral Exercises 8=3a ^ / 



con 



tlnued ) 



2, Uce the d u:tr LLut I ve property to v/rLto the L'oliov/lnn 
indicated sums as indicated products. 



(a) 2a + 2h ■ (c) 9^^ {-I2)y .(e) ni + nr 
M (-5)a^+ (-D)b (d) (^■:)m ^ (^o)in (t) (-2)x + ^'x 

Problem Get B^3a 

Use the distrlbutivo propGrty, aG In ExarTiple'lj to multiply 
the rollowing. 



(a) 


5(3 + a.) ' ■ 


(O 


Vo) 


^'((-3) + bj 


(s) 


(c) 


(-2)((=3) ^ { = b)) 


(h) 


(d) 


(0((=2) + (=c)) 


(1) 


(cf 


(a + b)(-3) 





- (^b 

;-5)f(-m) + (=n 



Use the distributive property to wi\Lte the rollowlng 
indicated sums as ..-Indlca ted products as in Example 2, 

(a) 2a -r 2l 

(b^ (-5)(a) (-3)(rn) 

(■0 (=S)(bV+ 02)(c) 

(d) (=3)(c) -i (-n)(o) 

(O (ri)(n.) ^ (=l)(=n) 

■ in : (-l)(m) 

(f') ab + a::i 

(ll) -i r'V 

( L) ::w' f- 

(J) 0~ 4)(r.) .i- (- 4)(n) 



'-(1) 

(m) 


2ni -f 
6a + 


(-^l)n Hint: (-^;)n 
be v^ritten * 
9b (2)(-2)n. 


(n) 


9x + 


(=i2.y) 


(o) 


(-10m 


) + (-15n) 


(p) 


t:a -f- 


(=15b) 


(q) 


yax -H 


12 ay ' 


(0 


( -^^ac 


) + (=6ab) 


(O 


:;i r rn 


11 Int ;, rrV" can i.c 
v/r It ton (:n ) (rn ) . 


(t) 




(=2a) 




(--0 





Problem Set 8^3a 
( cont^ nued) 



Simplify the follov/lnc expreosionG by collecting terms as in ■ 



the exampleG ; 



^- (a) 


QTTl + km 






(to) 


7a -f-- (-3)a 






(g) 


9a 4 (-I5)a 








(-5)y + l^^y 






(o) 


(-^3)ni -f- (-6)m 




( t ) 


^^a + 3i 






(g) 


(^la -h a) 




(Hint: a. 


(h) 


(=5)x + 2y 






(i) 


(^6)a -1^ a 






' (J) 


(-a) + (^^)a 




(rlint: (- 


(10 




3t 


+ (=2)w 




(=5)a 4- (^9)b 


4- 


6a -i 5b 


(m) 


{-2)m + 6b 4^ 


2ni 


+ (=2)b 


(n) 


y -4- 6x + (^7) 


X ■ 


+ (-y) 


(o) 


8a + (=^5)a ^ 


2a 




(P) 


(-2):n (=3)n 




6rn 4-. in 


(q) 


(^^i)a + Da 4^ 


(= 


3)a + 7a ' 


(r) 


(-3)y + 2x 




+ . (-3)w * 



(rlint: (-^a) may be v;rltten as'(-l)a.) 



Shov/ that for all real niirnborG a^ b., and d , 

a(b 4^ c -r d) ^ ab + ac + ad. 

HLrit: v/rite b""-f a -h d ^ b -f- (c + d) and apply the 

dlstributivG property. Then apply It again to get 
the result. 
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Problem Set 8-3a 
(continued) 

5, Usc3 the result of Problem ^^^d change oacii i:'n(^.ated s 



urn 



to an indicated producjJ and each indicated product to an 
indicated sunu ---"^ 

(a) (Sk)(a + 5) (d) (-6)c + (-6)^ + (-6)a 

(b) (=6)(a^H (^b)%- (^7)) (c) (5a) (a.; (^2) -f^^a)) 

(c) {-3)k + (-r!^ + lOx ' (r) 5a^ + lOa + (^5)a 
Find the truth 'sct ; of each of the follov/ing centences . 

U) ("7)x - (-a)(x t 2) (k) (^7)k + 4k 4^ 3k - 0 . 

(b) 15m ^ i-VO^ = J (g) y- + (-y) - y(y t ("i 

(c) 6x (^2)x f (=3)x - v: (r) (2y),(h5j + (-8)) ^ l8 



7. The sum of three consecut^iva odd. integers is li?3. What are 
^the Integers? 

8, , Esau wants to cut a rectangular piece from a sheet of 

- plywood such Ghat the perLmeter of his piece of plywood is 
24 inches and the number of inches in the wLdth and the 
numbp^^r of Inches In the length of the piece are consenutive 
integers. Is this possible? Set upland solve an open 
sentence to answer this question. 

■> , 

V/e have already seen how the properties of multiplication 
allow' u s to simplify p h r a s a s by collecting t e fnm , There are 
other ways to s 1 m p 1 1 f y . p h ra s e s j ho w e v e r . 

For axample, consider the phrase "(3x)(2x)"^. 

(3x)(2x) = 3-x^2'X The associative p/'Operty tells lie 

that we may assbciate in any way; 
^ ' s o t he s ym bo 1 s o f grouping may be 

omitted . 

= 3 - 2 - X ■ X /the commu t a 1 1 v e p r o p e r ty 1 ve s u s 
^he right to change the order of 
the numbers. 



8-3 

• ^ (3^2)' (x'x) The assoc la tlve property al lows 
us to group., the numbers in this 
'way. 

^ 6x^ ' Here we have Just used the common 

. ^ name "o" for "3-2" and the simpler 

name x tor x • x , 

All of the steps above are Important,* because they show 
how the properties of multiplication allow us to make tbe 
simplif IcatiorfT It is not necessary to write all the steps 
each time, however, It is possible to do most of the work in 
your head and Just wrLtei 

■ (3x)(2x) = 6x^. 

Here are two other examples; ' . 

Example 1 . Slmpll fy "( 3xy ) ( -Yay ) " . 

' • (3xy)(-7ay) = S-x-y (-7) -a-y 

= 3- (-t) .a-x-yy 
. / ^ (a- (-7))'a'X' (yy) 

' ' ■ = (=2V)axy2 



C 



Examrjle 5. Simpilfy " ( =2ax ) ( -Tax ) " . 

''(-£ax)(-7ax) = I'ia^x^ 

Check your Heading 

1. • Vfnat prpperty %r properties are used in multiplyins (2x)(3x)? 

2, Gan^you write "3*2'a*a" in a shorter form? 



Simplify each of the follOWinE phrasen; 



(a) 


(2) (2m) 


(i) 


(=b)(i^^c) 


(b) 


(-3)(^txy) 


(J) 

4, 


1 

7>: +- 2y + (='ix) 


(c) 


3x + '(-'^x^ 


^ (k) 


(6a)(=c) 


(d) 


(6) (-2a) 


(1) ■ 


(-5n,)(^n) 


(e) 


(-2)( = itGt) 


(m) 


(0)(^5xy2) 


(f) 




(n) 


(6am2)(2m) (0) 


(e) 


(-5a) (-3b) 


(o) 


(2ax)(-by) 


(h) 


(-l)(m) 


(P) 


(-4a^) (-Sam) 






Problem Set 


8 -3b 



/ 



simplify each of the rollovjinG piiraaeB an in Examples 



(a)' 
(b) 
(c 

(4) 
(e) 
(f) 

(g) 



;2a) (^iam) 

(3b)(=2ab) 
(-iicd) (-6d) 
(-3Q2)(d) 
(-x)(6ay) 
;-c) ( = ':abd) 
;2ax)(-6by) 



-Smn) (-7amn') 
abc ) (abxy ) 

am) (-cimx-) ^ 

-9a-m)(-8mn^) 
'■-^2w 3 2^ 




7f3d-)(3.12cdm")(0) 



1 



8-3 



/ 



ipvt We can u£e the distrltutive property to work with more 
Gompllcatod phra^ea. Study tho rollov;inc example. 

fBy the diutrlh-tlvn pi^^-^^ty, 



(-3a)(ga + 



-3a)(2a) + (.:^)(=^,c) 
= -Ga"" + 15ac. 

l}]oViom Stjt £3-3£ 
tho dlatflLubivo pr .p.^rty to nlmpUfy tho *<d llov/int; • ' 



6x ((-3j^Ki^) 
2;n)^ni ( -3n 

3rTi)((^x)' + (-/)) 
-5ni)^(J!a)'+ (.i)c 

a|b + (-2c )^ 
+- ( 

(''':< + 3y) 



12 
13 
1- 

16 



11. -(i-2K) + (3z)) 
-(( = '^c) + (-6d^ 
(- I?) (6a + 9b) 
2a(( = ':m) .+ Sn) - 
(=1.5m)((=2)mx + (-3)my) 
(-iJtc) ^(-3)ab + 3ab) 
17. -(a + b + 0) 
13. -^b + (-c) + m^'" 

19. -^b + (=d) + (,=t 

20. (=2m)^(=|)x + 3y + 



Sornetiniec the clic '--rMbut L vo propGrty Ifj ufjed more thian onco' 
in v;of'cing vfi-th a Phrase , ^.eitovf are tvio examples . 

)lc 1. Multiply "(x + 3)(x 2)". 

(x 4. 3)(x + 2) = (x + 3)x + (x + 3)2 by the 

, dlntritutlve 
-'■prop or fry 

- x" + 3x + 2x + 6 by the-"*^" 

*>s^ , / \ ■ tlLstrlbutivo 

V \ property 



+ (3 ^- 2)x 4- 6 



■by the 
dintrlbutivo 
profje'rty 
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(a + ,(=7))(a + 3) = (a + (-7))a + (a + (=7)): 



=7) a + 3a + (=21) 
+ (=i:)a + (-21) 



Problem Set 8=3d^ 



Use „the distributive property as In 
Dlmplify the rollov/Lnc phrases. 

21 . 
22. 



1, 
2 
, 3 
ii 

5 
6 
7 
8 

9 
10 
11 



(a + 3Ka + 2) 
(a + (-2)) (a - (-3))' 
a + (-5)) (a - (=3)) 



(b + !!)(b +6) , 
(o + (-5.)) (c + 7) 
(m + 8)(m + (^1)) 
(m + (-i5^f?m - (-^;)) 
(m + l) (m + 1) 
(t + (=1)) (fc + 1) 
(x + 3)(x + 3) 
(a + (-5)) (a + 3) 



S3. 

25. 
26 . 
27. 
28. 
29 . 
30. 





(x 




3)(x 






32. 


13 . 


(x 




3)(x 


^ (-b)) 




33. 


14. 


(k 




7)(k 


, (=□! 






15. 


^ 




(=7| 


(k H 9) 




3b. 


l6 , 


(b 


+ 


l)(b 


^ (-2)) 




30 . 


1?; 




-f 




(b f 87 




37. 


l8. 






(-2)5 


^ (= = 


)) 


38, 


19. 




¥ 




1(7. ^ (-7 


)) 


39. 


?0. 




-¥ 


(-1)) 


(. . (^1 


)) 





ExampleL 1 and 2 above to 

(m + (=3))(m + (-3)) 

(a + 5)(a + 5) 

(a + (-5)) (a + (=5)) 

(b + a) (b + 2)^3 

A + (=b)) (2 + b) 
6 -1- (=a))(3 + (=a)) 
6 + (-aj^ (6 + a) 
2a + 3)(ija + 5) 
i^Ti + 2n) (3m + n) 
a + b ) ( c . + d ) 
x + (-^a)) (x t (=b)) 

( r f 2a) ^x + ( -3a^ 

(3a + 7) (i+a ^ (-3)) 

(2m + (.3)) (m + (-4)) 

(2m + n ) ( 2m + n ) 

(2k + b)(2k =b) 

(z + (-3a))(z 4 (=2a)) 

(3 + 2z) (3 f (=2z)) 

(2x + 3a )(3x + 2a) 

(2x + (.3a))(2x + (-28^) 
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8-4. Multipllcatlvo Inverse. 

Dotermlne # eornmof%^ name for each of the fol lowing jjroduc ts ■ 

In e a c h /c a s e J a c o m mo n n a m e f a r t He p r o a u c t Is i . " I n other 
words, in each case we have two numbers ^ wHose product Is one , 

Find a truth number for each of tho following open 
^'■aentences : 

In d e t e rm i n i n K ' a t ru t h n urn be r o f e a c h o f t h e above s e n t e n c e s ^ 
K o u a re a g a i r 1 d e t e nri I n i n c a p a 1 r , o f number s h o s e p r t^^^^ i s 
one. \ J 

In all o f t he e x amp 1 e s above , only positive numbe r s we re 
us0d. Now consider the followinf^ product: 

■ . J-^)(-^). . ) 

Do you see that here aga Ln we have two numbers whose prod^uct,. is V 
one? Detemine a truth number of each of the following 
sentences: . * ^ ^ p 

(^2)n ^ 1. i)t ^ 1. ^ 



In this sectioriw^ have, used a knowledge of arithmetic ^ 
toge the r w I th the a b 1 1 1 ty to mu 1 1 1 p ly a ny two rea 1 numbe rs , ^ 
to determine pal r"' s ^ o f n u m b €*4* s ' s u c h t ha t tth e p r o d u c t of e a c^h 
pair is one. This lrr^"Kat you. are a^/ked to do In the ~ exercise s 
that follow . / ^ ^ ^'-^ ' ' ^ ' , 

/ - ^ 

/ . / Oral Kx^rclses d-=4a 

\ / ^ " , I 

IJ Find a c/ommon name for each of the following: . ^ 
1 (a) '.4 . j, 

• ■ :? • - ' - 



(b) 3- 



3 
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Oral Exercises 8-4a 
( continued ) 



(d) 



8 



(s) 

(h) 



(-7)(- i) 



(f) (=|)(-6) 



2. Give the truth set of each oT the follbv/iriE . sentences , 



(a) '^n = 1 

(b) - (-3)n-= 1 

(c) (= |)a = 1 

(d) ib = 1 

(e) Jm.. r\ ■ 



(f) y)m = 1 

(e) 1 
(h) 4)y = 1 

(1) i' 

ID 



For e 



We" hav% been ^■pairing" o^rf-' niirnbei^s v;hose product Is 6ne . 

i was paired v/ith 2, bedause {^){2) - 1. 
^ -2 ^v;as paired with - ^, because (=2)(- i) - i; 

On tiic riiunber iine.^hese pairlri|^ can '^e 0Lctiired like this: 



-3 



2 



Bolovr aiHj [jlctured ~;orne pther palrlnnn oi' nuinbers v;hone prDduct 
i:r one . 



-4 



0 
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Notice that a posLtlve number Is paired wi^th a positive 
number, and a negative number is paired wttt^ a negative number. 
Why is it impo^ible to find a pair ot numbers, one positive 
and the other negative , whose px^oduct is one? 

■Although it is not indicated in the diagram above, there 
are two numbers each of which Is paired with itself. Do you 
know which numbers these are? 

Also notice that tf is not paired with aft^hl^mber at all. 
Pairing the number 0 with another numbfer'^ that the product 
l^s on^^'l^the same as finding a truth number of this open 
^sentence: (^)x ^ 1. What property tells 'us that this sentence 
has no truth number^ and that 0 cannot be paired with any number., 
so that the product is one? 

The name mul t ipll cat Ive, inverse is used to describe a pair 
of numbers whose product is one/' 

If c and d are real rtumters such that cd = 1, 
then d is called a multiplicative inverse of 
and c is called ^ multiplicative inverse of d. 

For exampi e , 

2 and i are real numbers such that (2)(i) ^ i, 

5o ? Is called a multiplicative inverse ^nf 

1 - 
and ^ is called a muljpipl Icative inverse of 2. 

\ 

It jijas pointed out earlier that 0' has no multiplicative 
inverse. "^^From your knowledge of arithmetic, it probably seems 
reasonable t^ you that every other number besides 0 does 
have a multiplicative inverse. We now state this as a formal 
property: ^ , 

^ For every real number c different from Oj 

thet^, is a mill t Ipli ca t ive Inverse. 

Furthermore, no number has more than one multiplicative 
inverse. So we can say that t^ie multiplicative inverse is 
unique, that Is," every number except 0 has one and only one 
fhultiplicatlve^inverse . This gives us the right to speak of 

the multiplicative ..-Inverse of a number. 
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8-4 . 

The multiplicative Invarse of -2 is - ^ 

1 ^ ' 
The multiplicative inve|^se of - ^ is ^2. 

What is the multiplicative inverse of -5? 

^ The multiplicative inverse of ^ Is j . J 

What is the multiplicative inverse of J? 

What number has no multiplicative Invei'se? 

We have seen the word "inverse" earlier, when we discussed 
additive inverses. There is a close relat,ion betweeh additive 



inverse and multipllMtive |p^ers 



:^se . 

0 is the i^.entlty elemen^t of addition. For 

numteer \, c +1^0 = c. 
d is the^- q^drtive inverse of c, if c + d = 0. ' \^ 

1 is the ide^ti ty element of. jul^iplicatiort\. For any.. 

number ci g{1.) ^ c, 



d is the mulxipl lea tive inve^a of c. If cd ^ 1. 

As we proved earlier, the additive inverse of a number 
is unique. That Is, every number has one and on^ one 
additive Inverse, and that inverse is the opposite of 
the number. 

' In this section, we have agreed that the multiplicative 
inverse of a number is also unique. That Is^ every 
number except zero ^has one and only ^one multiplicative 
Tnverse. For 'the time being, you must rely on your 
knowledge of arithmetic to determine this multiplicative 
inverse in each case, 

Check Your Reading ' 

1. What 13 the product of 2 and » . 

2. VfHat is the multiplicative inverse of 2? ; 

3. What is the multiplicative inverse' of g-? 

4. In this section, the phrase ^'multlpllcativ^e^^inverae" wa| 
defined. When is a number d said to be the multipll«5ative 
inverse of a number c? r 

5. Does any number have more than one mul tiplicaftve inverse? 



3C8 



8. 
9. 

^ 10 . 



{ 



1'. 

\ ^ 

3, 



7. 
8. 

10. 
11 , 



Does ev/rir number have a multiplicative inverse?' 
Does amy number have more than one additive inverse? 
Does every number have an addl tive^-^lnverse^. 
What Us the Identity element of multiplication? ^ 
What is tf^e icjeptity element of addition? , 



r 



^-.^ Oral Exarcises 8^4b 

Whi^^^^p th^multlplicatlve inverse of 1? ^ 
Wrtat is the mul tipliaa tive inverse of (=1)? 
What is the multiplicative inv^se of ?.ero? 
Why does zero have no multiplicative inverse? 

Iff 

Is the multiplicative inv^se of a positive real number 
always a positive real number? 

Is the- additive inverse of a positive real number alwaj/s a 
positive real number? \ 

There are two elements each of which is its own 
multiplicative inverse. Which elements are these? 

What Is the additive Inverse of 

What is the additive inverse of ( =a ) ? 

Does every real number have a multiplicative inverse? an 
additive inverse? / 



How can you tell that one number\is the mul t ipl lea tivf 
Inverse of another'^ 



V/h'Lch of the I'olXov; l.n^j zontohc^i^ are true'; 



(a) 



:-3)(^ 



1, 



(a) 



= 1 



(c) (3f)(= f) - 1 



(O (t ^)(5) - 1 



(= ^)(3) =^ 1 • (j) (- f)(- 



(k) (= t)(o) 



2Qn 
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8=5 



. Probinm f^ot 8 = 4b 

( continued ) 

/c 




' the 


following open 


sentences 




3a . i(5) 










(0 




- i)(-3) 


(J) 


3 t X i C 




(•<) 







8^b. r4^tlpliGatlDn property of Enual Lty , 

. ''^(2)(a.)"" is tile name of a number. If the number Lf 
multiplied by P, we ^et a new number whose^ name ' may be written 
''(2) {J2)(b]) V 

. "(4^(3)" Is the name of a num.ber. If the number Is 
multiplied by 2, we ^et a new number whose name may be written 
"(2) ((i*)p))". 

In both cases , we were^ really doinp; the . same* thing. We 
started with two names for the number 12. We multiplied 1^ 
by Po, of course^both times we obtained names for the 

nunibsr P^. ^ In uther'wordsP 

since (2)(o) - Is true, 

then (2)^2)h4 -(2)^^0(3^ Is true. c 

This Is an example of the mul t Ipl 1 ca t'lnn property o£ equality . 
Her'o are f3ome other' examples. 

Example 1. ^'In-o , ^""^^^ " 

then (i)((2)(^3^ is true. 



Example 't. Since . (-3)(8) - (6)(-4) Is true, 

' . ' then ir^=3)(8))^- •^ |) ^6)(-4)) la true. 

TOia niultlplleation property of equality may be written like 

^ For real nun^aiis .Ej b, and e.> if a ^ b, 

^ \ - ' then ao *^ be. 

Of course, it may also be writteni - " '-"^ 

For real nijnbers a, and if a - b, . 

- then oa - sb. 

Do you remember that we also have ah addition property of 
equally? ^IT^ills- It stated?' We foimd if 'iaseful in findihg 
truth sets of ope;^%sehtana#B, The multiplldatlon property of 
equality is useful in this, way, too. 



^anple % FJ(^ trttf ti4ith set of 



-2k ^ 10 



Qlf there is ai> auclj that 

^ 1 -2x > 1& is true, 

then the same . x makes 

|)(10) 

the multlplieation 



(- i)(-2x) - ^)(10) Here we have used 



# and ^ 

/ 1 \ J 1 property of equality 



and 

X - -5 true also, 



^ / Check Your Reading ^ 

1. *I&^j£2)(6) the same number as (4)(3)? s 

2* If each of these products, (2)t6) and (4)(3)j is multlpaied 

by 2 J what is true about the results? ' 
3, What property is illustrated in Question 2? 



8.? • , 

Oral gcerclses 8^g \ 
Tell hOT you would use the multiplicative inVerse and thef^ttlti- 
plieatlon property of equality to v/rita a simpler . sentence to 
help find the truth set of each of the following. You need not 
find the truth set. 



1. 


2m = 4 ■ 




8. 


(-4)a = . 


•9 


2. 


3n = -6 






# = 4 




3. 


4n = 20 




10. 




2 


4. 


(3)b =17 = 




11. 


(- |)x = 


1 


5. 


(-5)a = 15 




12. 


(= |)y = 


-3 


6.' 


(-3)a = 19 




13, 


(- f)c - 


o" 


7. 


(-2)a = -10 




14. 


C= |)? ' 


1 






i 


15. 


(- |)b - 


Ifi 








* 







Problem Set 8-5 ^ 

Use the multiplicative inverse and the multlplicatidn property 
of equality to find the truth set of each of the following open 
sentences. 

11. ^ 4 ^ |rfl 

12. (- |)m - 10 

13. 4n - 7 

14. (-3)n 17 

15. (-12)h - -30 

16. (^3)c - I 

17. I - 9c 

p 4 

18. f = |b 

20. (- |)b = ^) 



1. 


2a 


= 12 


2. 


(=: 


3)a.= 15 


3i 


5a 


= -25 


4. 


(-£ 


3)a = -16 


5. 




5)x m 0 


6. 




= 7 . 


7. 




= 4 


8. 




|)b = 8 


9 . 


¥ 


= -3 


10. 




|)m = -5 
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8-6* Solutions / Of ^an Santenoii i 
Find the ^uth set of 



■ ^ ^ + 5 ^ 27. 

,'i / ' , -- ^* 

tmTtmpm/^Qu dould fit© thls'iby •'gueislng" , However, we shall soon 
find fimBB where guessing the truth set would be very, very diffi- 
oul%* So let's try finding the trutl> set In-anither way* ' 

Thm phrase "iolve the open sentenee" is &^ten\used Instead of 

"find the truth sat of ^ tha open sentenarf^ HeriJ then. Is how we 

, ^ ^ - ^ - -- --- - * -- - 

would solve tha open ientenee + 5 ^ 97"* 
• If there is ^n % that makes 

; + 5 ^ 27 true,/* 
than tha sama^ x makes i 
h + 5) +T^5) ^ 27 + (-5) 



and 



and 



((5) + (-5))'= 27 + (-5) 



Here wa have uspd>M;he 
addition prapelfty of 
equality* We -added 
(-5). (Of ooursaj we 
could say that (-5) 
was adda# "to both 
sides",) 



£3C ^ 22 true, also* 

Now if there is an x that makes 

( 

£x - 22 true^ 
X makes 

i(2lt) =1(22) 



then the same 



and 



ana 



(i.2)(x) ^ 1(22) 



Hera we have used the 
multiplication pro= 
perty of equality*^ 
We multiplied by -j. 

We could say that wa . 
multiplied -*both sides'' 
by i • 



X - 11 true^ also, 
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8^6 . . , , . ^ 

It ,l8 vei^ easy to aaef that the^ number 11 makes "x = Xlt' true. 
We could now check to /see If the ntun^er 11 makee the original 
sentence^ "ae + 5 ^ 2?^ true also. Actually^ however^ provided 
we have made no nAstdkea in arithmetic^ it Is not necessary ^ to ^ 
do ttils . Let'^ eee why. * . 

We riave Just shown that if there is a number x thfft mpikes 
"aic + 27" true, then it also makes each of the following 
sentencee true: / V , ^ * ^ v 

(2x + 5) + (-5) ^-27 + (-5) addition property of equality 
2x + ^(5) + (-5)^ ^ 27 + C-sV "associative property of addition 

2x ^ 22 ' '* 



' <^ . i(^) ^^{22} multiplication, property of 

1 1 equality j 

(=j,g^(x) - ^(22) associative property of multipli- 

~ ' cation 

, ^ ^ X ^ 11 

However^ we could Just as easily "go the other way" • That 
is^ we could start with the sentence "x - 11". If there is an 
X that makes "x ^ M'* true^ then it also makes each of the ^ 

following sentences true. ' ^ 

2(x) = 2(11) multiplication property "Of 

^ . equality 

2x - 22 ^ ' 

'2x + 5 ^ 22 + 5 addition property of equality 



2x + 5 ^ 27 



I 



In other words, any x that makes -■2x + 5 - 27*' true also 
makes "x ^ 11" true; and any 'x that makes "x * 11" true also 
makes '**2x + 5 ^ 27" true. The two sentences have the game truth 
set . Since the truth set of "x m ll" is easy to see^ we can-find 
it InBtead of the truth set of "2x + 5 - 27". 

open sentences with the same truth set are called 



equivalent sentences , 



\ 



In the axample, ^'2x + 5 = '27" and x are equlvaleat 

santanees, Thmj ^ava the same truth set. Since (ll) li the. truth 
set of I'x ^ 14" i It Is also the- truth set of "2x + 5 ? 27"* 

It is easy^ to form equivalent senteripeip If the &ame real 
number is added to both sides of an opsn sentence ^ or If both 
sides are multiplied by the same real number except zerp j the 
repult is an open sentence^ equivalent to the original one. 

Here is another example * Solve 

>. V 3x + 7 ^ X + 15* ' ^ " 

' [ ' 3x + 7 ^ ^ + 15 ' 
is equivalent to 
(3x + 7) + (=7) * (x +'15) +(-7) 
and 

3x + ((7) + (-7)) = X + ((1'5) + (-T)) 

and ■ , 
3x ^ X + 8. 

This is equivalent to 

3x + (=x) = X + 8 + (-x) 

and ^ 

, . Sx - 8, 

This Is equivalent to 
i(2x) - |(8) 

and 

Thus, we have a llst^ of equivalent sentefteag . They all ^ave the 
same truth set* It la easy to see that the truth set of "x m 4" 
is (4). If we have not made a mistake in arlthmetio somevEhere 
down the line, {4) is also the truth set of "3x + 7 ^ x + 15", 
Being human, we do sometimes make mistakes in arithmetic. So it 
is still a good idea to checR to see if (4) is the truth set of 
the original sentence. We'll leave this for you ^to do. 



addition property of 
^ ■ equBllty ^ s 
Twe added ( -7)*) 



addition property of 
. equality s 
fWe added (-x) 



multiplication property 

, of eauality i \ 
fWe multiplied by 



' Her,« Is a final axample. Solve 

7 -H 3x + (-5) +- 9x ^ 37 + 5x, \ / 
■■'^Bee if you can giv.*' the re^s'on for each of the followihg steps 

7 + 3x + (-5) + 93C * -37 + 5x 
:s ^ ' . , lax + 2 = 37 + 5x 

J::i . Igx ^ ((2) + (-2)) = 5x + ((37) + (-2)) 



•12x + (-5x) * 35 + ((5x) + (-5x)) 



■ ■ 7x - 35 . 

^ ' . ' _^(7x) = j'(35) , 

:■■ 

Therefore, "x - 5" and "7 + 3x + (=5) + 9x.^ 37 + 5x" are equiva- 
. lent sentences. T|[ey have the- same truth stet , [5). Is the truth 
set of "x ^ 5'', V/e sometimes say that 5 is a solution tht 
sentence ^5"^ 

As a guard against mistakes In ari^metiCj let us check to 
see if 5' is a solution of "7 + 3x (-5) + 9x ^ 37 + 5x" , 

If .X Is .5, then the left phrase is 7 + 3(5) + (-5) + 9(5). 
whl^h is a name for 62. If x is 5, the right phrase is 
37 + 9(5) J also a name for 62, We have thus 'shown tSiat if x 

- is then 7 + 3x + .(-5)-+ 9x = 37 + 5x is a true sentence, . 

f Prom these examples ^ you see that solving a ^fnce is 

somet|iing like a game. The rules of the game ar~ Jur the pro- 
perties of real nLimbars , tie usually try to-use.^ti. t.roperties 
to get an equivalent senterice in which the variable^ stands '*alone" 
as In "x - 5" and - 11'* and ^^x - 4'', ^ * 
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ProblemrSet 8-6 

Find the truth set of each^f the following open sehtenres by 
writing in each of the Problems 1 - ^ a series of Isentences ' 
.equivalent to the original sentence* Shov/ that your solution 
is correct by reconstructiog the original sentence by^ reversj.ng 
the steps you took, in sol^{3.ng the sentence* ' . " 

I, 5x^+ (-^x) ^ 7, ^ 3* 8r + (-2r) + - l6 

find tim=^t-P4tth set' of eanh_oX-.Jtoa_£QJ.laHlng..^apBn..^,entenaa^ 
C^eck to See If each element in the truth set you obtain does 
make the ^original sentence a true sentenc^. 

5. 19 ^ (-^) ^ (-3m) + 5m 



6* dm + (^6) + 2m' ^ 9 

/* 2m 5m + 16 ^ (^5) 

8* (^^Im) + (-6m) + (-10) - 15 

9, .a + (-6a) - 7 + (-2a) 



10 
11 



12n + (-27) - 5n + ^-^0 J- 
(,5b) + (-1^0 - 6 + (-lObf 
12, (^8a) + - (^5a) h 



13. 6m + 9 ^ 5m + (=^8) 

A^i . iOm + 8 ^ Dm 4- y / 

15. i7x ^ (-11) +- l8x 

16. (-5) + 3x + ^ 5 \ 

17. (-4) ^ ' - 

18. (-a) 4^ 2a - (^) - (^a) h i 

19. ( = ba) (^^) ^ (^3n.) 

20. *' (-3y) ^ - 2y = u i:^:/) 

Sill 7 ' 



lb 



8-7 • ' " 

8*7* Prod ucts and the Number Zero . 

_ — ^ ^ 

What Is a common name for each of the following products: 

(7)(0), (0){^3), (0)(0), (|){0) ? 

Each of these products Is a particular Illustration of the.* 
multiplication prDperty of Eero---Por any number 

x(o) ^ (Q^x - 0. . . 

Because of the muVtlpllcatlon property of zero, the 
following statements can be made about a product xy of real 
_ njfflibe y s x arid y j _ _ * _ 

If X - 0, ^en xy = 0. This is true:/ since ' : 

(0)y ^ 0 for any number y. 

If y = 0 J then xy - 0. This Is true, since 

5c(0) - 0 for any number x. 

In the statements above , we have sho%^n that If x Is zero, 
or if y ia zerOj then we can draw a apncluslon concerning the 
product xy---namely, the product xy is zero. 

Howfever, If It 1^ known that the product xy Is zero, the: 
can any conclusion be drawn concerning the^ numbers x^'and yj 

Supple xy = 0 , . ' , 

Also suppose X ^ 0, 

Let c be ' the multiplicative Since t 0 , x has a 
inverse of x, . "^multiplicative Inverse . 

If xy - b, ^ Multlpl ication- property 

then c(xy) ^ c(0) _ of fpuality 




(cx)y ^ 0 

(l)y - o/' ^ may be used for "cx," 

^ - because the product of any 
number afid Its multipli- 
cative inverse is one, 



\ 

Thus,' if xy = and x / 0, than y 0, In the same way, it can 
be shJwn tha^t If xy - 0 and y / 0, then x ^ 0. Therefore, we 
can rtialce the following statement^ 

If xy ^ 0^ then x ^ 0 or y ^ 0. 
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It is J of course, clear that both x and y may be 0 



The follQWing list of examples Illustrate an Important 
use of the statement above. 



Example 1. 7ind the truth set of ^"t7)(x) - O". 

-If X ^ 0, the sentence reads ^^'tT)^) - 0",^whlch 
is true p Is there any o t h er n^omterxth&t will make 
= /; sentencp true? ^ 

The truth aet is {0). ^' 

Example S. Find the truth set of "(y)(8) ^ 0''. 

' ^ If y ^ 0, the sentence^, reads '*(0)(8) ^ O'S which 

is true. Is there any other number that will make 
th'e -sentence true? 

The truth set is i 



Example 3. Find the truth set of ''S-^x > (=3)) - 0", 

Notice tha^ on the^ ieft side, v/e have the product of 
^ ^ the number 8 and the number ,x + 0-3)^ The ..Broduct 

"wilVbe zero If-eitoer of these numbers is ZBVo.^i^, 
. \ of couree, cannot be zero. However^ if x ^ 3.. 
* M (-3)) is the number zero; and the senterfce readl 

ng^^H^ (-3)^ ^ 0", which is true. Is there any other 
* r^v^pfer that will make the sentence true? 

^ ffh€^jfcruth set is [3). | 

Solve ^^(x + 5)(x + 2) - 0", ^ ^ 

On the left side, we have the product (of the numbers 
(x + 5) and (x + 2). If x is (-5), the sentence 
reads ''(o)(-3) ^ 0^', v/hich is true. If x . is (-2), 
the-nentence reads "(3)(o) - O", which is true. 
The trutn set In [-2, -5)^ 



Example 



Check Your Reading 

1/ Stat^ the multiplication property of zero, 

2. If X ^v.Q^ what conclusion c^n be drawn concerning the 
"product Ky? V* ' ' 

3. If y* = 0., what concluslpn^oan be drawn concerning the 
product xy ? 

4. If xy - 0 and x ^ Oj what conclusion can be drawn? 

5. If xy = 0 and y ^ 0, what conclusion can, be drawn? 

6. If xy = OT^what doncTusion can be drawn? ^ ^ 

7. What is^ the truth set o5 "(x + 5)(x + 2) ^ 0*'? 

Oral Exercises 8-7 
V/hlch of the following sentences are 



of the following sentences are triie? 
7p) = 0 (e)^ (|)(0T = I 

(b) ^5)*(0) = =5 (f )v\- ■|)(0) =.0. 

(c(5'y(P)C^7) = 0 (g) (S.5)(0>=2.5 

■(h) i6.325)iO) = 0 



(d) :6(y + 3) = 0 ■ 

(e) (m + l) (m "+ 2) - 0 

(f) (n + k)in + i) = 0 



Problem Set 8-7_ 



(f) (=ii.3i0(b) .'o 



(d) 


(o)(o) = 0 


Find 


the truth set 


(a) 


- 0 


(b) 


-^m ^ 0 


(c) 


7(x +1)^0 


Find 


the truth sot 


(a) 


(5)(b) - 0 


(b) 


(-7)(a) = 0 


(c) 


(|)(m) . 0 


(d) 


(t)(= 0 


(e) 


(3.S){c) = 0 



■V 



(S) 0(x) = 0 

^1 (h) ■ (-5)y = 0 



^ It 
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^^^^^^ ' PrDblem Set 8*7 
• ) \ (continued) 

Find the truth set' of each of the following open sentences, 

(a) (x + « 0 (h) -2(n + .8) = 0 

' (b) 5(x + (-3)) - 0 (i) -l(ra + (-1)) =0 . ' 

-2(a + I-7))= 0, (J) -9(b + (- |)) « 0 

(d) 5(m + 2) = 0 (k) 7(J + a)^= ^ 



(e) 8(b + 6) = 0 (1) 3(1+ (-a))- = o' 

(f) -6(a + 1) = 0. (mT - -jCf + m) a. 0 : 
(e) '(n + |) = 0 (nr (.91 + (-r)) w 0 

3'. Find the truth, of each of the following. 

' (a) (x + ^)(.xV 3) = 0 ^. (• 

(b) (m + a)(ni + 6) = 0 

(c) (a + (=5)) (a + 6) = 0 

(d) (b + 10i(b + (-5)) - 0 

(e) ■ (n + (=3j(n.+ (=5)) = 0 

(f) (n + 9)(n + (=9)) =0 

(g) (a + |)(a + |)) = 0 

(h) (m + + (= §)) = 0 
(1) (b + |))(b + ^) = 0 
(J) (a ^ 3.ii)(a + 2.18) = 0 
(k) (c + \..15)(c + (-3.12)) 

^ (1) (y + (-1.75))(y + (-2.25)) 

(m)_ n(n + |) - 0 

(n) a(a + (-3)) 



- 0 



0 

(o) b(b + |) = 0 
(p) 0(0 + (- J)) = 0 
(q) (rn X^-l))m = 0 
(r>-' n(n + \) = 0 



3pl '^O 



0 ' 



, Problem Se\ 8-7 
(contlnufdy 

*(s) (w + 6)(2w + 5) ^ 0 , 
*(t) ' (m + + 4) ^ 0 * 

*(u) (l,Sn + (-6))(,5n+ (-2^ ^ o . 

nw); (|n + 1)(^ + 2)\ 0 . ^ 

Translate the following Tnt'o: o^p^^ f^t6r-bhm±T-— 
truth sets. i — 

^ (a) Mr, Johnson bought 30 feet of wire and later bou^t 
55 more jfeet of the same kind of wire at the same 
price pe;^ foot. He found that he paid $4,20 more than 
his neighbor paid for 25 feet of the same kind of 
v;lre at ^he same price per foot, l^/hat was the cost 
per foot the wire? 

(b) Pour times an integer is t'en more than twice the 
_ successor of that integer. ^ What is the Integer? 

'(c) %In a stock ear race, one driver, starting with the 
* - first group of cars drove for 5 hours at a certain 
Bpeed and was then 120 miles from tne finish line* 
Another driver, who set out wlt^h a later heat, had — - 
traveled at the same rate as the first driver for 3 
hours and was 250 miles from the finish. How fast 
were theso men driving? Draw^a diagram to hfelp you 
write the open sentence. / ' 

fd) The perimeter qf a triangle is 4^ Inches, !The second 
side is three Inches more than twice the length of 
the thl^d side, and the first side is five inches 
longer than the third side. Find the lengths^ of the 
three sides of this triangle. 

(e) rf an integer and its sucnessnr are added, the result 
is one more than twice that Integer. V/hat ls.the^- 
^ integer? 

322 
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' " ' r ■ Problem Set 8-7 , ^ 

(continued) ' ^ ^ 

(f) In a farmer's yard wert some plgg and chickens, and 
no other creatures except the farmer himself. There 
were^ In fact, sixteen more chlclcens than pigs. 
Observing thlh fact,'*^and further observing that, there 
were 7^ feet in the yard, not counting his own, 'the 
farmer exclaimed happily 'to himself --for he was % 
mathema ttclan as well as a farmer, and was given to 
talking, qp himself --"'■Now 1 can tell how many of mkch 
kind of creature there are In my yard," How many 
wfe^e there? (Hlntt Pigs have 4 feet, chickens 
2 feet. ) 

^(g) Mt the target shooting boo^th at a fair, Montmorency 

was paid 10^ for each time he hit the target, and was 
charged 5^ each time he missed, ^f he lost 25^ at the 
booth and made ten more misses than hits, how many 
hits did he make? 



Bumma ry . 

In this chapter^ we have discussed multiplication of real 
numbers. The product of two real numbers a and b may be 
written In any of the following ways: 

a b J ( a ) ( b ) J a ^ b , . . 

^We stated a definition for the product of any two real numbers, 
^hls definition assures us that the^pi^oduct of any two real 
numbers is also'^ a real number 

^-i!ere are some prQperj>€es of -multiplication: 

J I lult Lp 1 1 cat j.'jn pL^onci^y o C Qng ^ 

I'lu 1 1 1 p 1 1 cajb Ion Pr'Operty of Z e r o 
For any . rcarr" nimTber" ~ a , T?){O J ^ 0. 



G dmrn u t a 1 1 v c " P r o p o r t y ot ^ 1-fi.iltipliGatiQn 

For any x^eal niuTiLcrn a and ab - ba ^ 



^ -^23 



AegQClatlve Property of Mult IpllQat Ion 

For any real nunibers and c, (ab)c ^ a (be). 

^ ' Distributive Property 

For any real nuinDers a, b, and a(b + c) ^ ab +^g. 

^ ' \- _ ' 

Multiplication ' Prpperty of Equality 

For real numbers sf7^* and if a = b, then ac - be, 

^ For any real number ''a, (-l)a = -a. * 

I ^ For BfiY real numB'lrs a = and (*^)^ ^ ' 

_ and (-a)(=b) - ab. 

For any real numbers a and b^ -(a + b) ^ (-t) + (-b). 

If xy ^ Ij X is called the multiplicative inverse of y, 
and y is called fihqr fnultlpllcative inverse of x. The number 0 
has no multiplicative inverse. Every real number except 0 
has one and oHly one mul tipllca^tive inverse. 

Two open sentences, that have the same truth set are called 
" equivalent sentences 



If X ^ 0, then^^ 3ty ^ 0. 
If y ^^0, then xy ^ 0. 

If xy - 0, then x ^ 0 or y ^ o. 



Review Problem Set 



Find a common name for each of the following sums* 

(a) 7 + (-10) - (d) 6 + (^16) 

(b) 12+12 ■ (e) a + (-a) 

(c) (-10) + (-15) i^) (-2a) + 2a 

Find a common name for each of the following products. 

(a) (2) (4) 

(b) (2) (-8) . / ■ ' 

(c) . (-6){-5) ' 

(d) (=4) (6m) 

(e) (=8m)(=3a) 

(f) (-2m) (2.5m) 

'J • > • 1 

O CO 
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Review Problem Sat 
( continued ) 



(g) (n|n)(4y) 

(h) (=l)(|x)(- |y) 
(1) (=3)(-4a)(2b) 
(J) (-am) (12b) (|) , 

(k) (8a)(7|)(-'^) 

(1) (I9m)(-1.75n)(-2.25a)(0) 

(m) .(2x)(-4a)(=6am)(. |) 

Use the distributive property to ohajig< 
the following. ^ 
(a) 
(b) 
(c) 
(d) 
(e) 

(f) 

(s) 

(h) 
(1) 
(J) 
(k)^ 
(1) 
(fn) 
(n) 
(o) 
(p) 
(q) 
(r) 

(a) 

(t) 



e form of each of 



2(a + 2b) 
4((-o) + 4d) - 
=6 ((-7c) + 6d) , 
8a ((-4m) + (-3n)) 
(-7a) ((-3b) + (=4o)) 

(-ifa)((-4a) + (|b)) 

t-l)((-3a) + 6b) 
(a) (4m + (-2n)) 
(=b)((-2o) + (-3d)) 
(-m)( (-5m) + lOn)) 
(-2c) ((-5c) + (-lOd)) 
(-5m) + Bb) (-3b) 
4a + (-4o)} (-d) 
(a + 3) (a + 4) 
(a + (-3)) (a + 4) 
(m + 6) (m + (-6)) 

(y + (-2)}(y + (=9)) 
(y + |)(y + |) 

(z + (-5)) (z + 5) 
(w + (- |))(w + (- |)) 




3? 'J 
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Review Problem Set 
( Continued ) 



(u) (a + 1.5)(a + 1.5) 

(v) (b + (-2.1)) (b + 2.1) 

(w) (-2y) ((-3)y + ''2z + 4) ■ ^ 

*M f(=3y) + k)(zy + (=3)z + k) 

*(y) ((=an) + (-1)) (( = 4)m + (-n) + l) 



i^. Use the distributive property to collect terms in each of the 
following. 

(a) 3x + lOx 

(b) (-9)a + (-4)a 

(c) Ilk + (-2)k ^ 

(d) (.27)b + 30b 

(e) 17n + (-l6)n ' p 

(f) X + 8x 

(g) " (-15)a + a 

(h) |a + |a 

(1) 5p + 4p + 8p 

(J) 7x + (-lO)x + 3x . ' 

(k) 12a + 5c + (-2)c 

(l) 6a ■♦- 4b + c 

(m) 9p + 4q + (-3)p + 7q 

(n) 6p + (-4r) + (-8p)'+ (-Sr) 

(o) 3a + (-9b) + 5a + (-8a) 

(p) (-5m) + (-60) + (3m) -+ (60) + (2m) 

(q) r + 2t + (-tf) + 5s 




(t) 



{- 4^)m + ^1 + ( - ■^) m + ■jti 
^ + 4b + |a + (.4)b 





ERIC 
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Review Problem Set 
, (continued) 



Use the multiplication property of one to Blmplify each of 
the following, ^ 

U) 14 ■ (d) y ■ 



1 

(b) l + X (e) -I- 



(c) I + f ..^ (f) 



6, Use the diatrlbutive property to write the .following ' 
Indicated slims as Indicated products. - a 

(a) 3a + 3b (g) 2bx + 4by 

(b) (-5)c + (-Sjd (h) 4am + 6an 

(c) 10m + 5n (l) (-6)bx + (-9)bw 

(d) (-10a) + (-15b) (J) + |bt 

(e) mn +'nay (k) (- |)b + (- |)c 

(f) -mx + ator (1) 2.5m + 5. On 

7, Which of the following are true? Which are false? 

(a) (2)(5 + 3) i (5 + 3)(2) . ■ 

(b) (=1)(2) = 2 ^ ■ ■ 

(c) (=l)(-3) - 3" 

(d) (-l)(0)(-4) .4 

(e) (-2.7)(-l)(3.9b)(0) = 6.05 

(f) {-b)(l) > ^ ' 

(6U46)(-3) ^ 18 . ■ . \f 

(h) 6(-3) > 18 

(I) 6(=3) < 18 • 
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Review Pr. lem Set 
(continued) 

Whic^Scf the following aentences are true for all valiies of 
the variables? * 

(a) a(b + (=c|) = ((J) + t^a 

2a ^ (=b) + 3c = (-b) 3c + 2a ' 

5m + ( -b)n = 5(m + n) 



(b 
(c 
(d 
(e 
(f 
(g 
(h 
( 1 
CI 
ik 
( 1 



(-l)(o) = c 
(b)(-l).(0) = 0 
(=m)(=l) = m 
(0)(m) - m 

(;t25)(-l)(-t) = 3.25t 
4c)m < 0 / 
a(^l) ^ i 

2a. + (-3a) ^ 3a . 

ICrn ^- (=12n) = 2 (|jm h ( -fjn 



WhJ.ch sentences are true for the civen^value of the 
variable? 



(a) an ^ ^lOj m - 5 

(b) 3m ^ . 1| ^ 0 

(c) ^ - 3i 



(d) ^ - 0| 

(e) - fa ^ 

(f) ^ - IJ 



a - 9 
a ^ 0 



-I 



a ^ 



. Review Problem Set ' 
( continued ) 



(g) 


2a + 4 =s 


(-S)j 


a ^ 


(-1) 


( (h) 


3 ' 

^ + 6 = 


(•=6)j 


m = 


2 
I 


(1) 


- §n + (. 


-3) =. (■ 






(J) 


(-2a) (-3; 




a ^ 


1 


M 


S(-2.4m) 


> (-9.( 


5) J 


m - (^4,8) 


(1) 


4|xi < 0: 


; X = 






(m) 


|m| + 


2) ■= Oi 


m = 





10. Find the truth sat of each of the following senC^nces* 

(a) 6x 4- 9x = 30 

(b) l2y + i-5y) ^ 35^ 

(0) (»3)a + i^7^y^~^^0 

(d) X + 5x ^ 3 ;+ 6k 

(e) 3y + 8y - %9 ^ 

(f) ^152 + 12z ^ 24 

(g) I4x + (-l4)x ^ 15- 

(h) (-3)a + 3a ^ 0 

(1) 13k -f (-l4)k + 9k ^ 0 
(j) X + 2x + 3x ^ 42 

(k) a + 2a ^ 3 

(1) (^8)y + 9y > 5 

(m) 7a + (3)a < 10 

(n) 1^1 H- 3|x| < 0 

(o) »!m| + 2!m| > 5 

(p) 4y + 3 - 3y + 5 + y + (^^) 

(q) l&c 4-- (-5) ^ 7x + 24 

(r) 8x + (-3)x + 2 ^ Tx + 8 (Collect terrns first.) ' 

(5) 62 -f 9 + (-4)2 ^ 18 + 2z 

' (t) lan + 5n + (-4) ^ 3n + (^4) + 2n 

^ (u) 15 ^ 6x + (^8) 4^ 17X 

(v) 5y + 8 ^ 7y + 3 + i-2y) +5 " ' 



^ u o 



Review Problem Set 
(continued ) 



(w) 7(x + !') = 0 
(x) 8x(x + (^1)) = 0 
(y) (m + 7)f2m -r s 0 



V 



(2y)(y A 3)^y + 3) - Q , 

Write open Fientenceo r.^r eaah oT thc^ follov/inG^ then find 
the truth set . 

(a) The ^im o£ tv/ice a number and 5 Id ^17. V/hat Ie 
. the numbGr? 

(p) A rarrner had hie wheat haulea to an elevator ii^ two 
trucks^ with the Dame capacLty^ v/hlch carried a full 
load oach trip. -He Gtorcd ^'90 bushels in 'the 
elevator. One truck made ,3 trino, the other made ^: . 

(1) How much rraiui ilu each truQk hold? 

(2) How many bushels did each tiMjclc haul 
altogether? 

(c) Mrs. Abbott triod to remember how much she paid per 
can for two cans of peaches she bcught when she 
she pp e d f o,r g r o c e r i e s , She c o u 1 d " o n 1 y remam be r that ' 
she had bought a can of coffee which cost 83^0 and that 
she received 4^ change from ^1.50 which she gave the 
clerk. How much did Mrs. .^bbott pay for each can of ^ ' 
peaches? (DLsreEard the sales tax.) ^ 

( d ) 0 n e a ng 1 e 0 f a t r L a n f-, 1 e I s tw Ice as large as the 

Becond. The third a.nftlf- contains 1?"'' more than the 
smRller of the first two angles. Hqw many degrees, 
are In each an0:le?^' 

(e) A frelf^ht: train Wnd passenfrer train ^ rurnlnfi on a 
double track, left Wn s hinnton D . C. for New York. 
The ^ f rr- i.Kht Iraln left at ';:C,0 ...M. and traveled at^ 
an averaf:^e Gpe^"?J of '^hr miles per hour The ^ 
passenger train left at V:ef - . , and averaf^ed oG 
^miles per hcejiu 



Rev lew Problem Set 

... 



(continued) ■ 

,s ' ■ ::■ ' Yi ^ 

* Huv/ lung v/ill it taktj the passenger train to 

■'^ertake the' ^rai|:;ht? ■ 

~ ... ^' 
'v ■ (Hint; IT t "5:^ the nLimber of hours 

. = that the passencer train ran before over- 

taking the freigl-it train^ then (t ^ l) 
is the time that the freiglit train^^an 
before It was overtaken by the p^senger 
train.) ^ ' \ 

(2) At vihat time did the passenger train overtake 
the freight? 

(3) Hovi far were they from V/ashington when the 
paBsenger train overtook the freight? 

^ (f) The length of a rectangular flov/er bed is - 8 feet more 
than twice the v/idth. its perimeter is 196 feet, 
V/h at are its d i m en b 1 o ns ? - ■ • - 

12 . Draw t h 6 graph s o f t h e t ruth sets o f the f o 1 1 ow 1 ng s ent enc e s . 

(a) lx| Vp . 

(b) |y| < 0 ' ^ . . 

(c) ^ X < 2 and x > ^1 

(d) X + 1 ^ 5 ' or X +- 1 = ' = ■ 'f 

(e) X < 3 and x > 0 

(f) X ^ 5 ^ 

-X } ' ^ ' . ' 



1 ') ' ■ 
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^ ^ Chaptei- 9 

V; PROPERTIES OF ORDER 

9^1. The Orcier Relation for :\eal Numbers. 

■Suppose you were asked to name the ietters of the alphabet. 
Would you be apt to say, "a, f, y, a, q, t, k, etc."? 
This is very unlikely. in all probability you would begin, "a, 
^' ^' --v ' fj g. etc." 3o would everybody else. 

There must be a reason for this. It Is because you are'ln 
the habit or using what we call an order relation. Whenever you 
loo , a word In the dictionary, or a topic in the Index of a 
boui:^ uoh as. this one, you wlii be taking advantage of an order 
relation; t/iat is, alphabetical order. The conoept of order 
occurs in a variety of situations. For example a baseball team 
has* a QO:-tain batting order. Can you think of other Inatances?- 

As you have already seen, the- Idea of order plays an 
important part in the study of numbers. You will remember the 
type of sentence which we wrote, for examnle, as 

< 7' ' 

Here the nymbol "<", meaning "is less than", shows a relation 
between = and 7. We call a relation of this type an order 
relation. 

In Chapter 5 the relation of order was extended fro'm the 
numbers of arithmetic to the real numbers, which include the . 
negative nUoibers as well as ^hc positive numtjers and zero . ■ This 
was done by using the number .;i ine . We agreed that- 

, "is le,_;3 than" for real numbers meafts 

"Is to the left of" on tiie real number line. 



' I I I —i — h— t — I I i -I — i — I t -f- 



-5-4-3-2-1 0 I 2 3 4 5 



\ 



1 ' > ' 



Tm«;"bv refe-rrlns to th. above . Ine wc^no. that"^ -j - Is-leBs , 
1-. iP:-,. than 2. It .-/houid be Clear that ^ 

the roilowing n:A,tenaa:: are al^io truf: , 

.2 < 2. ^ -1 < 0. < =3. , 

writ, down any .ea^ number at all! FeeV free to chooBe a 
■ negative numb.r. or a/mbor in the ■•orm of o Inaction, whatever 
vou w^.h. Without j^ns What your number 1« , aak a friend to 
„rit. any real numt^. Call your number a, and your friend s 
number b. Now look at both number.. Then ntate which ol the 
roUowiniS l:i a true aentenco: 

£i < b 
a = b 
b < a i, 

YOU ha.e undoubtedly lounti thj^t one, and only one, of the 

,.nt«nc.. IB 'true, and that the other two sentenceB ar. false. ^ 
NOW no matter how many timeB you repeat the experiment wxth 
oth«r'chc?lces of numbars, you will find that the same sltuat on 
oornv. It will alway. hanpe^i""" that ^ne sentences (not 

the'. am. one .very time, oV course) is true, and that the other 

are false. Try/thi experiment several times. Make a record 
^ach time a. to w.fch .ontenc. Is true and which two sentences 

are raise . ^ ' , v - , ^ 

The fact that It always nappcns that for any real numbei a 

and any real number b ono^or the sentences 

a < b ' ^ 

D = b 
b < a 

;n true anu th. other two are" fais. is an important property 
v/hi^:n is cuiieU the 



( 
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9-1 

We shall now discover another property. Guppooe we are 
given any three different real numbers a, - b, a/Kd c. Assume 
it is known that 

a < b.^ 

Juiipo,:e v/e a 1^0 knov; tijut 

b < c. 

r'elatjon botwnc^n a ancJ c? 

examine the number llne,^ The following jllustratlon 
r*nn re.^"n t:: tUc: tv;o conultlonr: 

^j<b and b<G. 




. In th;:: arawlnf3j n Jn clearly to the leTt of c , By 
de f in : t Ion ' thl;:^ rtjprcL'Cnt;; tiio r'Clatlon 

Thl.: Is an exa:ni;.le o the; anpllGatlQn o:' a propei'ty of th^ 
order i-eL^jP'on "u; Le.^- than".^ It l:i oal Led the 

u ran i_t \^J^: ■■[) ror ^e r ty o;' o ■der. 

V/e can r'"s:1:ai;e the n r'Or.c: a:^ i'o L i ov/lw 

■iV a, b, ann ^pn any ztirac rani 

nembe^r.' .j n j 1;' a < u ane \. < u, then i 

a < e , 

In ;';iapr:e!' u v.^: J-eTi'^-i at ':inQti.or la^'oiv/rty wh.lch aonnectn 
the or J'. r' re.iall jri .7 1 In e. op--raub)n od la:: 1 n:^ Opeo:eltea, A 
portion of ti.o numh-r lav.- ; 1. = n- l.p u.: :-:.v:ev/ th : a prorierty, 

Sd 
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I I t I i — — I- -# - 1- - >- ) i ' I 

-7-6-5-4-3-2-10 I 2 3 4 5 6 7 



It is certainly clear that 

2 < 5. 

But what about the re lat ion between -2 and -5?' The number 
line tells us that 

-5 < -2. 

Let's look at -1 and 4, Certainly 

-1 < '^. ' 

Now let';; take oppogites. The cjppoaite of -1 is 1. ThV 
opposite of 4 Is The order relation between theaq^-'iwo is 

=■ < 1. ■ > 

tlnally, consider ~( and -J. We see that 

) =7 < =3 

and 

Where we have aga in /Caker^oppos ite s . . / 

The property which these examples have illustrated dhouid nov/ 
be clear. It c a n b e s t a t e tl a s To 1 1 o w s i 

I^ a and b are ap^ real numacrn 
3uch that a < b, ^hen -b < 



Check Your Reading 

1. V/hat meaning on the numbor line is assoGiaten v/j th "i.r le^y 
than"? ..^ ' 



2. What is the order of a and b if it Is false that 
"a > b'*? 

3. If the order of a and b is given by "a < b" , what 
^3 the ^rder of =a and =b? 

m 

Oral Exercises 9^1 
1' If a < ^2 and ^2 < 4, whaf Is the order of a and 4? 

2, If =3 < c and c < d, what is the ord^r of ^3 and d? 

3, If X H (.2) < 5 and 5 < x ^ 2^ then what is the order 
of X ^ ( ^2) and x h 2? 

4. If y (-3) <. 0 and 0 < y + 1, then what is the order of 
y + 0-^3) and y 4- 1 ? 

5. If m (^1) < 5, what is the order of =(m + ( -1 )) and 

1 o. If t H (^3) < 6, what 13 the order of 3 f (-t) and ^6? 

Y. If < m" is false and "m < 5" * is false, ^what is t>he 
relationship between m and 5? 



H, If b < =1 what is the order of b and %7 
If M> a, what Is the order of ^a and 
iO, If* c > 0, what is the order of C and -c? 



i. In each of the foll^nM^^r -jotermi.no ordei^ relation 

b e t w e o n t h p t w o n u m b e r s . 

(a) -b, -2 (d) ,3124 



3 ^ ^- 

(b) - p-, (o) a, b Lf a Is positive 

^ = and b Is negative 

(c) ^D, ^0i (f)--x, X +- L fr^ all rea]/ 

numljers x \ y 

i J 



Problem Set 9-1 
J '-^ (continued) ^ 

2, In each of the ^^^lowlng deterpiine the order of the twc 
numbers , 

(a) ^a, ^2 if 2 < a 
y (b) b, 2 if P<a and b < b 
^ (c) -X, 3 If X > -3 
I 1 (d) y, 2 if it is false that "y > 2-' 

(e) -ja| , 0 if 0 < |aj t^^' 

(f ) I, %^ )if 1 < X and X < x^ 

3. In each of the followi:ng determine the order relation 
between the two numbers, 

(a) X f (-1 ). ^ 3 If =3 < 1 f (-x) 

(b) 0, 2 if 0 < y and y < z 
2, m if it is false that "m < 2" 



(d) -(a + b), )b + (-a) if a f b > a f (-b) 

(e) =|=3h ^2 

(f ) ^a, if a - b 



9 = 2. Addition Property of Order . 

We have just seen that there is a definite connection 
between the order relation and the operation of taking oppos 
We now wish to study the connection betwefen order and the 
operation of addition; 

As before it will be^^^lpful to use the number line. 



^3-2-10 I 2 3 4 5 6 7 

(l^(-3)) (^^^3t) (1+2) ^ (5+2) 
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To begin, consldei' the .numberc 1 and 5. On the nur^Vben line 
it Id evident that 



1 < 5 



houid aino be clear that 



(1 -V 2) < (5 + 2). ^ 



What about the relation between I + (=3) and 5 + (^3)? 
Th e n umb e r 1 .1 n e ti 1 1 n u :j t h a t 

(1 + (=-3)) < (5 + (=3)). 

In both ca.u?:^ the numberG remain the same distance apart, 

ouppose v;e had chor:en two other numbers to begin with rather 

than 1 nnd say ^2 and 4, Guch that the first 

number ::tlll lej;j than the Gecond, l,e* 

What ir v/e nov/ add =^ to each number? We :^ee that 

(-2 i^h)^ < (i, + 

nlnce ttie number line tell:: u:: that 

-6 < 0. 

These examples lllustr^ite v/hat v/e call the ^ 

aadl tion . propei-ty o f ordei^ ' 

Trilri nroperty staten tfiat ' ^ 

if a, b, ^ and e are real numbers and 
-: r a < b, then (a + c) < 4= c). 

it 1:3 _lntero3^;lng to see that'v/e can combine the addition 
propet^ty and tne transitiye property to prove a third property. 
Juppose we nav:.- tour real numbers a, b, and d^ which 

ape reiatcui as I'olluvrs 

a < L nnu c < d. 
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We would like to find out the relation between (a + c) and 

(b + d) . This can be done in the following way. By the addition 

property we know that since 

f ^^a < b, then (a + c) < (b + c) . 

In the same way we know that since 

c < d, then (c + b) < (d + b) . 

By the commutative property this last inequality can be written 
as 

(b + c) < (b + d) 
-Therefore since we know that 

(a ^ c) < (b + c) and (b + c) < (b + d) 
the transitive property tells us that 

(a + e) < (b + d) . 

Check Your Hefadlng 

1, State the addition property of order, 

2. Is the statement "If a < b, then a + c < b + c" true 
when c ^ 0? Why? If c Is negative Is the statement 
still true? 

3^ If a is -3 and b is 1,' state an order relationship 
involving a and b. If c Is 2, state an order 
relationship involving (a + c) and (b + c). 

4, If a < b and c < d^ what is the order of a + c and 
b + d? . . 

Oral Exercises 9-2a • 
1, Which of the following statements are true? 

(a) If m < n, then m + 2 < n + 2. 

(b) If -2 < 5, then ^2 + n < 5 + n. 



3^0 



I, 



Oral Exerelses 9-2a 
(continued) 

(c) If -5 < a, then a > -5, 

(d) If ^ < b ahd c < d, then a < d. 

(e) If a and b are different numbers, then exactly 
one of the follov/ing le truei a < b or b < a. 

tf) If rr^ < n and p <^m, then p < n. 

(g) If -a < b, then -b < a , ^ 

(h) If -a + 5 > b + 5^ then > a. 
(1) If m '(< -n, then < n. 

(a) D6es the relation indicated by the symbol have^ 
the transitive property? Give an example. 

(b) Does the relation indicated by the symbol have 
the transitive property? Glv^an example. 

(c) Doen the relation Indicated by the symbol 'y'' have 
the transitive property? Give an example, 

to support your answer, 

(d) Restate the comparison property so that it describes 
the relationship of two different numbers. 



In each of the follov/ing indicate which ^ytribol , "<■' or 

should be put in the place occupjed ly the queBtion 
mark, so that the reL:ultins statement is true . 



(a) 


-3 


? -5 








(b) 


If 


m < n 


and n 7 


:c , then m C x . 


(c) 


If 


-3 < a 




then 


3 ? -a. 


(d) 


If 


m < n. 




then 


? -m. 


(e) 


If 


a + 5 


< 


b -h 5. 


than a ? b-^ 


(f) 


If 


a + ( 


5] 


1 < b + 


(^5) , then -^a ? 


(i) 


If 


a < b , 




then 


a 4= 5 < b + 5 and 




b + 


5 + ( = 


5) 


i 





a + 5 + (-5) 
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y 

(continued) . ' 

(h) If X h 5 < 2,, then x + 5 + (-5) ? 2 + (-5). 
(l) If 5 + m ? 3m, then 5 + m + (-m) < 3m + (-m) . 
-(J) If (-a) < b + 5 and c < (-a) , then c + (-5) ? 

* W 

^ Problem sit 9-2b 

VJrite each of the foliov/lng Gtatements v/lth either or 

replaoing the question mark so that the reBultlng 
,itat€ment !□ true. 



(a) 


If 


(■ 




) ? a, then 


5 > (-a). 


























(t) 


If 


b 


< 


then 


b 5 ? 4 + 5* 








(» 


If 


b 




5 < (^?), 


then b + 5 4- (-5) 


? ( 


-7) + 


( = 5) 


(d) 


If 


b 


< 


3, then 


- (b + 2) ?^ - (3 + 


a). 






(e) 


If 


a 


< 


b and b 


< c , then a +- S ? 


c . 






(f) 


If 


b 




5 < (-7), 


then b ? ('12). 


(sea 


part 


(c)) 


(s) 


If 


a 


< 


^3 and 0 


1 < b, then a + 2 


? b. 






(n) 


If 


a 




bj then 


a + c ? b , 








(i) 


If 


3 


< 


K , and if 


3 + m = X, then 


0 ? 






(J) 


X ? 


a 




if ;^ < b 


and b < a , 









V/hloh of the follov;ing sentences are true? Which are faise? 
(Hint: the addition property of order, If v/lsely used may 
iielp.) ^ 

(a) 3 + H < 4r + 4 

(n) (-6) + 7 < (.-3) ' 7 

(c) 5 ( < 3g I5 ^ 
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Jroblem Set 9-2m 
(continued) 

Ce) ^3 + (-12) + < ^7 + (^18) + 9' = V 

(f) 18 + (^432) + (-79) < ^ + (-432) + (-79). ' 

(g) . (-273) + l| + ,(-382) < l| + (»U4) + (-382). 

f?^) + (-5) < ^|) + (-5) 

(1) (-5.3) + (-2)(^|) < (0.4) + I 
(J) (|)(-|) 2i ^ + 2 



We can use the addition property of order In problems 
involving truth sets for open sentences. For example suppose 
v/e were asked to find the truth set of the sentence 

X + 5 < 8, * 

If there is* a real number x for which our sentence is true^ 
then for this x the following sentence Is also true^ ^ 

X + 5 + (-5) < 8 + (-5) . 

This follows from the addition property of order. This sentence 
can be written 

x < 3- 

The truth set for the sentence "x < 3" can be described quite 
easily. It is the set of all real numbers less than 3^. 

r 

We have shown that any number x which makes the sentence 
"x + 5 <.8"- true also makes the sentencf "x < 3" true. Now 
we must check to see that any real number x which makes 
"x < 3" true also makes the sefitence "x + 5^ 8" true. Once 
again we can use the addition property. If there is a real 
number x for* v/hlch 

X < 3, 

then for thia x k + 5 <||p^+ 5 

or >: -f- 5 < 8 . 



3^3 3-1^ 



The*^'check" v/hich v;e used for the problem is not 
. fitrlctly necessa^^y. In Chaptep ' 8^ It vms statecJ thatf if a rrfal 
number is added to both sides of an open sentence, v/here the)/ 
open sentence .nxpresdes equality, then the renultlng open v 
sentence will be. equj vaaent to the first one . In the same way 
ilt can be Bhoivn that this is true for open eentences v/hich " ^' 
Involve the .^elation of inequality . Thus, the two sentences 

' ^ X + i) < 8 

and' . ' ' * ^ 

/ ^ . ' ^ X < 3 ^ ^ ^ 

are equivalent ,i As you recall, this means that they have the 
same truth set,! Therefore ,* if v/e can determine the truth set of 

< 3'*, v/e can! be sure that this is also the truth set of 
'"x+5<8^ / ■ ^ - 

Can you see that' the truth set of 

/ ^ X < 10 . * 

is the same as 'the truth set of 

X + 7 < 17? 

V/hat is this truth set? 

As another example, let us find the truth set of the 
sentence 

5:< + 9 < 4- 3. 

If there Is a real number x for which this is true, then we 
can add (-9) to both sides and obtain 

5x ^ 9 + (=9) < 4x + 3 I- (-9). 
By addition we ge t bx 0 ^^x ( ^6 ) . 

if we now add (-^-^x) to both sides the .ice becomes 

5x + (-^x) < (-^x) ^ -o) , 

which is the same as 

X < 



^fhe'iast santene^ is pqulvaltnt fe|||©urj first* one since we added 
the real numbars and (-9) to both sides. 



Thus the tr^th set of ^ 

■ ' X < (=6) 

Is the same as the truth set of , » ^ , 

5x + 9 < + 3, 

This is the set of all real numbers less than -6 , Draw- its 
graph . , ' 



Check Your Reading 

1*, Wh-at number could we "add to both sides of the sentence"' 
X + 5 < 8 to help us find the truth set of the sentence? 
V/hat is the truth set of the sentence? 

2, Are the sentences < 3" and "x + 5 < 8" the same 
sentence? Are th^ equivalent sentences? What do we mean > 
by equivalent sentences? How can we tell if two sentences 
are equivalent? 

3, When finding the truth set of the sentence 5x + 9 < 4x + 3, 
why do we add (-^x) to both sides of the sentence? why 

do we add (-9) to both sides of the sentence? What 
properties are we using v/hen v/e do this? What is a simpler 
name for (f 5-X + (^^-'^)^ ? What property do we use to obtain it? 

4, How would you draw the graph of the truth set of the sentence 
"5x + 9 < 4x + 3"? 



Oral Exercises 9-ab 

Do you agree with the follovrlnij statements? 
(a) If we are finding tiie truth set of 3x + 11 < 12, 
a simpler sentence .Is lormeu If v/e add (^3x) to 
bo th sides , 




V - Oral Ijtepclses 9-|b ■ * 

. }- ■ > ' (continued) 

(b) A goodi-Ttfay to, Degln to find the truth set of the, 

^ ^ ' sentence (-5) + 3x + 4 < 2x-+ 8 would be to 

r v/rlte the equivalent sentence 

- ' . . ^ ; 5 + 1-5) + 33C + 4^ ^4) < 2x + 8 + 5 + (-4). 



D ^.n f in! 



(a) ^ k helDful step-in flnditig the truth setMf.the' 



sentence 3x < 2x g would be t^ add <=2x) 
to both sides, 



2* For eaoh of the fdllov/j ng sentences une the addition property 
of order to obtain an equivalent sentence having the variable 
or a product containing the variable, alone on one side* 

■ (a) 3 + X < (^4) + 2 . 

^ (b) yn - (=6i) < (^ar) _r . 

(c) (-8) + la < .(-3n) + H 

(d) 7 •+ (-|) + 2 < I + 2x 

(e) .8 + 14 + {-|) < 3y - (-|) + y 

3\ For each of the follov/ing santenees the simplest equivalent, 
sentence v/ould be one waich would have the variable alone 
, on one side and a apeciXMod number on .the other side. Tell 
hov/ you v/ouid use the addition oroperty of order to achieve 
tills in each caae . 

(a) 3 + ax < X + (-a) . 

(b) iiy + (-4) < 2 + 3y J (-3) 
.(o) (-4n) + 14 < 7 + (-3n) + (-() 

(d) I + I < l| - e|) 

(e) "*ff + 3.2y + (-.4) < (-.4) +^ .7 + 2.2y' 



Problem Sf t 9-ab 
Find the truth set Qf eaoh of the foliov/lns sentence 
(a) (-5) + X + 4 < 7 



(g) 



3x < 2x + ^ 



S n + t-l) < 4 + (4) 



■g + 'i f vg^ ^ -J 
(d) 2y V ? < 3y + 2 ■ 

(f) 



+ 2x < 3x 



3x + (-iO + 4 < (-8).+ 2x + 4 



1 i 

1^ - t 



(1) 3y + |-3| < 3y + (-a) 
(J) (-x) i r < I + (-3)' 

(k)" (=x) + 4 < (-3) + h3| 



/ 



(1) (=5) + (tx) < ^ 

(m) (-2) + < (-3) + 3x + 5 

(n) X.+ > (=3) I 

(o) 5x + 2 = 2x +' (-7) 

(p) (-7x) 4 |-5| = 't:: + (-6) ' ' 

(q) ( = M - (-ax) + (-7) < ( = 3x) + 4 

(r) ^ + y + 2 < I 2 + y 

(h) ( = 5:0 + ( = n) = (-8;:) + (^l6) 

(t) |-5|x + 5 < 1-7.51 + ^fx. 

Dra'.v the gr'asjii,: o J| Liic trutii .;etn oi' oarti; (a) ) (d) 

(i). (p). (r) ih trobicm 1. 
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- Probltm Set g^2b 
\ (continued) 
r Whieh of the followlftg statemer>tp are, .tru^?'-^hiGh are 
false? ' 

b < 0| then 3 + b < b, 
b < 0 1 >then 3 + b < 3 , ^ .^^^^ 
b < Oi then 3 + b + ( -4) < 3 + ( ^4) . ^ 

4, Three more than five times a number Is greater ^han seven 
increased by four^ times the number, What sat of numbers 
will make this sentence true? 

r 

5, a studerj^t has test gradns of 82 , and 91^ What must he 
score on a third test tu have ah average higher than 90?' 

There Is a strong connection between the 'relation "is lees 
than" and the Idea of equality. This connection can be seen if 
we consider a few examples. Consider the number 2 and'the 
number 7. It is clear that - . 

2 < 7, 

since the number 2 is located to the left of the number 7 

on the number line. Hut suppose you were asked to give another 

reason why It is clear that 2 Is less than 7 without using 

the number line. We might say the followlngi The number 2 

is less than 7 because there is a_ number which we have to add 

to 2 in order to get 2^ Evidently the number Is 5, since 
_ ^ ^^^^ 

2 f 3 ^ 7. ^ 

Notice that the nurnbRr which we added j is a pogl tlve number 

ThuSj we see that there is a close cnnnection between the 
sentence 

2 < 7 

and the sen tence 

2 + 5 ^ 7. 
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Both these stnttnces bring out the opdar relation betwe^ 2 
and F. Let us Gonsider some escampies given by the following 



tal 



Sentence involving "<*' 




Sentence involving 

( -2) + 8-6 
(-10) + 7 - (-3) 

2 ^2 

The sentences on the left have been changed to the eent^ces on 
thf right by adding a positive number 'to the left side In every 
case. In other wprds If we have a sentence Involving the order 
*'is less than", thep there seems to be a positive number which 
if -added to the left *side makes this into a sentence Involving 
"equals" , 

_ ^Yie two kinds of sentences which we have been considering 
are frequently^, given special aames , 'The type* Involving the 
symbol is called an equation , Sentences with the symbols 
or are called inequalities . ^Thus "2 < 6" is an example 
of an Inequality. The sentence '*? i 4 ^ 6" is an equation. 

The examples also show that b certain type of equation 
involving addition Implies an order relation. For instance, 
when we examine the true sentence 2 + 4 = 6, we can see that., 
a positive number, 4, has hfnv added to 2 to make the sum, 
6, so we know tliat 2 is less than 6, This connection 
between the two types of sentences can be stated as a property. 
To show the connection completely the statement goes two ways. 

(l) If a real number a is less than a real number b, 
then there Is a posltivg rpal num.ber c sucb that - 



(2) If a 



numbers and 
then 



a + c - b . 

b J where a , b ^ 
c Is poE L t I.7e , 



and 



aro real 




9-2 

• A ^ 

IpQk back at the examples In ot table! Statement (ij^ beglng 
with the^lnequality on the left and' ''connects" It to the 
equation oH^p-feto^lght . Statement {2) begins with the equation 
on the right and "connects" IJt to the Inequality on the left, 



GheAk Ybur .heading i 
"2 < 7" eKpresses the order ^tisreen 



The sentence 
7*. V/hat is a sentence InvQlving 
same ord^r? 



whlc 




2 and 
expresses the 



If "a c ^ b" expresseD the order a < bj which of the 
follov/lns is correct: "c < O", "c ^ O", or "c > O"* 



Oral EKGroises 9_r2c 



a Btotement of equality to replace each o 




e following 



Give 

ordor relatlonn by "adding'" a poBltlve numteer to one side 
of each ff.Lven sentence. 



(a) 
(b) 
( = ) 



3 < 7 

-y < 'I 

-5 < - 



(e) .99 < .999 

(f) -.3999 > - Jmoo 

(g) X < X 2 

(h) k + 1 > k 



Jtate the order rGiatJon correonondlnf^ to each of the 
itatemant.3 o 



fol lov; ' n 

(a) X s 6 

(b) 7 + v; ^ 9. 

(c) X f 3 - y 
_(d) a:: 11 ^ 



qua 1 ty , 

(e) m ^ 3 + n 

(f) (x + (-1)) 4- 3 

(g) X 2 - y \ b 

(h) k -f- m = 1 and m > 0 



^ y + 



Problem :let 9-2c 

1. For each nalr of numbern, determine; tiie:r order and find a 
pOKitLve number v/hjcn v;hf:n aadeu to the omalder gives the 
la r , 

(a) 'lb and -S''; ( b) M. and - 1 



3'-- • 
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. 0' Problem Set 

i ^ ^ (contlnued)^ ^ ^ 



G 



(d) and ^ (g) 1.47 and =-0,21 

(e) ^25Jt and (h) (»|) (i) and (|)(^|) 
Which or the follov/lng statements are true? Which are falpe^ 

(a) If a + 1 ^ b, then a < b ,^ 

(b) If a + (-1) ^ b, then a < b 

(c) If (a + c) + 2 ^ (b + a) , then a + c < b + 

(d) If (a + c) + (-2) - (b + c), then b + c < a + c 

(e) If a < =2^ then thefe is a positive number d such 
that -2 ^ a + d 

(f) If -2 < then tH|^e Is a positive number d such 
that a - (-2) + d, 

(g) If b < 0, then 3 ^- b < b ^ 

(h) If b < 0, than 3 + b < 3 

n proof of the statement "If a + c ^ b and C < g, then 

a < b'' Is given below. 

Give the missing reasons. 

Assume 0 < c 

then a + 0 < a h c why? 

then a < a 4^ c why ? 

and a < h, why? 



9-3. I^ul t ipl Icat ion Prope rty of Order , 

We have seen that whenever a number a is less than a 
^^mber b, then 

a ^ c < b t- c J 

no matter what the number c is. That is, it makes no differ- 
ence whether c is posltivej negativej or zero. 



/ 
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Now we ask the ^followlng question. Suppose once again that 

a < b. 

When we multiply both of these numbers by a real number Is the 
order of the resulting numbers the same as for the original 
numb^s. That Is ^ will the product^ ca be; always less than 
the product cb regardlesB of what the number c Is? 

To begin, let*3 consider an example^ letting a ^ 5 and'v 
b ^ 8, It is certainly true that^ , ' 

5 < a. 

Suppose we multiply both sides by 2. Is the following sentence 
true? 

2(5) < 2(8) 

The answer is easy, since we know that 10 is less than l6. 
However suppose we multiply by (^2) , What about the following 
sentence? 

(=S)(5) < -S(8) 

A glance at the number, line 

r I 1 ♦ I I — I I I > I I I I I I I I I i I — t— I— 

(.2)(8)=-l6 (-2K5)=-IO 0 

* 

Shows us that (-2) (8) is less than (^2) (5)* and our sentence 
above is false. Suppose we try another experiment^ this time 
beginning with tvig negative numbers ^ say -7 and -2. We see 
that -7 < ^2, If we multiply both sides by a positive number^ 
say 3* what happens? Is the following sentence true? ^ 

3(-7) < 3 (-2) 



3^2 
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Chtck the numb Bi^ line to see. if (-21) < (-6), Flnariy, le^t* 
multiply by (-3), What is the relatlon''between * 

jf (^-7) ' and C-3)(-a)? 

In Chapter .8 ^we learned that the product on the left Is positive 
an^ the product onr the ^ght Is positive. It should be clea^ 
that the sentence ' ' 

21 < 6 ^ ^ . . 

is a false sentgnce, and that the sentence. \ 

6 < 21 Is true , 



The previous 'examples seem to point to the fact that there 
Is a multiplication property of order, but that it differs in^y 
one major respect frorrw the addition property. Let ug look at * 
another example that may help us to state this property. Try 

It's clear that ^(-5) < 6, Now^ 
Then check the relation between 



this! Take (-5)' and (6) 
multiply both numbers by 4 

Jlext multiply ( = 5) and 6 
between 



and 4(6) 
by ("4) and check the relation 



(-4)(-5) - and 



(-^)(6) 



By nov; you will be getting an idea as to hov/ the multiplication 
property of order .leems to work. , Actually the property can be 
stated as follows: ^ 

For any real numbers a and b, 

such that a < bj 

ca < cb if c Is' a positive number, 

but cb < ca If c is a negatijre number. 

We observe that multiplication by a negative number reverses 
the order whereas mul tlpl lea tlon by a positive number keeps 
the order the same* 



3 53 



Your ideas about this property have been gained by working 
with examples and using the number line. It Is interesting to 
see that we can show this property In a more general way. We 
usej Lnsteadj two other properties which we have already studied 
In ^t^s chapter. First we begin with two real numbers a and 
b 3u^ tha^t 

a < b. 

Now remember the prnnperty which "connects" the order: " Ls less 
than" to "equale", V/e sa:y that if 

a < bj 

then there is a positive number ^ call It pj such that 

^ ^ a + p ^ b . 

Now suppose we multiply' both sides of this equation -by a 
positive number J for example j 3. 
We get ^ 

3(a + p) - 3b, 

which becomes 2a -i- 3p ^ 3b, VJhat property Is used here 

The second part of the same "connecting property" then tells us 

that since ^ • 

y 

V 3a ^ 3p ^ 3b and 3p Is positive 
then • 3a < 3b. 

W e k n n w that .3 p 1 5 p o s L 1 1 v e , \ ) e c a u s e p a n d 3 are both 
posluivo. Therofnrp wc? icnow uhat 3a < 3b, The number 3 was 
chosen for ccnvenlenco. It could have been any posltlvf^ number. 
!■ J ( } w s u p p o s e w e m u 1 1 1 p 1 y b }/ a n e a 1 1 v e n u m b e r j f n r e x a m p e = 5 . 
Th'? -nM ! t I pi ' cn t I' -n rlvnn us 

(-.■)(a) and (^b)(b) . 



4? 



f 

What iii tl-;e relation bol\.-^eri Iv;q nroui:>: . Nov; comen an 

Important M*^al Vie loarnrd a nr';v;our chapl^.r ttat 

(^i.)(a) In the (r)(a) and (-a)(^') i^' the _ 

orn )r ; to ) r ( r ) ( b ) . 

Do you rp;;itjninrr ^-aia^ huj.:t-'n:: ^ti irK^ or^jr- r^^-int'on v/hcn v/u take 
onno:> I ttj;;? W^' i^nrnn.) tlial :ir(;i;r^ h; r^r vt. ^ n . i . Thrrcrore wg can 
ryy t;ic To L .j OV/ ■ ri.'^ : 

Since \}R knov/_ if. at < rl / a^u-tiune [3 ia po:rt:vn, 

then (-a) (b) < ( = ^3) (a) . 

Wc .r.T tnat mul t " r 1 a^at Ion n;.- a riapatlv^; namn^r' b-;naa about a 
cc 'n. i 'aa I a f a va^: v , 

Tra^ rnul a 1 T> Li nn t ^ on r-ro'a; a:y ' \ :aaLn:;uL ui r'nd:nn; the anav/cr 
to another nur.;t:on, auppo.:e 

a < b . 

T:.en^ do v;o tnov/ aaout tiv; ra I aa ■ an bin/rrr n 

a '" a!i ; n^"^ 7 

V/a cau an;ai^ t::a querl:on I'rr aro na/^a, an:; ^ a fMrnt auppoac 
Ldiat hot::, a an^; n ara lo.ut^va, V/a know that 

i: . < b a:.m (a)(a)^< (a)(ta), 

V/o paau knr/ anal (a)(b) < (a)(b) . (Why?) 

rfov; v;- u.''- t:'an.n*a-/- ;r M^a^; .:aa t^ait 

since (a)(a) < (a)(b) ana (a)(b) < (b)(h) then 

(a)(a) a ( b ) ( a V- 

\\o ri" < b^ . 

a 

Mr>w suppi^aa i:hat bradi a ani b are nenatlve. We can use zhe 

3ec-)nd part of th-) rha i i pi ■ eaa b" n property. 
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This property tells us that if a < b, and If c Is negative, 
then cb < ca , 

Thus if a < b, multiplication of both sides by the negative 
number a gives us 



ab < a" . 

Likewise multiplication of both sides of "a < b" by the 
negative number b gives us 

' ^ b^ < ab. 

It follows by the transitive property that since 

o 2 P 2 

b~ < ab and ab then b" < a , 

Putting these results together' we see that 

If a < b, then 

a < b ^ i f bo t h a and b are p o s 1 1 1 v e , ^ 
P 2 

ant.i b < a Lf br}th a and b are negative. 

T h 0 s e re suits will be v e ry u s e f u 1 1 a t e u n . 



v/:int "\ .\ tli'e- -ji'dcr bntv/een 
-jv a-:: and =2(8)? 

,ruf- :^op cvC'r\^ value of a? 



9-3 

Oral Exercises 9 -3a 



1. 


If 


a < 5, 


what Is the order of 


2a and 10? 




If 


-3 < b. 


what Is the order of 


.48b and 6? 


h 


If 


0 < p, s. 


what. Is the order of 


0 and -^p? 




If 


m < n, 


what Is the order of 


3m and 3n? 






- h n 


what Is the order of 


10 and =2q? 


fa. 


If 




< 3, what is the order of x + (-l) and 


7. 


If 


a + (^b) 


< ^b, what Is the order of -3 (a + (-b)) 




and 


15? 






8. 


If 


a ^ /'b > 


5^ what is the order 


of 5a + bb and 25? 


9. 


If 




what Is the order of a and -4?^ 


10. 


If 


< 8, 


wha t , i s the o rde r p 


f X and =^2? 



Problem^ Set ^j-3a 
Make the following statements true by inserting the correct 



then 2g 10^ 



symbol 




0 r 


(a) 


If 


c < 


5, 


(b) 


If 


r < 


= 3 


(c) 


If 




S 3 


(4) 


If 




q 


(e) 


If 


d < 


m 


(f) 


If 


s c 


t 


(a) 


If 






(b) 


If 


a < 


P 


(c) 


If 


0 < 




(d) 


If 


< 


. 1 


(e) 


If 


X ^■ 






and 


X ? 




in 


If 


y ^ 





then 14 



, then lb ( -3)q, 

and q > Q, then dq mq . 

and y < C> then yt ys.. 

what Is thR order of 15 and -3x? 

what is the order of a and -1? 
wnat In the order of -2 and z f 

whau is the order of x and ^ 
?x ^- (-3), what is the order of '"^ 

^ what Ln the order of y and z1 



3 



s . . 

Problem Set 9-3a 
( continued ) 

3, (a) If ^^x = 3, whc3t Ls the relatinnshlp between x and 
6? " 

(b) If ^2z = 6, what Is theO relaticnship between z arid 
= 3? 

(c) If 3x < X f 2, what Is the order of 2x and 27 

(d) If ?y < 2, what Is the order of y and 1? 

(e) If rn'" >0, what is the order of m^' + 1 and 1? 

{^) If s < t and t <0/ what Is the order of st 
, * and t"'? 

(^0 If X > b, what Is the order of x^ and 25? 

- ' '(tO If X < t) and X Ls positive, what Is the order of 
and 2b'' 

(c) If < -5, what Ls the order of and 25^^ 

(^-0 If > =5 '^nd z Is negative, what Is the order of 

z"'' and Pb^ 

(^) If a < b and b < ?, what is the order of a f b 
and IP? 

(f) If iaj > |b|, what Ls the order of |ai^ and |b|-? 



rhe mui tlpl Lcat Ion property of order is useful in finding 
t ruth sets for c e r ta i n ty pe s o f open sentences, s u c h as 

[f there In a real number x for which the above sentence is 
true J then for this x wc have: ' ^ 



i(2x) <i(d) 

irf^Olx < i(8) 



< 4 



J 'Ji 
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What is the truth set of "x < It is the set of all numbers 

less than ^, Is. this the same as the truth set of 

2k < 8^ 

Before answe^-t^lng the second question we will state, a property 
which is based on a similar property for equations. If the two 
sides of^ an open sentence LnvolvLng inequalities are each 
multlplljd by the same non-^erq^ real number using the multipli- 
cation property of order then the r e s u 1 1 i ng o pen s e n ten c e has 
the same t ru t h , s e t as the f ly s t s e n t e n c e . 

Let us consider a case where the number we are- /mul t Iply ing 
by is negative. The sentence " =2x < 10" has tfre^%am.e truth 
set as the sentence 

(.=)10 < (-i)(^2x), 

which is the same as 

< X. f 

Does < have the same truth set as " ^2x < 10"? We 

say then that " =2k < 10" and "-b < x" are equivalent 
sentences . 

Let us try an example Ln which we use both the addition 
and multlpl ftat ion properties of order. The sentence 

- (-ix) < (^7x) ^ 3 

Is equivalent to |^ 

» (^U) M-^^x) ' Vx t 11 V (^7x) f 3 ^ 7x i- 11, (Why?) 

and Dhls sentence can be sLmpllfi.ed to 

3x < l^K (^JLve reasons). 

This Is eqiiLvalent lo 

YCix) <i(l4). (Why^) 
and LhLs can be sLmplirb-'i to 

Do you a^ree that this lnJ3L sentence Is equivalent to the first 
sentence'? -'Ur tr*uth set can oe deycribe'i as a 1 l^ -^ ^mbe i ;^ l^J^ 



than 



9 = 3 



Check Your Reading: 

1. By what number v/C3uld we muitiply both sides of "2x < 8" 
to obtain a simpler equivalent c-.pen sentence? 

2, Are, the sentences " -2x < ic'' and "x > -5" equivalent 
open sentences? V/hy'' 



Oral Exerc Ises 9 -3b 

In order to find the truth set of each of the following 
sentences we need a simpler equivalent sentence. By what 
number would you multiply In each case to obtain this simpler 
sentencf^? 

1 . 3x < IP u, 7 < = X 



2. 



3. =ix < 14 b. X f 5 < 12 

1^5 < -3x 9^ 2x ^ 4 < 3 



^12 < IC, (-a) + I < 3 + 3x 



P roblem Set 9-3b 

Find t^e truth set of each of the following sentences. Try 
some of the numbers In nh^ set to see If they make the 
sentence true . 

"{J ' ^ 

. < 12 (f) ^ < nx 

( 0 ;c < 7 (1) L ~ 0 

(-) (^^0 - 7 < ^-i. -I 3x :c -!- 11 ^ X 



tr-it:. in :n (a), (f) and (-i) of 



1 




i " FM'ublem Set Q = 3b 

( continued ) 

3 , Find the truth setL^ o i the . L'oiiov/In;; sentence;; , 



(a) 


X + 5 < 2 




f h ) . 


i-'vA 4- f-.i"> .'• :i 




(o) 


(-17) + 12 < 2x X 




(u) 


3x + Z \ (-2x) ^ X 4- 


5 


(e) 
(f) 


ix + (=7) = -|x 
X. + (-5) < 2x + 7 


\ 


(e) 


^^.2 + 7x < (-3x) 4- 7, 


,3 


('0 


17x + (-7) < 3 -h 12x 


4- (-2x) + 7 


(i) 
(J) 


(■=12x) + 1 5x -!- 4 
(^11) 4- (^7x) < i;x : 


J 
12 + 



In each of Problems 4^ 5^ o, and 7; write and selve gn open 
sentence to find out what you can about the answer to the 
question in the problem, 

V/hen Joe end Moe v/erc planning to buy a nailboat, they asked 
a naicsrnan about Kho go:M; ot a nev/ typq^aS^' boat that v/as 
boin:; dc:^ .1 r^no d . Tho :'aio.:man replied, "It will cost less 
tE;an $3dO." If Joe and Moe had ap;reed that Joe was to 
contrMQUto $130 more than Moe v/hen the boat,v;as purchased^ 
novj much v/ouid Moe nave to nay? 

f). Thpen m:)rn than sJ:: tlm^::: a number is greater than neven 
Increased b;/ tour '.lines she number. VJhat is the number? 

6. A teacher^ says, "it 1 sad idiree times as many students in 
:n:/ class as \ do nave, I v/ouid have less tiian hb more 
than 1 nov/ have'S :r)v; many -'tud-'nts does he have in his 
class? 

7. Bill l-s 7 :/ea 'jl .^:r s.s.si ?rosma ^;nd tiie sum of their 

• 1 ; m s ' uMsri s" . 7ov/ el; Is IJnr'ma? 



gumma ry 

Tn thin Ghapter v/o hyvR Inaunned the f'oi.iuv/ " nr: in'OpertJen 
'nvoivln;^ the orJ.^r re i at." on ^'l- ie::..-. tnan'', 

i , Tii_e^ GQmpa-rioOji Property 

For any real number a and rniy al niunbcr b one and 
only one or the :."oliQvr; n^; ;r nlence/ r true. 

a < L 

b < a 

a n , 

2. Tho Tranoltlve Property o.r Order 

If a, b, and n are any three real number:: and if 
a < b and b'< c, i:i:en arc, 

3 , The Property Re lateci to the Tak \.ng o P Qpnoalton 

If a and b are any real numberG nuch that 
a < b, then (-bf < (-a) . 

! . Tiie /Addition Prope rty o i" Orde^ 

li" a,* b, and c are any real numbers and 
J a < b, tiien (a c) < (b 4. n). 

'j. The Prone rty Connecting Order vri th Equality 

:'art I. If a reel number a la ieno tean a real number b, 
then there /a a^ poeltlve real number c auch that 

'"] -■ e h , • 

Pare jl. If a c ^ P, v/nere a, b, ana c arc 
real nambera ana * c .la noa'i:^ve, ti^en 

a <^ P . 

T: lO Mu P I ! a ' ^) n prc^p orh^/ P Cr^de a 
i'^ ' ■ ■ an;/" ■f-'-'t 1 nunr a " a a j ■ 1^ 



aja It v^: numP^r, 
le ait ^ raind'ar , 



Hejyj.ev; Problem Se^ . 

V/hich of the follov/in^ r^tatcm-^'ntn are truu? Which are false 

(a) If a + 1 ^ b , then b < a , 

(b) If a ^ ( = 1) ^ b, then b -\- 1 =a, 

(c) If a 4 (-1) =b, tncn a<b. 

(d) If ( a + c ) 4 2 ^ b -1- c * then a =t- a < b 4 c . 

(e) If (a4c)4(-2)^b'^c, then a-f-G-(b + c) + 2 

(f) If (a 4- c) -I- i-d) ^ b + c, then b 4- - < -a + c, 

(g) If a < (^2) then thc:^e 1g a positive number c3 such 
tr.at ^i- d - a . 

(h) If < Oj -^^thon there in a number u sucii that 

(l) if 3 < 5, t^hon 3a =^ bPi for every number a. 

(.j) If b Is a pQsLtlve number, then =bG Is a nef^ative 
numbo , 

nd the trutn set of each oi' tne rollowlnn sentences. 

(a) (-=0 - 74 (=2)x - ( = 5) 

(b) . ( = 2) > b - (-2::) 

(c) I ■■ (-|) < (= ■^) (-3):; 
('1) h (-U < (-U ' |x 

2_ , 



(e) ' 5 ■ (==::) = (^x) (^U (= - 



(£■) ■ (= 4) £ 4'^ 



I 



(iS 2:- <- 3 (^U(= ^) 

(U ■ / ' (-:;) (-U 

(.i) Uy x) < 3 ^ (-7) 

Drr^v; U:\e s -^a ; . ^ : .e s :'U\-. 
t oia-^-a -u 



fi e V I p w P r o b 1 e m > t 
( continued ) 



If a -Rctanole nan ji^?n 12 iiquare Inche-o anci one ::^-ide 

haK lencth iej.: trinn b 'nclu^::, find out v/hat you can abouL 

the length of the adjacent sli-^. 

If a rectangle har^ a ' 1^^ /nuaro Incnn:: nnci oncj :n.dc har: 
length bctv/ecn - ana G in^jnc:,;, find out what you can 
about the length of the adjacent 3lde. 

Xf V / ihrn :< la nlthe:' nen:ative o:' noaltlve. If x 

2 . . • 

Id noaltive, tlicn v/hat UJnu or numuet^ ■ :■: ? If x 1- 

o _ _ _ 2 

nn^^atlve, v;hat about x "7 ..:tato a nonc-nl result: about x 

2 _ .. 

; (' X ^ 0. V/hat i a .general reauit about x fur any real 
number x? t 

Each oV the follov/in;: e xnTD a :: lona la either an IndlcSteU aum 
or an ^ndlaated nr-5riuat. V/rltn each Ina^aated aum aa an 
LnMlcated :)ro-Juat ar^j v;r'tc: ^ach Inilcate^i r^-ouuct aa an 
Indlcntea au:n . hy aalna the aa-^rn;utlva r)ronorty. 





(b) H 2xy ^ (-2x) 




(d) a(x . 2) 



(^4)(x . 2) 




(f) (3x I I)(2x 



^ 2j 




(J) (x - 2m)^ 



aimpllfy oh^^ae oxprr;iaiaas ualni^ the d l.a i. r I bu t L ve r-ropnrty. 



(a) 3x ^ (-4)x ^ (-Ihx) 

(b) Va 2b 

(g) (-^y) ^ ) ^ 127 

( d ) 2rD u f ( -'^atrn ) 



( continued ) 



Two cars star^ from the same point at the same time and 
travel In the same direct Ion at average speeds of 34 and 
4b miles ner hcair respectively. In hew many hours will 
they be 3b miles apart? 

Henry and Charles were opposing candidates In a class 
election. Henry received- 3C votes more than Charles, 
and bio members of the class voted, How many votes did 
Charles get? 

>s man left Ilu,b00 fo'r his widow, a son and daughter. 
The widow receLved I b iooO and the daughter received twice 
as mu^di 05 the son. How much did the son get? 

Each of thM following;;; eKpressLcns is wrttten as an opposite. 
Write each express Lon as an Indicated sum, as shown in the 
example . 



(e) ={ax + l)(x f (^l)j (Hint: Find the product first,) 

Pruvf^ the fol Ir-'^j j. np: properties real numbers, 
(a) = (a f b) ^ ( ^a) H ( =b) (Hint: add (a + b) to 



(b) For real numbers a, b, and c. If a f- c = b f- c 



Example: - (3a + (^4) + 2b^ 



This can be written as 



(^3a) + 4 f (=2b) 




(-a) ^ i^b). What 
does your result 
show? ) 



then 



a ■ b 



(Hint 



Use tbie addition 



property of equality.) 




Chapter 10 



^UBTPACTICN mND DIVISION CF EE-\L NUMBERS 



f 



10^1 . The Meanlnp; of nubtra c tlon . 

# In arlthmeblc wo cilrl a greaU deal DfVnSubtractlni:^ In this 
process, however we always subtracted a positive number from an 
e-q u a 1 o r 1 a r z ^* r p c s L 1 1 v e number. N o w t h a t w e a r e w o r k 1 n g with 
real numbers, which Include nogat.Ive numbers , we will want a 
method of subtracticn for all of these numbers as well. That Is, 
we s ha 1 1 be y n t e re s ted In finding o u t ho w t o s u b t r a c t any real 
number from any real number. This process will have to apply to 
t h e s u b t r a c t L o n o f a la r-g e r n urn b e r f r o m a smaller number as well 
as to s u b t r'a c 1 1 o n 1 n v o 1 v L n g ne g a t i v e n u m be r s . 

How can we t'lnci a viile whlcn will work In all cases? We 
will begin by studying the proc^-^'sn with which you are already 
familiar, 

:^^ppose you buy something at the store which costs 83 
cents and you give the cler^ one^dollor. How does she count- out 
your change-? 5Tic first says, ''83." Then she puts down two 
cents and says, "Bb". "he then nuts down one nickel and^says, 
^"9C"j and finnlly she puts down a dime and says, ''One dollar, 
thank you?" 

The cleric wants to flni the d irference between 83 and 
That Is, \\j r pr-cyblem U; roatly nrK> nV subt r^ac t Ion . Rut 
what does she actiially ^yr: :he fln.is what am-rnt needs to be 
added to b3 to get icC. In ^ther words , she finds her 
subtrac t Ion answer by add Ing ! Tdie has mentally changed the 
Wording of the pn;rlem Vr'(,m llir- qu W -o , ''Cne hunired minus 
e-ghty^three equals whet"" l-..^ " K Igh ty - three plus what eoual^ 
one hunJrel"^" Th^'^ senten 

has become 



hew df 



we flnu uh'-^ t::'uth Mrr.hu 



f td:-^ s^^ntence 



;:r'f.per*ty folUiWs 



("-• a r"; ^ ui - 




ERIC 
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83 ^ X - 100 

83 + X ^ (-S3) - KX;. + (-83) 

X - ICO M -83) 

^ X - 17 

The truth set of our sentence Is [17). The number 17 Is also 
the answer to cur subtr'action problem. 

Notice that the next to tiie last^step In the above 
discussion Is the following: 

X - 100 4- (-B3) 

This tells us that in this case we can get our answer by adding 
the opposite of 83 to 100, Thus '"100 ^ 83" ^ and "lOO + (=83)" 
are names for the same number. 

In the problem Just finished we were subtracting the 
positive number 83 from the larFjer posLtive number ICC. Now 
try a few-more examples of >hc sam^ Kind. In the left column 
^ is the answer you know 4>fom arithmetic: in the right column, 
'see if you ^et the same pnsworv^ adaing to the first number 
tVe opposite of the secof^jd: ^ ^\ 
i* 20 ^ 9 - 11 20 M-9) - 11 

B ^ b ^ 2^ ' ' ^ 8 (=6) = ( ) 

8:5 ^^3.2 - { ) 8,5 M ) - 5^3 

So you see that subtraction problems of this kind, which you 
already know how to do in arithmetic, can also be done by 
finding the opgoslte of the second number nnd adding this to 
the first numjrer. 

Now let/s try ':ne we don't know how zo do in ar I thme ti c ^ = ^ 
*'Prom ^ subtj^aqt o" This doesn't make sense In arithmetic^ ^ 
because ,>^r^an»i: subtract u f^om the smaller number ^. &t 
remember we now have all the real numbers to work with. Can 
we use .these to make some sense of " ^+ - ^" ? There is an 
answer and it comes from the second way we d L ; the subtraction 
problems above. We can f^et the opposUe of the second number 
6 and add It to the rirst number Ho you see that " 4 .( -b)" 

does make sense^ ^Lnce U does, we can now say this: "4.=^ o" 
makes-sense If w^ agree that It means "4 + (=^0" 



Can you get "(-^) 6'' to make sense? Should It mean 



"(-4) + {»6)'-? 'Can you do this addition and get another ns 
for "(-4) + (-6)"? What should "5 -' (=3)'' mean? 

Prom these examples we can now sep what "a^ - b" ought 
to mean for any 'two real numbers a and b. It ought to mean 
a + {-b)"\ There are two reasons Tar this. Pfrst, any number 
b has an opposite -b, and we can- always add ^b to any 
number a (Why?), So this way we can always subtract any number 
b from - any number a. Second, when we do subtraction this way 
for numbers like a ^ 100 and b ^ 83 we get the same answer 
as we did wher^we subtracted In arithmetic. 

So we make the following defin||^ion of subtraction for 
real numbers. . 

To subtract a real number ^ b f rom ^ real 
number a, add, the opposite of b to a. 
Thus, for .real numbers a and b 
a - b ^ a + (^b). 



Examples: 



subtrac t Ion 




addition 


problem 




of opposltes 


* - 9 




SO + (-9)' 


10 - 15 




10 + (-15) 


(=8) . 6 




(L8)\ (-o)' 


(-10) 1 (=7) 




(-10) f 7 


7 - (-4) 




7 + 4 ■ ■ 


■ (-5) = 2 




-5.+ '( ) 








5 ^ '(=S) 







Perform the opera tlons in the right 3 ideB of the above 
^qua t Lons , ^ 

To help keep the two uses of the symbol clearj let us 

comment on each: 



6, '''' 3;^ 



10-1 * ' 

1 

In the phrase In the phrase 

a - b, a + C-to), k 

stands between two ^ Is part of one numeral 

^ numerals and indtcates and indicates the opposite * 

the operation of sub- o£. We read the phrase 

traction-. We read the as 

phrase as ^ ..^ p^^^ opposite of b" , 

"a minus b" / " 

As an examplej consider the phrase ^'(-2) - 5". Here the symbol 

occurs twice. The first Stne ^ In front of does not 

stand between two numerals and therefore means "the opposite of . 
The second does stand between two numerals, namely "(-S)" and 
"5'*, and indicates subtraction. Thus (-^2) 5 ^ (-2) + (-5). 

Frequently after this we shall abbreviate *'(=2) ^ 5" to 
"^2 ^ 5" and "(-a) - h" to "-a - b'' . Thus "-a - b" is^to 
be understood as meaning "(-a) + (^b)". 

\Here is a subtraction example. Se^ if you can understand 
he reasons glve^ for each step. 

Example Find a simpler expression for (Tx + 1) = 5x. 

f7x + 1) - 5x - (7x + 1) + f^(5x)^ Definition of sub=^ 
' = ^ ^ traction ' 

- (7x + 1) ^ (^5)x -iab) - (-a)b 

^ ' - 7x + (-5)x + 1 

- ^ + (-5^x +1 

- ?x + 1 

Here is another example. See if you can state the reasons Tor 



each step. . - ^ y 

Fxampl e . Find a s impler^expresston for 3a ^ (a + 4b), 

3a - (a + 4b) - '3a + ^-(a + 4b)) 

- 3a + (Ua), + (-4b^) 

- (3a ^ (=a)) ^ (^4b) 
^ ^ (^1)| + (=4b) 

- Q ^ (-l^a + (-46) 
^ 2a ^ 4b, 

I 



370 



i • 
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^ Chegk Your Reading 

1, Dive an open rentence Involvtng the operation of addttlon 
v^hieh is equivalent to the open sentence "100 - 83 ^ x," 

9. How can the problem "From 4 subtract 6" be stated as 
an addition problem? 

3. For any reil numbers a and b, the expression "a - b" names 
the same number as what other expression? 

4. Which In the following expression Indicates the operation 
of subtraction? 

" - 5" . 

5. How can Wie expression "=a - b" be restated so as to « 
Indicate the sum of two real numbers? 

I. 

Oral Exercises 10=1 



State the following subtractions In terms of adding an opposite. 
Example: 8 ^ 2 ^ 8 + (=2) 



(a) 


5 - 


k 


(f) 


4a . 


■ 3a 




TT - i-v)- 


(b) 


11 


- 12 


(s) 


-2x 


- (=2) 




8k - (=llk) 


(c) 


-4 


- 8 


(h) 


ty = 


• (=2y) 


(m) 


6x - 2x 


(d) 


-11 


- (=5) 


(1) 


(8 - 


. 12p - 2 


(n) 


0 - (-3m) 


(e) 


2h 




(J) 


a - 


(8 - 12) 


(o) 


6^ - 9^/2 



Problem Set 10-1 



Give a simpler expression for each of the following. 
Remember that the opposite of a sum Is the sum of the 
opposLtes. 4 
ExamRle: -{x^ _ 3) ^ + ( _3 j)^ 

- (^x^) +.(-(-3)) 
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^^-^ ProBlem^Set 10-1 

(contlnuad) 

(a) .(a +7) (d) -(x^ = X » 2) 

(b) =(a = 7) (e) =(^x + y) 

(c) »(x- + X + 2) (f ) -(^(x + y)) 

2, Write aaeh of the following differences in terms of the 
addition of opposites, and write a simplified answer. 



(a) 


15 = 25 


(f) 


3 / 1\ 


(b) 


132 - (>18) 


(s) 


7m - (m + 12) 


(o) 


^12 - (t2^^) 


■ (h) 


-^ix - (2x - b) 


(d) 


-7b - 12b 




3__ l._ 


(e) 




(J) 


J j-m - (12 - 3.5m)^ 




a ^Lmpler expression 


for ea 


oh of the following: 




^ (5x + 2) * 


(J) 


km + (-3m) - 7m 


(b) 


(5 + W) - 5w 


(k) 


(5 - 2m) + (6m - 8) 




(2y + 5) - (2y + 5) 


(1) 


(Sy + 1) - (^y - 1) 


(d) 


x(2x + 1) - 2x^ 


(m) 


a + b - (-(a + b)) • 


(e) 


k - (2x + 3) 


(n) 


6 + |-6| - (-6) 


(f) 


3a - + a) 


(o) 


" T + - ^- f) 


(s) 


2y - (3 ^ 2y) 


(P) 


5 - (3a + 2h - 5) 


(h) 


^ - (x^ = 2x 4^ ^0 


(fl) 


(x + 1)^ - (x^ + 2x 


fl) 


(2x + 3x) - 5x 


(r) 




F Lnd 


the truth sets lT tnc 


Z'i ijentences . 


(Hint 


: First change subtraction 


to addition of the o] 


(a) 


^x - 5 - 


(e) 


-18 = 5 ^ (2y ^ 4) 


.(b) 


2x - 3 - 4 - 9 


(f) 


5 < 4 


(c) 


ll^l8^4^2m' 


(s) 


3x ^ 7< 4-11 


(d) 


2 1 
4^jf x^5-gx 

* 


(h) 


3x - 1 < 3x ^ 4 



1) 



.1 



Problem Smt 10-1 » 
(continued) 

Write a phrase for each of the following involving only 
addition. 

(a) Subtract -8 from 15. 

(b) Prom -25 subtract =4, 

(c) What number is b less than -9^ 

(d) From 22 deduct -30. 

(e) -12 is how much greater than -17? § 

(f) How much areater is 8 than ^5? 

(g) ' What is 5 less 10? 
(h^ What number added to -8 gives 7? 

M marksman hears the bullet hit the target 2 sedbnds 

after he fires. He knows the speed of the bullet Is 3300 

feet per second and the speed of sound is 1100 feet per 
second. How far away was the* target? 

(Hint: Let t be the number 
of. seconds it takes 
for the bullet to 
reach the target.) 

A service station manager wishes to mix "regular" gas at 30$ 
per gallon with "ethyl" gas at 35^ per gallon to fill a 
500 gallon tank with gas selling for 324 per gallon. 
How much of each type of gas neeci he put in the tank? 

Two men Btart walking f^m the same place in the same direc- 
tion. The second man starts one hour later than the fli^st 
and walks 3 miles per hour., The first man walks 2 miles 
per hour. How long will the second man have walked when he 
catches up to the first? 
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Properbleg of Subtraction : 

In previous chapters we have discussed the commutative and 

associative properties of addition and multlpl ication = Do you 

think that subtraction is commutative? To answer this we must 

determinte whether or not the following sentences are truei 
i 

6-2-2-5 
o . 9 ^ g ^ 6 

Prom oJr definition of the subtraction process we see that the 
left side of our first sentenbe represents the number^ 3, but 
the right side of the same sentence represents the number (-3), 
Therefore, the sentence is false. What can you say about the 
other ^two sentences? Do you see then trtat subtraction is not a 
commutative operation? 

Is subtraction associative? Consider the following sen- 
tence. 

10 ^ (7 - 2) - (10 - f) - 2. 

V 

On the left side the phjigse inside the parentheses represents 
the numbe?* 5. Thus, the left side has the same value as 

ir - 5, which Is 5. 

The phrase in parentheses on the righ^represents the number 3. 
The Tigl^t side has the same value as 

3-2, which Is 1. 

Is t^ original sentence true? \ 

-Since we have shown that \ 

10 ^ (7 = 2) = (10 ^ 7) - 2 

is a false sentence, it is cl^r that the placement of 
parentheses, that Is, the ^^roupLng of terms does make a 
d I f f e ron c a . Thu s , o \i b t ra c t i on 1 b not an associative q p c3 ra 1 1 on 
for real numbers. 
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We found that with addition the aesoclatlve property allows 
us to group terms In any way we wish. ThuS| an expression like 

10 + 7+2 

has a perfectly clear meaning. Even though addition Is a 
binary operation , we know that 

10+7+2-19 

with or without parentheses* ^ 
Howeverj If we had an expression such as 

10 ^ 7 - 2, 

how would we Interpret It? Prom the discussion above we see 
that it might be equal to 5 or to 1, depending on ho^ the 
.tems are grouped. To avoid this confusion we shall agree to 
a rule^ or convention. We shall say that an expression like 

10-7-2 

shall always mean 

(10 - 7) - 2. 

From our definition of subtr^actlon this enables us to state 
that 

10 - 7 - 2 - (10 ^ 7) - 2 

- 10 + (-7) + ^ 

- 1. 

Check Your Reading 

1, Is the following sentence true or false: "5^2^2-5"? 

2. Which of. the following operations are commutative i addltlonj 
subtracttonj multiplication ? 

3. Is the following sentence true or falser ''10 - (7 - 2) 
^ (10 - 7) - 2" ? 

4, Which of the following operations are associative^ addition, 
subtraction^ multiplication ? 
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Which of the following sentences are true? 



10 


- 7 


- 2 = 


(10 _ 7) - a 


10 


- 7 


- 2 = 


10 - (7 - 2) 


10 


- 7 


- 2 = 


10 + (-7) + (-2) 



Oral Exercises 



10 -Ji 



1, Whleh of the following sentences are true? 



(a) 


a . 


5-4=8 + 


(-5) + (-4) 


(b) 


8 - 


5 - 4 = (8 - 


5) - 4 


(c) 


8 - 


5 - 4 = ("a + 


(-5)) + («^4) 


(d) 


8 - 


5 - 4 - 8 - 


(5 - 4) 




8 - 


5-4.8 + 


((-5) + (-4)) 


(f) 


8 - 


5-4=8 + 


((-5) + 4) 


state 


the 


simplest name frtr each of 


(a) 


15 


-9-12 




(ti) 


.4 


-,a^.. 2 




(c) 


-11 


+ 8-5 




(d) 


5 - 


(4 - 2) 




(e) 


15 


-17+4 




(r) 


(7 


- 2) - 8 




(s) 


3x 


-^^^ - 5x^ 


m 


(h) 


(8a 


- 5a) - 4a 




(t) ■ 


-11 


-18-7-6 




(J) 


17 


4- 12 - 8a - 2 


9 - 2a 
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Problem Set 10^2a 
1. Wrlta^ a simpler expression for eae^ of the followingi 

(a) 94 - 35 » 47 

(b) 3a - 4a - 8a 
'^(c) 14 X ^ llx + i X 

( d ) 2x - ( 3x - X ) 

(e) .22x - (5 - ..78x) 

(f ) |y - 2x - 7y + ix " .' 

(g) 3x((.2x) + (_3) + (-2y)) , 

(h) 3x(-2x - 3 -,2y) 

(1) (^l)((^7rn) ^ 2x - 4) 
(J) -((-7m) + 2x ^ , 
(k) (a + 2b) ^ (3a ^ b) ^ (a ^ 2b) 

S 

Determine which of the following sAtences are true for 
values of the variables. 

(a) a + b = b + a 

(b) a^b^b-a 

(c) a + (-b) ^ -b + a ^ 

(d) ^a + b - (-a) 

(e) (a + b) + c^a+(b+c) 

(f) (a^b) + c-a-(b+c) 

(g) a - (b - c) - (a - b) ^ c 

(h) a^b<a+b 

(i) 3x + (-7y) + 4 - 3x = 7y +^ 4 
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10-2 

It should be olear that once we have changed a statement about 
lubtraetlon Into one involving addition, all the properties of 
addition will hold. ^ 
The eentenee 

Is certainly false . On the other hand, the sentence 

7 (^4) - (.4) + 7 

is definitely a true sentence. Both sides represent the number 
3. The following example illustrates how the commutative and 
associative properties may be used in a problem involving 
subtraction. Suppose we are given the expression 

and are asked to represent the same r\umber in a simpler form. 
That is J suppose we are aBked to write the coTOign name for this 
number. In the future we shall frequently use the word 
"simplify'' to Indicate the same process, Using our definition 
of subtraction we see that 

(|. a) = 1= {| + 2) + (.|) . 

By the eommutative law for addition we can reverse the numerals 
in tt^e first parentheses. This gives us 

%^ the cSsociatLve property this can be changed to 



2 + 

Our expression now becomes 

2+1 

which we see is equal to 3. 

In some of the problems of the previous sectioni we usee 
the fact that ^ 

^(b f c) - (-b) ^ (^c). 



< 
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That iSj the opposite of a sum is equal to the sum of the 
oppoeitei. You may remember that^we developed this in both 
chapters 7 and 8. We can now use this fact to eotabltsh a 
fact ^a bout subtraction, ^ 

If a, b, and c are any real numbers, then "a ^ (b + c 
names^a number. Can we find another numeral for this number? 
The following steps show how this might be done. ^ 

a - (b + c) - a + (^^(b + c)) Remember that subtracting 

a number Is the same as 



adding the opposite. 



a + 



C^h) + (-c| The opposite of a sum Is 
mm equal to the sum of the 

opposltes . 



^ (a + (-b)) + (-c) addition is associative; 

^ (a ^ b) - c Definition of subtraction 

^ a - b - c. This means the same as 

*'{a ^ b) . c". 

What we have shown then Is that for any re^l numbers £^ b^, and 

a = (b+c)^a^b^c. 
Here Is an example in which this fact Is applied: 

(5y ^ 3) ^ (6y - 8) - (5y ^ 3) ^ (Sy + (^8^ 

- (5y - 3) ^ 6y -(^8) 

- (5y - 3) ^ 6y + (8) 

^ 5y + (-6y) + (.3) + (S) 

- 5 - y. 

In our examples and exercises we have also used the 
distributive property- = ^mul tlpl ica tlon "distributes over 
addition," We know that subtraction is not commutative and Is 
not associative, but addition Is. Perhaps subtraction falls 
again: perhaps multiplication does not distribute over 
subtraction. We can try an example In order to sea what happens. 
Is *'3(5 - 7) - (3)(.5) - (3)(7)" a true sentenqe? Since each 
sL'cde names the number =d, th-3 sentence Is true. We try 
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another example. Is "(»2)(^ - 9) - (-2)(n) « (^2)(9)" true? 
Again, It is. 

Perhaps In e^ra^y example the ssntence would tfurn out to be 
true. So we look at the general case.- If a, and c are 

real^ numbers j is it true that 

a( b ^ c ) - ab - ac? 

' a(b - c) - a(b + (-p)) 

- ab + a( ) 



^ ah + ( -ac ) 



ab - ac 



Therefore, we have proved that 
for ani^ 

a(b =lc) 



reM numbers b_, b^j 
b=ic)=ab-ac. 



Multiplication is distributed 
over addition. 

For any numbers a and c, 
a(-c) ^ -ac. 

Subtracting ac Is the same as 
adding the opposite of ac . 



a, b, and c, 



Mul tlpl Lcation does distribute over subtraction as well as over 
additLon. 

Here is an example In wbLch multiplication Is distributed 
over subtraction. 



\ 



(-3)(Sx- 5) = (-3)(2x) = (^3)(>) 
= -ox - (-15) 
= -QX ^ Lb. 



Cheek Your Read Ins 
I , W h I c h o f the ^) ul o w 1 ng sentences is t rus ? 
r ^ 4 ^ 4 = 7: 7 ^ (-^) - (-^) + 7. 

P. Give a 3 imp I '-^r name for the number ^ 2) = i , 

3( If a, and c are any real numbers, "g^ ^ (b + c)" 

names a number. Give another numeral for this number, 

* 

Is multiplication dLstributed over addition? 

En mu 1 1 Lp I Lea t Ion dlBtr^ihutad over subtraction? 
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If a, b, and c are any real numberB, "a(b - c) 
a number. Give another numeral for thlB number. 



Oral Exercise 3 10 ^Sb 
State the opposite of each of the following numbers: 

(a) b • (f) 2x - 5 

.(b-) -c (a) a 4- 2b - 0 ' ' 

(o) -3c ' (h) (-l)(x - 2y) 

(d) llx (1) -X + w _ 

(e) 3x + 2 

Simplify: 

(a) -(-4) (e) -2(x - 2) 

(b) X - (y + z) (f) - I (2a - ^) 

(c) a - (x ^ 7) i (i) (-l)(3y - 5) 

(d) -3x + 6x 



P ro b 1 em S e t 10 -gb 
Write the oppos 1*^16 of each of the follcwlng: 
' (a) 7 - 2x i'i) I - ,01x 

(b) a + b ^ . (r) 4x = 2y - I X + 2 

fc) -(4 - 2c) ■ (s) 3x(2x + 3) 

(i) (-2)(ba) (h) 7m(3m|= 2) 

Simplify each of thp following; . 

(a) '? - (x + 2) 

(b) ■ (2y + b) - (by - 3) 

(c) 5(a ^ 2) 

(d) (-l)(5m - n) 

( e ) -ibm - n ) 
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^ ^ - Problem Pet lO^Sb 

(continued) 

(S) . (-2)(3x ^ 2b) " 
(h) ^100(x - ,01x) 

(1) 7y - {3y ^2) ^ . 

(j) (Bt + 10) + {.'3t - 2) 

(k) -x(x - y) , ' , • 

(1) ■ (9a + 2b - 7) - (?a - 7b + 5) 

(m) 3x - x'^ - x(l - x) ---^ 

(n) (:: - l>(x H. 1) ^(x2 . 1) ' 
2 - 

( o ) 2m - nm ( m - 1 ) - m 

(p) (x + 2)(x + 1) ^ (x + 2)x 

3t IVhlch of the follcwine^ are true for all values of the 
variables? 

(a) -(w t= z ) = z * ^ 

(b) a(b=c)^ab-ac 
fc) -a(b-^c)^ = ab+ac 

(d) (a - b) - c - a H ^^b) h j.c)) 

(e) -(a ^ b) ^ b h a 

(f) (a + b)(G ^ d) ^ (a ^ b)c - (a f b)d 

(^) (a ^ b){c) - ^c(b ^ a) . ' 

(h) -(=g) ^^^ic| ^ 

^, Plnl thf-^truth set of each of the following sentences: 
(a) = (x - 2) ^ (f) =|v| ,3 

.(b), -(2x_+ 3).= 7 (s) (-2)(x - b) -0 

(c) 2x > 8 (h) -3(x = 4) a D . ■ 
(.1) -3x > -o (1) gy < 2(y . 4) 

(e) -|x <|. ■ (J) 2 = (3x 4 4) = 5x - (^ - 2x) 

352- 



Problem Jet iO-Cb ; 
' ; (continued) ' =^ : 

V/rlte simpler .expresiiona for^a^M of the followl^g'':-N,^^ 

(a) (a^ - 2ab b^) w (3a^ - 2ab - b^) \ , 

(h) '{3% - 2y + m) '- (6x - 7y + m) ' - • 

(c) {7a + fb - 5) - (6 - 2a + |.b)_ 

(d) ' .(2k + bk^ - 4) ^ 3(1.1 - k + k^) 
' (e) -5n(n - 4) k- 3(2n - l)(n 4= 1 ) ! 

translate each oS the^ following Into open sentencea lor 
phrases . ^ ^ ■ ' ^ 

(a) John's age 8 1 years ago. - - » 

(bK man Is b times as old as his son. 

(c) Five times a certain distance^is 36 miles.: 

(d) The length ^f a rectangle is £ feet more than ■ 
twice tfhe width. \ \ / . ' * f 



(e) The number of fee^t in 3y yards. 
(t) The value of a certain number of pounds of cgndy at 



^ 1 , 10 per pound 



^(g) 'The to tal >alue /of som^, gasoline which Is a mixture. 

of two different klndj oC gasol Ine , one kind worth 
, 30 cents per gallon- and tm other kind worth 35 
"cents''per gdllon^ if -the number^'of gallons' of ^ -SS-cent 

gasoline is 4o more than the number of gallpns of 
-^36 ^ c en t ga s o 1 1 ne . ^ ' 

(h) The numbejK of cents in ?d dollars. 

(1) 15 dollars moj^e than tw^^^ the number of dollars 
I have. 

Write the expression that shows' the form Xor ^he rollowlng 
exe2"ctse, /Then use' the prnpertles d^J'* opei-^a t Ions and numbers 
to write this form In the slTiplnst way. ^ - . 



Problem Set 10-2^ , 
( contlnuid ) 

'Take a number, ^ mul^tlply , by 7, add 12, subtMct^ 4, 
'add your original numbtr, multiply by multiply 
by 2, "subtragt 4, multiply b^. i 

What answer would you have If you started with 2? with 11? 
with ^3? ' % / - ^ . : ^ 

8. John has ^1.6^.' in his pocket, all nlckelSj dimes, and 
quarters. He has ^one more quarter* than he has dimes, and 
the 'hummer oT nickels he has Ls one more than twice the 
number of dimes. How maHy quarters does he have? 

. A ' mllkma'n#has a tray of pint and half^ptnt bottles. There 
are 6 fntlmes as many pint bottles as Mlf-pint bottles. ' 
* .'^he ^qtal amount of milk Contained io^he bottles Is 39 
'quartl, ^ How many half-pint bottles are there? 

10. From lla + 13b - 7c subtract 8a ^ 5b ^ 4c. 

11% -What mu^st be aoHed to 3s = 4t + 7u to obtain ^9s - 3u? 

IP, Prnvf? tJiat for any real numbers a^ b, 
(i) if a = b + c, then a ^ b = c: ^ 



f 



(il) if a - ^ ^ c, then a =^b -1- c, ^ 

(Hint; we may write ' a b - a + (-b), by our definition ^ 
of subtraction, and then use the addition property of 
equal Ity , ) , ^ 



10,^3. F Inding Dls tanees- by Subtraction . ' ' ^ 

In the first part cf this chapter, it was found that any 
real' number may be subtracted f rom any other real number. It 
is possible to USB subtraction .tc dc3t ermine the distance from 
one point on the number ILne to another point. Snppose,. for 
examplej we' refer tn the number line in asklnu^th^ question^ 
"What Is the ilstance from b to 8?*' 

38^ ' 



Starfclris/at 5, m order to get to 8, i move of 3 unllia 
to thg right must be made. Moving to the.rlEht is moving 
"in the positive direction" and is represented by a positive 
^ number-H-ln * this case, the rumber 3. In answer, to the original 
puestlonj then, the distance from 5 to 8 is 3.^^ 

Th^ question ".What Is the distance from 8 to S?-'^'ls 
a^.different one: Rifergnce is made to the number line below.- 



i 
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In this case, itarting at a m^ve of 3 units to the left 

must be mad.e. Moving to the left iB:rrovlnf: "in tho negative 
direction" and' Lb represented by a negative number- --^In this 
case^j Vh& number ^3," We can say then that the distance from 
8 to ^5 is -3. ' ' ^ 

Pu-ch distances can be determined without drawing a number 
^^Ine at all. The statements below^ arransed in two columns, 
^indicate how this might be ddne . . '■- 

DISTANCF / P.UBTRAQTION ^^^^.^^ = 

The distance from b to 8 1^ 3 . 8 ^ 5 ^ 3 ' • 

The distance from 8 to 5 is r3, 5 - 8 = -3 

Da you ^ see that these statements indicate that dlEtances can ^ 
be determined by the operation of subtraction? 

Lei us take ancjther example, again using the number^line 
to show exac-tly what ts meant. What Is the distance from 4 
to -S ?. ^ '' ' ^ 



J J 1 1—1 L. 
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Ag a glance st the number Una makeg clear, the^dlstance from 
4 to -2 Is -6, This represents a move af 6 units :ttj ^ - 
the left In going from 4 to -2, On the other hand, the' 
distance from -2 to 4 is 6. 

' DISTANCE SUBTRACTION 
The distance from 4 to -2 Is -6. ^2 -:(4) ^^6 * , - 

^The distance trom -2 to 4 is 6, 4 ^ (-2) ^ 6 

What Is the distance from -1 to 6^ From the experiences 
above* this can be found by subtraction, as follows: 
S. ^ C -iL) - 7. Therefore J the distance from -1 to* 6 is 7* 
By way. of contrast, the distance from 6 to -1 is given by " 
the^ following subtraction' ^1^6^ -7. > ' 

^s a matter of fact, for any two real ^numbers a and b, 
the fol lowing,^ tatement' can be made: 

* '--'i The distance from a to^ b Is the number "^fcb - aV 

The number b - a also tells the^ direction of movement in 
gqlng from a to^ b on th#t ^number line.. If b - a is 
positive, the move from a to b is to^ the right; if b - a Is ■ 
negative, the move from #ae- to b Is to the left, 

,Wbat is the distance frQm,^x to 4?^ The distance is 4 ^ x. 

What^is the distance from 4 to x? The distance Is x - 4. 

. 'I 

^ Often, In speaking of distance^ the direction is of little ^ 
importance; the only concern is w'lth the number of units. In 
Siich a case, the e3j.pression "distance between" is used.^ 

The distance between 5 and 8 Is 3. The distance from 5 to 
. . ^ 8 3 , and the dis^ 

^ . . tance from 8 -to 5 is 

The distance between 8 and 5 Is 3. -^3. The "distance 

between" refers only 
to the nuniber of units 
' _ . ' - ' ' between the points: so 

*^ , ' ' the positive number 3 ^ 

* is, used, /' 
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\"-: ■ ' : ^ ■ ' ' 

Th« distance between ^ Ajnd Is 6, The distance from 4 to 

\ -2 iB -b,. and the dls- 



The distance between -2 ,and 4 is 



tance from -2 to, 4 Is 
6, The distance * 
betwe&n the two numbersn 
is the pos Itlve number 



In pther words^ in speaking of .\ "distance beitween a positive 
number Ls used, = f : ' 

What is the distance between a and b? 



The distance from ai to b is b - a. 

The distsnce' from b to a is a - b, . . 

The distance betweeti a and b is the 
positive of the two nurr^berSj b - a and a - b. 
But^the Dosltlve of these two numbers is 




Therefor.Q^, the. distance between a and^ b is |a - b| 



Below problem in which knowledg^ of distance between 

two points on the number line is used in /solving an open 
sentence. 

=• Find the truth 3^f?t 
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|x - 2| represents distance between x and 2, The 

open sentence states that this distance is 5* There are 
exactly two numbers such that the distance between each 
of Dhem and 2 is .5. Thise numbers are -3 and 7. 
Therefore, the truth set Ls (-3*7). 



XO-3 . ^ 4 

f 

Checic Your Reading 
1./ What is the dlstanee from 5 to 8? ^ 
S. What is the dletanbe from 8 to 5? 

3, ^ What Is the distance between 8 and 5? . / 

k. What is the distance from a , to b? 

5. What is the distance from b to a? 

b. What Is the distance between a and b? 

7. V?hmt arithmetic operation is associated with* determining 
distance on the number line? 

8. The expression "|x - 2|" representa the dlstarice between 
what, two numbers? ^ ' 

9. What is the truth set of "|x ^ 2| ^ 5"? 



Oral Exercls^s^ 1.0^^3 
lifhat is the distance 

(a) from ^3 to 5?. (f) betv;een 5 and 1? 

(b) betv/aan -3 and 5? (s) " from -8 to -2? 

(c) , from 6 to -2? (h) beWeen -8 and ^2? 

(d) betv/aan ' 6 and -T? (l) from 7 to 0? 

(e) from 5 to 1? - ^ (j) betv/een 7 and 0? 

What is the distance 

(a) from X to 5? (e) from -1 to -x? 

(b) betvreen x and 5? (f) betvreen -x and -1? 
(a) from 6,-2 to x? (2) from 0 to x? 

(d) betv/een -2 and x? (h) between 0 and x? 



388 



. Prfefelem Set 10-3 



What Is the distance 

(a) from (-5) t<? 1? 

(b) from 1 to (-5)? 

(c) between \-5) and 1? 

(d) betwean 1 and (-5)? 

What is the distance 



(e) 
(f) 
(l) 
(h) 



from a to 3? 

froni 3.- to 8? 

between 8 and 3? 

between 3 and B? 



(a) from to (-9)? 



(f) from {|) to (J)? 



(g) 
(h) 



(a) What la the distance from 5 
(b) 



between (-12) and ^^8)? 
from (-8) to 0? 



(a) from (-8) to (^3)? 

(b) between 4 and 7? 
(e) from^ 0 ^o 5? 
(d) between .(-5) and 6? 

Think of 5^ and x on a number line; 

to X? 

i 

If the distance from 5 to x is positive, which Is 
, true J x^< 5 or 5< X? ^ ^ 
(g) If the distance from 5 to x Is negative> which Is 
true. x<5or5<x? ^ ^ ^ 

(d) if the distance from 5 to x i is 4, what is x? 

(e) If the distancG from 5 to x is -4, what is ^ x? 

(f) If the distance between . 5 and x is ,4,^*what is x? 

(g) What is the truth set of |x - 5| ^ 4? 



Think of 5 and x on a number line'; 

If the distance between 5 and x-^ is less than 4 

and X ' is to the right of 5, what is x? 

If the distance between 5 and x is lass than 4 

and' -X is to the left of 5. Hhat is x? 



(a) 

(b) 
(c) 



If the distance between b and 
wtiat is X? 

What is the truth set of^ |x 



is less tHan 4, 



51 < 4? 



3-89 ' 



3U1 



^ ' Problem Set 10-^ 

(continued) 

5. What are the two numbers x on the number line such.that^ 

|x - 4| ^ 1? 

' 6, Find the truth set of each of the frtlowing equations; graph 
^oh of thfese sets: ^ ' . . ^^^^ 

^ (a) |x ^ 6| - 8 ' ^ * ' ^ . ' ' . 

* (b) y + 'j-6r ^' 10 ^ 

^ (cj |10 ^ a| - 2 

^ (d) |xj < 3 

(e) |v| > ^3 ' ^ 

if) |y! + 12 - 13 , 

(g) |z| +12-6 

(h) |x ^ (^19)1, - 3 
(1) |y + 51 - 9 , 

7. What Is the truth set of the Bantenc& 

Ix - 4| < 1? ' ^ ' ' 

Draw the graph of this set on the'number line, 

8/ What is the truth set of the sentence 

|x - 4( > 1? 

9. Graph the truth set of the compound sentence 

X > 3 ^a^ X < 5 

on the number line. Is this* set the same as the truth set 
of (x ^ 4| < 1? (We^usually write "3 < x < 5" for the 
sentence "x > .3 and x < 5*' . ) ^ 

10, . For each sentence In the left , column pick the sentence* In 
the right column which has the same truth seti 



x| 




3 


X 


< 


-3 


or 


X > 3 


x| 


< 


3 


X 




-a 


or 


X - 3 


x| 


< 


3 


X 


> 


4 


and 


X < 3 


x| 


> 


3 


X 


> 




and 


X < 3 


x| 


> 


3 


X 




-3 


or 


X > 3 



39C j' 

3^ 



10-4. The Meaning ' of JlvlsiQn . - , 

Division Is a famlllar^process In arithmetic . | As we did 
with eubtractlon, we inust now Idescrlbe division for all pairs 
of real numbers,* the negative as well a^ the poslti^ numbers. 
Let»s begin with a simple problem. You will already know the 
answer. ^ ^ \, . ^ . 

^Divide 15 3." ' ' 

We can write this operation in any of the fallowing ways^ , 

15 - 3 or 3 Jlf or ^ 
To arrive at an answer we coul^ ask ourselves the question^ 

"What number do We multiply by 3 to get 15?" 
The 'answer Is clearly 5. But suppose we had the following 
problem: , r ^ ^ ' 

"Divide (-20) by 4." 

The quest ton this time Is^ "What number do we multiply by 4 
to get (^20)?'' This may take a' little more thought , but It 
should occur to us from our recent study of the multiplication 
^ of real numbers that 

(4)(.5) - (-20). ^ 
^ What is our answer this time? Now suppose we were asked to 

^diwlde ( -21 ) -by ^ ( ^7) . 
Since* ^ / 

(-7)(3/- (-21). " / ^ 

do you' see that the answer, cm^Jloyetlent" , In this case' Is 3? 



0 ra 1 Exe rc 1 seA l^^a ^ 

B^or oa]fh of^. the fol lowing^ state a "question that hab to do 
wlLh m'H^tiplication , thfn cnsw^r It. 

(4) ¥ rl , ■ 



I 



Oral E»4rclsea 10-4a 
(cGa?Jtlnued) 




(i)4- 



(g) ^-k— (J) -CT 



2. Each of the following phrases or questions can be repreeentad 
by ^ ^ ' > Dec^d-e which it will be; then^yC^^e.each 

as a question of the type "What number multiplied by c 
(dr b) giv#s the product b (or a)?" 

(a) dividedvby a. ' ^ 

(b) = The quotient of a by b, 

(a) The ratio of b to a. i ' _ 

(d) The number expressed by a frrfct^^^ whose numerator 
_iB a and whose denominator Us b. 

(e) The result of division where the divisor Is b and 
the dividendlsa, , ^ 

'% ' » 

^Problem Set 10-4a 



Find a simpler expression for each of the foriowlng: 
(Mentally use the methpd of changing each of the fQllowlng to a 
cruestlpn about multiplication. The domains of the variables 
do^ not Include values for which the denominator Is zero.) 

^- ^ . - ' ^- + . , ■ 



oa , ^ ' -3 5a 



-7. 



4Q ■ r. -^bax' 



{ 



'9x 



20m ' 3(a 4- b) 



39P 



10.-^. . / " • 

* 

Problem^Set 10^4a 
(continued) 

it* 6a 3x . 

12. ^ 17. — 



i|i ■ . ' 19. I 

7 ' 2- 



You will recall that we defined subtraction of a real 
number as addition of the opposite of the number, ' Subtraction, 
that is, wa4 defined l_^n term^ of addition. 

Since division'' is related to multiplication in much the 
same^ way a« subtraction is related- to addition, we might expect 
to deTine division in tenns of multiplication. 

In order to do thiiS, however, we' must develop further the 
idea of multiplicative Inverse. As we s$w In Chapter 8, 

every real rwmber a except ze^o 
has one and 'only one r^ultlpllcatlve 
Invert b such that ab = 1. ' 

What Is She multiplicative Inverse of^^ -3? ' 

{-3)(- -y) = 1. Therefore ^ the mul tlpl ibatton inverse .of 

7 

Ifhat is the multiplicative inverse of ^? 

7 8' ^ . 

1. Therefore, the multiplicative Inverse of 



|The multiplicative inverse of a real number is also called, 
the reciprocal of the number. In other words-, the statements ' 
above can b# reworded as follows i 

The recip^cal of -^3' is - The reciprocal of ^ Is 

The gymbo'l "i^" Is used to denote the reclproaal of the . 
number x. This, together ^fth the fact that tjie rectprocayof 
a real number Is another name for the mylttpl icative Inverse 
of the number, ^enables us to make the following statements: 

(1) The mumber^ 0 has no reclpg^l. 

(2) Every real number except 0^ has one and only ^one 
reciprocal. 

(3) ^ For ahy numbe^r x excypt 0, x(^) (— )x ^ 1. 

The following quest Igns and answers bring out some other 
important points concerning peciprocals^ and they will help you 
to work the^ problems that follow, ^ 

What 16 t^e reaiprncal^ of . -5? 



x 

if 1 ii 



For /ny number x except 0, the reciprocal Is ^ 
Therdfore, a symbol for the reci^ocal of -5 is ^ 

% * ' 1^ 

However, the "Tnul tiplicatlve inverse of =-5 \b - 5" 

since^ (.5)(: i) . 1, - ' \ 

— - ' - - A . - ---- ~- - - - - 

Therefore, the racln^rocal . of =5 is - ^ 
This shows that ^ *and = ^ are Barnes for the 
sam.j number. 

Vlhat Ls the recLpTOcal of ^77 

Tho recLprocal of Is ^ ~ . 

V/hat^Ls the reclprGral of j ? 

2 H ^ n ' 

J :^ symbol for^ the roc!:procal of — Ls 

i 



k ■ ' t 



How^Arer, the reciprocal of f ' stride 

ThelrDifore, — i— and >■ |^ "are nMmes for the-' same 

number. ^ " ^ ' 

What Is tjhe reclprDral r,f i where /a Lg not zero and 
b is net zero? - . ^ ■ 

The reciprocal of = ^ |_s — . , / 

- " ' b a 

t , ^ ' ^" : . 

' ^hereforq^ =^ . ■ . . 

a . a ' - 



" C * ChcGk Ycur Read Lng = • ^ 

^What U thc^mMl tlpl Icative Inverse of ^3? 
What is the reciprocal of =3? ' • 

What symbol la used for the ^ roc Lp roca 1 , o f K? ^ 
W^at; number has no reciprocal? 

Provldnr"that x Ls not zero, .the symbol "x(=)" names 
what number? ' , - 

What is the rGcLpr'ocal dT . 

if a is not sere anJ b is no:, zero, what is" the 
'rec Lpropal of ' ^? ^ . ^ . - ■ ' 

rta'te ano^er name for the numbor ~ ' ' 

.^tate another n^me, fon the number =-4^- 

ProvUj^l that a Is not ^erc and b is not zerd, state 

another nam^ for uh'-- ri'rnber : 

a " , , 

; ; " ^ ■ ■ b . ^ " ' 

* t- 

00 r X rr: i one lc^'^^i.b 



\:tano the r^Of^ Lprr:ca I :} rd" th^^ rnlLowln^^: 
(a) u . . ♦('U I 

(io " - ■ ■ . (-1) O 1 



Oral Exercises 10-4b 
(continued) 

(e) I (h) -1? 



Whi'ch of the follovTinp, st^ntences are true? Which are false? 
/ 

( a J = - ^ ( d J — — - r ■ 

t ' ■ ' 

(b) ^ ^ ^ '(ej = X for all x except 

■ ^ ^ ' ; ^ ^ - x ^ 0 

J f X 

(c) — - J . ^ - (f) TTT - - T 



3. ^Why Is a reciprocal of ? 

4 , Z e r o ha n o re c L p r o q a 1 . f) u p p o s that zero does have a 
re c Lp ra ca 1 , call It n . The n 

• . ' ' 0>n - l^^Why':^ 

What Is the truth set of this open sentence? 



We are ^ow ready to ^^^e^^a definition of dlvision^^ and the 
idea, of reciprocal wLll be used in this definition,. 

In d L V I'd 1 1 5 by 3 / re f e ren ce wa s ma d e \ t o the que s t on ^ 
"What number multiplied by 3 gives 15?'' In other words, 
the following open sen.tences have the Bame truth num.be r: 

The mul t Lp 1 lua t Inn property ■ d^ f^quality may be applied ^to 
«^he sentence "3x - 15," 3ince the product of 3 and Its 
r^lprocal is 1, we muHLplyboth sides by the number 

follows : . ' V 




; ^ (^)3x .4)15 

Therefore, if x = 15 — 3, ^ 

then X - ' r ' ♦ ' 

In other words, dividing 15 'by 3 1^^ the? same as multiplying 
15 - b;^ the^ reclprooal of 3. . 1. 

Let us look at some other examples sl^mllar to the one above. 
Is (-rb) -5 the same as (=15,)(^)?' - ' 

Is' (=21) ^(=7) the same as (=2l)(= i) ? ^ ' 

The examples/above show that division can be restated in terms 
of mu 1 1 1 p 1 l/ca 1 1 o n , a nd they lead to the 1 0 1 1 o w i ng definition 
o f di vis i 

For_ a ny rea.!^ numbers a ^ anci b , b ^ 0 j 
a = b ^ a ^ i . 

Notice that the definition states that b is not zero . This 
of course Is consistent with our previous understanding that 
the nlimbar . 0 has no rec^rocal , and emphasizes that division 
by zero l"^xi<i defined . \ ^ * 

The definition of division gives us another way in which \ 
to express the quotient of two numbers. ^ ' 

^ 1 _ a 1 a 
^^b ^ b " b • 

But thfe defUiitior/ tells us that J / 

a^i - a ^ b. 
.' ■ Therefore, ^ ^ ^ F • 

Thus>_^^^r example, the quotient "2=3'' may also be written |- . 



ERIC 



? Also^ the definition leads to two simple but important 
properties of division. 

For any r^^al nu:nbf?j^ ^ * .f^ ^ ^^^^ rec Lprocal of 1^ is '1 , 

^ . Fo r any rea 1 rvu^oG r a > except C i * 

G a ' ' 

^ - 1 , 



rhe ;iefLn;.tlQn of division Is really quite simple. Let us 

/ 



s^p how It mlt^ht be anplLed In ^ few spe^i-ric cases 



!^xamole 1 . P Iv Lie 10 by 2 . 



= = h ^i^^ reciprocal of 2, 

E^ianple P. DlvJ.^- -3 oy ^ . 

_^ ^ (^3)(>;,) = ^Tb= P is the reciprocal of 

RxHTple 3. rimpllfy , ^^-|- ^ 

For any number a except C' j . |^ - 1 .. 

■ :- ^hrrefor^^, provLdea- x / 2, ^ p ^ IL 

examples I ^ and 2 above show once aga in ' tha t divla ion. 
by any real number except zero can be^ performed by multiplying 
by the reciprocal of the number. This is closely related to a 
fact developed ea rl l a r- -sub t rac t ini;^ an:v^ rea^^umber can be 
p-^rf^rmcd by addln^A the oDOoslt^'of the nu^nt^e r . This relation 
l3 ucL to: - .; op by 1d:e ^'ollovoinp tvjo col anriL. 

For-^ny number a, For .any number a except r^ero, 

the a id I tive ^ Inverse 1 s ' the :mul IplLcative inverse is 

-a, the opposite or i,, also called the reciDrocal 

o f a . 



y^ 




jot 



o o 



For any oumbers a and b, 
a ^ b = a + (^b)- 

Thu3_, subtraction is 
defined in terms of 
^additicn.- 



For ani^- numbers a* and ^>,^ 
b ^ 0, a 4- b - a(^) , 

Thus, division is defined 
in terms of multipliGa^tlon, 



Che..ck ^jur 



fading 



Dividing 15 by 3 is the s'a^e as multiplying 15 by what 
number? , 

c 



The ^quotieht a ^ If is the same as the^produ^t of ^-a \ and 
what number';' 

For what cases is the quotient a^b not defined? '^^^^ 

In what other way may the .,quo tient 2^3 be written? 

In what other way may the quotient a h, b / 0, be ' 
written? 



s 



Give a simpler name for 



T 



Give a simpler name for =, where a is not zero. 



Give a s imp la^ name for 



X = 2 



where 



is not 



How is the difference a ^ b defined in terms of addition? 
^3W 43_the quotient a ;r ^ defined in terms of mul tlpl ioa tion ? 



0 ra 1 Exerc ises 10 ^-^c 



Which of the^ following sentences are true for all values of 
tW variables ? If there is only one exee/ptLon, state it. 
Give an exampll for those which you think are true for 
all values of the variables. . . 

(a) i • b . 1 



Orar Exercises 
(continued) 



(d) If '^3x - a, then (= i)(-3x) - (=.-^(a) 

( e ) If ^ = c , then a ^ a b , 

(f) 1 ■ 



(g) — ta = 2x + 3 

2. By what number would you^ multiply Gach'^side of the equation 
to obtain an ecriuivalent sentence whose truth set Is easily 



found . 



(a) 15x = i, " (e) 



3 



(b) -3y - -12 it') =.9x = 1? 

r 



(c) iw = 28 ^ , (s) y - =8 f ^4 - 7 



2 

f M 1 _ 



(a) ^ |m - 1^ 



3/ Use the definition of division to express each of the 
following^ in a fomi that involves multiplication. 
For example: , 

" Q '* 'I i 

is enuivalent. to 



t 



(a) 4- (c) ^ (e)^^ 



2 . 




(d) ■ (f) . 



-1 



(d) ^ 

(o) i If a / 0 



4 :)':: 

1 



c 



1* Ub^ the definition of division to write^ each of the? following 
as an expression invGlvin;^ muitlpli cation. "' 
I 

Kxample; 2 13 

3 

7 



(c) hfr^ b/n (r) " ; ^ »/o, n^i 

t 

By what numbr.-r v,'r,ul'i yc.u -ultlply pach sid<3 of the equation 
to obtain an equivalent eq'iaulcn whose truth set is easLly 
round . 

(a) i3x = V ■ ( J) ^ 

(b) =:jx = If (e) - ^ z = = I 

ID 

(c) i^m . 9 (f ) .7 = 

Use the definition of division to change the following 
In'lLoaCed products Into Indicateoi qucitients. o. 

(a) 42 . i (4) X . i 

4 

(b) u ■ ^ (e) I ■ be 

(c) ^ (f) . G 

Find the trMjth ::ieL of each oT the ff<l^Lowi^5 ^sentences : 
(ai 5y - 41 (a) 3x - y + Vx . ^ 

^(b) 2x - VI (e) e - 10 



.')(- 1 

4 .' ) . 



Problem Set lO-^c 
( continued ) 

¥ 

In the first two exercises of problem ^4 show how the 
^ definition of dlvison is of assistance in obtaining the " 

truth set. 

b. 'Find two consecutive odd positive integers whose sum Is 
less than or equal to 83. 

7. M rectangle Is Y times as long as it Is wide. Its 
perimeter is 144 inches. How wide Is the rectangle? 

8. John is three times as old as t)Lck, Three years ago the 
sum of their ages was 22 years. How old Is each now? 

9. Find two consecutive even integers whose sum is 4b, 

i 

10. One-half of a number Is 3 more than one=sixth of the same 
number. What Is the number"' 

11, -^ plane which files ^at an average speed of 200 m.p.h,>^ 

- (when no wind is blowing) Is held back by a head wind and 
takes 3^ hours to complete, a flight of 630 miles. What 
is the average speed of the wind? 



12, P ro v e • t h a t f o r a ny re a 1 n u m b e r s a , b , c , w h e r f ? d ^ 

a 
F 

b 

a 1 

(Hint: we m.ay write = ^ a - — , by our definition of 



(O if a - be J then = - c^ 
( Li ) if I- - c , then a = be , 



division, and then use the multiplication property of 
equal Lty . ) 



In. this sectlon^e shall work withM:he expressions ^ 
a n d J b o t h of which re r e s e n t t h e q u o 1 1 e n t o f o n e . n u m b e r 
by another. / 

' Let. us begin with the expression ■ 

^ ^ Definition of division. - 

■ ' ^ ' ^ ' For R/iy number (-^l)a - -a . ^ 



4C 



r 

- t-i)(|) By deflnitlbn of division, 



A (a)(i) » 



b 



*Poi* ariy number ( =1 )x ^ ^ 



Now let^us consider the expression ^ 

>or any/numbor x, excopt 0, the recLprocal La "There== 
fore^Che 'rGctprocal D,f ^.^b Is represented by ^ ^\ ' 
^ How^gver, the reciprocal of =b is - since (-b)(^ i) 

\ " 1 " " " 1 " 

'lO - -g- may be used- for 1 ■ 



= (=l)(a)(i) 



Thererore, _ ^ ^ _ and -| - ^ ^ , . This shows tha^, for • ^ 

any real numbers b^ and b/o, the followihg are 

^ames for <fhe same number: ^ ^ ^ . * 

Injinost ins tances the name is considered the* simplest 



1 n ; 1 

D f f t, h o t h r"' e e as \ n t h p >: a m rrl e s 

- ] 



Example 1 , =^ ^ ^ 
Example 2 . zj, ^ ^ ^ 



Example 3, ~ ^ - ^ - Here///e nust specif^ that x is^ not 

z e ro , 



4C3 



1 



As Wf/"'have seen, however, simplification does not always mean 
the same thing. And in some instances, a change of names such 
as that Illustrated in Example ^ is siaslrable. 

Example 4, - ^ -j^'^ j v ) ^^^^ case. If the 

^ ^ " ^ expressiori is to name 

a num<ber, x cannot be 



Check Your Heading C 
Give two other names for the numt^r - ^, 
P. Give two other names for the numba^r 

3 . G i V e a n o the r name To r ^ ,-7 "^^"^ ./ 1 which the d e n om 1 n a 1 0 r is 

Oral Exercises 16 -4d; ( 
1. Give two other names for each of the followingr 





(d) 




if a ^ 0 




(e) 


-7a 


if a 0 


(=) =1 V 






if n 0 



in simpirst 

y ?^'t) . 



Give the opposite of /each of the following in simp^rst form 

4 Iff) 



-1 la 



^ if b ^0 (f) ^ fl if n ^0 



1 



10 ^ ^ 



( 



Cral "xercises 10=4d i 
^ ^- ' f continued ) 

3. Perform the indicated opera t-ions and zAye the answers in 

'1 ^ 

simplest -form. 

■ (a) 1+4 ('J) ¥ - :| ' / c • 

^/^^J\^ (f) tl,,^ 

PrDbiem Pet 10^4d 
"^^ In each of the probicms'- be-law the domains of the variables are 



restricted tc excdude dlv4sLnn bv zero. 

1 . Give two other n a m e s , f o r e a c h o f t h e f o 1 1 o v; i n z = 



(b) 4 (e) _7 (^^) - i 

(c) - 1 (f) 4 A 

2, Gyve the simplest name for each of the follow Ln£:;: 

.(b) - f (e) 

. 3 . P G r f o ;tii the I n c i I c a t. r :i o p e rati o n s , 

(b) #^ 4 ^ 4^ 4 

(=)' 4^4--/- I ^ 4 



Prcblem net 
(conclniiej) 

Perform the indlca. t:ed operations. 

If ^ 4 
(c) i 



(e 



b 



=2a 



5. V/rLte the nppoalte of each of the follovrLnf': 



(a) 4 
(c) 



3 



(d) i 
(o) 4f 

(D 




o. Perform the indicated operations ^ 



2' 



(^) 4 



IF 



(b) 



7 



2b. _ Sb 
be " -5c 



(f) 4 = 4 



7. Perfurm the indicated operations. 



(a) 
(b) 
(c) 



1 + a 

a - b b - a 



X - y y 



a - b t) 



(d) 
(n) 
(f) 



oa 



2 a 



. — ^ — + 
m f n 


=m - n 


oa 


2a ^ 


m f n 


=m = n 


a 


b 



4c 



^ V-'- V 

10*5 • V 

10-5- Commbn Name^ . ^ v ' , 



In Chapter 2 we referred to some special names fo 



r 



rational numbers, which we called "Common n^es'V The common 

18/ in sense J the simplest name for a nLimber. ^For 
example J r 

a common nattic^ for is 4 



^' 14 p ■ ^ 

a common nam^ for ^ is ^ 

How do we obtain these common names? We use the multiplication 
property of ^ 1. Remember, the multiplication pr^erty of 1 
tells- us that if a is any real number, then ^ 

^ (aKl) - 

Using this property and also the property that^or any non^zero 
real number a ) < 



^e can see that 



We can arbo show that ^ 

14 _ 2^7 _ 2 . 7 2/. s 2 



24 = ^^|-M<i)-l 



The step in the above process in which we wrote 



represents an operation which is familiar Trom our study of 
f ra c 1 1 on s in a r i thme tic. By me a n s of our de f 1 n 1 1 i on o f 
Sivision it is now'posnible for us to prove that this ^ 
oporatlon will work in all cases provided that the denominators 
are. not zero. 

The theorem, which we will now prove/ states that' 
for any real numbers a, c, and d, 

if b / 0, and if d / 0, then 

a c ac 

b ' d ^ M ■ - ^ 



4 'J. I 



To prSvu this', wo flvnz soe fr'orn'our Jeflnltlon of division that 



1 / , c 



1 



and therefore- 



-J ^ - 



(aci (r)(T) = ^ (associative and 
\ " ^ ^/ . commutative 

^ m^4ltipl Icatipn) 
Wow we must show that-- ^F^^T^ ^ ^ tiiat'ls, that the proriuct 



of th,o roc iprpcal twc "nrmbe rs. 1 the reciprocal of the • 

we 



produc|r?*of thes^^ numbers. If we multlpTy (^Hj') by bd 

obtain the product 1. (Why?y Hence (^) (|^) ^^e 
reciprT)cal of bd , ES 1 3 . _ • . , 



Mow we sec that 

a' c / . . \ / 1 1 



(ac){^) 



ac 
bd 



U s L n G 5 once m o r^e j eke 
Li^^flnltion of dlvlslorr 



Th^s, we have proved our uhoorom.^ 

:n arithmetic you wore told, ''To multiply two' frac t lone , 
we munLlply the nun:e ra to f s . to net the new numerator and we 
m u 1 1 1 p l\y t h e d e n o m I n a t o s t &> ■>_; o t t h e n e w d e n o m_ I n a t o r . " 
^ t h e o r e m j w h i c h s t a t e 5 t h a t 

shiws exactly why yoiir cearhor v;a3 r-l/^ht saying this. 

The rcllowLnc exnmplos wLll rur'ther Illustrate the' ■ 
process gf flndinF^ a commc^n name. 
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10-5 . 

Example 1. Simplify 1^-^^ \ Notei When wa Vritte this 

* ' , , " F phraee, we must assume 

. that the domain of the 

/ - 

V ' ^ = ^ ' variabte" y cannot 

' * ' include the number 1. 

* * f ^ 

' ^ Can you see 'WhyJ ^ 



3y - 3 



Example g. . 



_ 3 
2 • 

- ^ . ^ ^ - t 

simplify 



by the distributive property 



since ^-—^ = 1, It y ft 1 ' ^ 



(gx + 5) 3 f5 ^ Sx) 



2x + 5 5 + 2x 

. ; a- 








4 .■X , J 




X 

T" 2 




X 




2" ' t 





Exam 



;impli:fy 



2x + 4 

bx - 1^ 



In' order for this expression 
to name a number^ 6x - 12 
cannot be^O. Therefore, x 
cannot 2. We can say, 
then, tb.fet the domain of x 
Includes all numbers except 



Provided that Is not 



2x ¥ 



12 



+ 2 



ill 



2 (x + a) 

E (x : gj 

1 jx g ) 



^ Cheelc Your ReadinR| ' ' : 

In the text two basic properties were nised to chanffe.'^thft 
name of the number ^ to 4 , What were these two 
properties? * ^ 

If b ^ 0 and d ^ give another name for the product 

If the phrase g is to name a number^ there Is one* 

value of y that cannot be permitted. What Is this value? 
Give a skimpier name for ° ^| . 

What number Is excluded from the domain of x in the 

' * Oral ExerciseE 10^5 

Tell how each of the following fract^na^ can be writtenvas 

the product of a simpler fraction -a^d a numeral for 1, 
-Then simplify. 

Example: If y ^2, ^ |j can be written ^(^-^^ , 

V =H 2 

where ^ ^ ^ Is a numeral for 1, (Why ^cannot y be -^2?) 
Thus^j a common name is j . 



(a) I . . (f) 



(b) i| . (g) 

(e) . (J) 



2x + 




fax + 


1. 


2x - 




3x - 




X + t 




y + £ 




3x + 


4 



I 



^ ^ l^oblem Set 10^5 

Simplify eaeh of Ch^ following. Indicate the restrletlons 
Oti tha dgmalnt. 




2x + 1^ 



(«) III m: If 



(1) 

(J) 

(1) 

(n) 
(o) 



X b +. 1 



b 


X 


3x 




Sx- 




2a 


. 2 
- ft 




a ^ . 




+ ^ 






Sx 


- 3 






X 


- 1 


3x 


^ 3 . 


a' 


^ b 


b - 


' a 











> 



J I 



Find the truth adt of each of the following sentences. 
Indicate thfe restrtctlqns on the domains, 

2 

1^ ^ 6 



- I 

f„) 3x(x + 1) . 



- 3 



gx + (3x - 5) 

Six - 3x^ 

7(x - I") + 3x - 4 
8x ^ 2(4 + ' 4x ) 



- 3x 
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Problem Set 10-5 
(continued) 

3, Mr«, Ircwn is en^loyed at an. Initial salary of |3600j ' with 
annual trtcrementsj of '^300, while Mr* Jonaa starts at^the 
same ttrr.e aAjA-initlal' salary of 1^500* with annual . ■ 
incrempnte of ^200. After^ow many years ^wlll both fnen'be 
earning the sama salary? ^ * • 

Bob is twice old as Bill, Three years from, now t^e sum ^ 
of' their ages wll^* be 30 . yeare. How old Is each boy now? 



10-6. Fractions . ;• 

%. Wh^n we are aslred to simplify a given expression it is 
important that we understand exactly what is meant, "Simplify^, 
we recall J me^ns;"flnd a common ncme for^' . To do this properly 
we shall have to agree to certain basic ideas as to Just what a 
"common name" should really be; There are three important ideas.* 
or conventions , V which, we will now^iscusF. 'y - 

1) A comrnon name contains no indicated ^-divlsion if it can ' 
be avoided* For examples ^ 

should be "simplified" to 5- 

2) " If a Qommon name must contain an indicated division^ 

then the reoulting expression should be v/ritten in 
"lowist terms''^* By thte v/e mean that a fraction such 

should be changed to if v/e 

v/arit the common name, ' ^ ^ 

Note: In Chapter 1 v/e deGci^ibed a "fraction" as a niuneral v/hlch 
iiidicates the quotient of tv/o numbers, ThuSj a fraction 
involves two numtsralSj a numGrator an4__a denominator, Vfhen 
.. there is no criance for confusion ^ v/e shall often use the v/ord 
"fraction" to mean, the number itself. 



4lP 
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^3) m ^have learned that the fraction ) 



-a 



ma^ be written as 



% C . ^ ^ or ^ ^ . V 

We vtill call the third formj - ^ i the common name, 

7 \^/ v yFOT mxBmp\&p we write 7^ and ^ as = ^. 

Bie theorem whlph ends with the sentence 

, ^ a ac 

f:b" ^ M . . ■■ ' 

tells us how to write the indicated product of twd fractions as 
ont\fraetl©fi. We have used this theoram 3|n ap^lng the 
multipllQa'tfoji' ' property of 1^ to .the fraction - 

•In this case we used the theorem in arf "opposite" sense by 
spllttlnE one fraction into tv;o, that Is 

A Ag'7 _ S 7 

A direct .application can be found In the followina example, 
ilmpllfy |.| ■ 

_ 5x ^ 

. ; 

Example i Simplify (^)-^— ir^^ 

f 3^ (x + 2) ^ 3>-(x r 2) 

[ • • 3x 4^ 6 , ^ 

Sometimes v/e ut.e this thearom "both v/ayD" in the same ijroblom, 

\ 
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Example ! 



3 14 

Simplify f'i| 



3 14 



3.14 



3/fS-7 

s. (3.3 

7.(S-3j 



_ -7 
-.I 



_/ \ ^ -6tieck Your Reading 
Wha^t is a shorter way of saying "find a common name for 



\ 



2, State three things to constder to be sure an expression' has 
been "simplified" , " * 

3. W^at theorem, shows us how to ^simplify", (y) ^ ? 



Cral Exerc Ises 10-6a 

Simplify the following expreasions. What restrictions on the 
domain of the variables nfied to be made? , 



1. 



3. 
5. 



-1 



3 



4x 

1 7x 



5. -j.-^ 



3 xfx - 1) 

X 3 



9. 
10. 



-2(x - 3) (x ■ 
-P(x - 1) 

24x 
-J2{x 1) 

-3(x + 1) 



i4l4 

41 
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Oral ixeri^aa 10-6a 
(continued) 



11, 



'44- X + ? • 



Problem Set 10-6a 



X 



simplify. When variables are present Indicate the 
restrictions which, must be made on their domains^ 



(a) 


3 7 ; 


(s) 


1 






+ n 




(b) 


4 21 


' fh) 


-X -X 

T'^ 




(c) 


|((-5)(-2)) 


CD 




|) 


(d) 


1 1 
n'n 


(J) 


(- 


(- 1) 


(e) 






(4a2) (|) 




(f) 


i i > 
n'x 


(1) 


3 • . 





2, Simplify each of the following expressions., Indicate what 

restrictions have to be made on the domains of the variables. 

/w\ a b c 

(b) F-^r2 



(c) 



ox 7y 
1 ly ' 5x 



Problem Set 10-6a 
(coritinued) 

i 

777^ Tab , 15ab ^ \ 

* 5a^ b^. 

Use the distributive property to wri^e the numerators and 
denominators of the' follQWlng" as indicated produeti, then 
simplify the frictions. Write the restrictions on the 
domains of^the variables. 

M (d) 



2u + 


2v 


5u + 


$v 


cm + 






3n 


ax - 


ay 



cm + any ^ ■ / \ 9x - 6 ^ . 



'2m ^ 



bx ■ by , > Sim t b 

Find the trutH sets 'of the fbllowlng operf^sentencea: 
(a) ' 3x - (^) = I - (d) |x > tfj ' ' 

iW) Jx - i ■ (e)' 5|x|: e I * . ' 

.(c) 3x-|.x :(f) 3x^21^ 

A ^passenger train averages 20 miles per hour more than a 
freight train. At the end of 5 hours the passenger train 
ha^ traveled ICO miles farther than the freight train. 
How fast did the freight train travel? 
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10-6 

4 



ircent all 



Problem Set l0-6a 
( continued ) 



On a 2C percent discount sale, a chair Is marked $30,00. 
What was the price of the chair before the sale? 

% t 

One-half of a number is 3 more than one-sixth of the same 
number. What is the number? 



The property which we most frequently use in simplifying 
the sum or difference of two fractions is the multiplication 
property of 1. You will also recognize many of the other 
Tpropertie^ which are being used In ^ the -following siinpllcation. 

^+ ^ ^^l) + l'(l) (multiplication property 

- ^ ^ ■ of one) 

- (|)(f) ^ (|)(|) ^ .(f;- 1 if a. ^ 0) . I 
_ 5x . 3y - - ' ,a c _ ac\ \ 

' ■ : ^ ^ I 

^ 5x(^) + 3y*(j^) (dljTlnltlon of division) . , 

^ if" * 

( 5x + 3y)(^) {distributive property) 

> ' . \ 

- (definition of division) 



You should underBtand each of the steps above but in practice 
a more condensed form Is permissible, such as 

, 15 15 

5x 4 - 3y ■ * 



If 



10-6 . . 

.... . ^ 

Can you supply the 'reaaonB for the steps of the following 
almpllflcfttlon? . 

' . . - f + {^)(i) . . . ^. 

_ 5x . -Ex 3 . , ■ . 



= 5x(|) + (-6x)(|) 



•1 



If l^t W 




era asked to find the truth set of an opeiT^sentence 
conta'lnlng fractions, . such as ^ ^ 



wa could use the multiplication property gfi equality follows 



2% _ X . ^ 



may be written mm 
f(^) - 3(| + 2) , 

Where both sides have been multiplied by ^3. This becomes 

3l2xi ^ 3U1% 3(2) , 

and then we have \ 

J i • . 3 ■■ 



10-6 . ■ 

The truUr^alue for this sentence can easily be^ound by ^adding 
(-x) to .^th eldee.. Do you see that the trufrh value Is 6^ 
Ai another examplej consider the sentence 

To make our sentence easier to work wlthj We can multiply both 
sides' by 12. We then have ^ ^ 

" - « L ' 



which becomes ^ 

*Thls can be written ■ ' ^ ^ 



12(^)..+ ^2(i) ^ 12(|) ^+ 12(2) 



which becomes 

(|)8x + = (J)3x + 24 . . _ 

Finally we can write ^ * - ' . 

, 8x + 4 ^ 3x + 24 . 

The truth value of this sentence may now ^e found quite easily. 
Do you see that it is 4? , ^ 

' In using the multiplication property of equality we multiplied 
both sides by the number 12. Can you/kee why this Is a good 
dumber to use? We know that 12 can /be written as 3 - 4. 



Che_cjc Your Reading 



Before the expression ^ + ^ can be simplified what are the 
forms of 1^ that would be used to help in the .-^ - 

aimpllf Icatlon? 



2^. Why is rr the 3?me as 5x(^) ? 



What property can be applied to "5x(^) + 3y{^)** to 
slmplifyXthe expression? ^ 

419^ o ' 
* X 



Oral Exercl^s 10=6b ^ 



State what fom of 1 would be used to malce the Indlcmted 
change In each of the following fractions. Then name the 
new numerator. Assume that the domains of the varl^ables 
do not include any values which make the denominator zero* 

(a) ) = 



(b) ^{ — ) . 




(d) !|(— ) =. iy ■ . 

r^T^~~~^ ' 3(x + y) 
r-r%(— ) - (a - bj(a f bj 

3a°m + n)^""") ' . , .5 
■ 3a (m + itv 

a[x + y!^— ^ = ab(x + y)(x = y) 



3 - ^ X - 3 

Simplify each of the following sums. assume tha^ the 
domains of the vadables are restricted to exclupa 
division by zero, 

(a) f+% 

\ 3a a 



10-6 



erclaas 10-bt*t 



V- ^ . . ^ ^ Oral E% 

' ^ (eontlnued ) 

f 

t \ % - 8 By + a 

3^ 3 ' 

ft + 2 #t - 11 

(h) + _ 

^^ x + y x + y x + y 
{!) X + I ^ I 



Problem Set lO^Sb 
1, Simplify, Assume that a 0, 



4a ^ a 
4 a_ 
X + 8 _^ X ^ 4 

— ^ + — g— 



a 

Simplify the following express^long . assume that the domains 
of th# variables Mo not Include Values forvwhich denominators 
_-.are zero, ^ 



(a) 


5 

9 " 


2 


(e) 


(b) 


i + 

a 


1 

a , 


(f) 


(o) 


k 

a ^ 


5 


(s) 


(d) 


a + 


£1 





) M 3-r-E + 



/ 

b 

a + b a -f b 
(o) - . (a^ _ ti^) 



ERIC 



ProbleM Set 10-6b 
(contfnued) 



f s. a 



(i) ?_ 



2X 



(J) 



3 _ 4 
X + ^ X + r 





7 


h 


(c) 




1 ' 


(d) 




¥' 


-(e) 




i> 


Maiy 


bou| 


m 




Find the truth _^ set of each of the following se^itencesi 

(a) 1+ 3^1 . (f) |c = §«| + |. 

I " fs) ^ + |y = ^ + |y + / 

S| . (1) 4y + 7 = 4y - 3 

PT . (J) - + ^ = +u- ^ 



If srte paid $1.80 for all the atamps, was she charged the 
correct amoupt? 

John has 50 colrts v/hich arg^nlQkels, pennies, and dlmesP 
He has four more dimes than pennies^ and six more nickels 
than dimes. How many of each kind of coin does he have? Ho' 
much money does he have? 
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12. 



Problem Set 10-6b 
( continued ) 

John, who is saving his money for a bicycle, said, "When I 
have one dollar more than three felmes the amount I now have, 
I will have enough money for my bicycle." If the bicycla 
costs $10, how much money does ^. John have now? 

The sum of two numbers Is and one number is = times 

the other. Find the two numbers, / 

4 

The numerator of che fraction j is in'creased by an amount 



X, The value of the resultiriB fraction is By what 

amount was the numerator increased? 

11 1 - 

9, of ' a number Is 13 more than ^ of the number. What 

is the number? 

10, Joe is as old as his father. In 12 yeara he will be J 
as old as his father then Is, How old is Joe? His father? 

11, The sum of two positive integers is 7 and their difference 
is 3. What are the numbers? What is the sum of the 
reciprocals of these numbers? What is the difference of the 
reciprocals? 



^ ■ 2 

A fraction, such as j, is often called the ratio of 2 

to 3, or the ratln We also call a sentence In the 

form 

a c 
b ^ d 

a proportion . It is read "a, b, c, d are in proportion.' 
The 3 e wo r d s a re convenient who n we a re u s i n^ division to 
%how the relative size of two numbers. Since a ratio is a 
f ra c 1 1 on , and a p ro po r t i o n is a s imp 1 % s en t n c e involving 
two fractlrns, thpsc two words are Just names for things 
with which we a already familiar. 

Example : Two partners In a flr"mi ore to divide the profits 
in the raLlo if the man recelvlrc the larger share 

rec^iven- S8bbC , how much does the -n.-her partner receive? 



4P3 



^4 1''^ 



Problem ,Set 10-ob 
(contlnueca) 

If the amaller aha're Is p dollars, theri jjjfqg = ~ , 
If there is a. number p such thaS' the sentence is true, then 

p - I • 8550 

= 5130. \ ■ . 

If.P = bl30; then g^=|13§.= |xm|=|. 

Hence, the smaller share is S5130, * 
Notice how saying that the shares are in the ratio i 

leads naturally ^ writing the proportion Q'^^q ° 

(a) In a certain school the ratio of boys to girls was . 
If there were 2 60 0 s t u d e n t s i n ' t he s c ho o 1 , how many 
girls were there? • ' - 

(b) In a shipment of 8C)0 radios, ^ of the^ radios were 
defective. What Is the ratio of delTective radios to 
non-defective radios In the shipment? 

o 

( c ) The ra t i o of fa c u 1 ty 1 1 students in a c o 1 1 cge is ^ . 
If there ar^'^ 1197 students, how many faculty members 
are there? 

(d) If two riumbers .are In the ratio ^ , explain why we 
may reprosent those numbers as 3x and 9x . What are 
the numbers If x = 7? if x = If-r^? 

(e) Prove that If | ^ then ad - be, 

(f) Prove that if ad ^ be and b ^ 0 ^and a ^ 0, then 

a c \ ^ 

b "^^ d ^ 

(t;, ) nhoWj usinf^ the propqrties of one, that the proportion 

( hi ) AS s u m i n k t h a t t h e p r rj p o r t i o n = = ^ i s t r * u a , use parts 

(^) and (f) to find seven other true proportions. ^ 
For' f^xample. If = - then y.n - yp or q« - yp. 
HMnoe, by pnr-t ( V ) , ^ ^ . ^ 
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We will now see how to simplify the quotient of two 
fractions. Sfyeral methods are possible for doing this.* Le 
us look at the following examples. 

Exa mple 1. Simplify 

3 . 

7" 



We shall use the multLprication property of 1, in which we 



I for 



6 



lor 1. The reaeon for using ^ will be made clearer as 
work goes on. 



5 
3 
"7 



2 

3 



6 
E 



tiplication 

property of l) 



7 . 




5 
3 


□ 

r 


7 . 


D 

r 


D * 2 


* 3 


3 


7^3 




10' 


3 


21* 




_(io: 




( 91)1 1)- 



^ b ' d 



10 



Example 2, Simplify 



■ , ■ ,: 

V/e shall again use the property of 1, but this time v/e let 

3 

3 "3 

where we choqse ^ because It lo the reciprocal of ^ ^, 



3^ + 1 f 3; , 1 \ 3 



/ 



^^^^ M 



7 



1 



' Chock Your Roadlng ) 

1, In I'ixamplo 1 v/liy v/as unod an the form of 1? 

3 

'd. In IC::amplQ v/hat happGnGcl an a ronult of using =^ for 1? 
3. VAiat In thn rtjc: i.prof^al. 01' ^ ? " / 



4", 



iO-b 



* 0 ra^( 



E^xerc Lses 



r^tate tv/o forms of 1 that could be used to Dlmpllfy eaeh 
of the ^fol In Winn ox press Ions. (The values of the variables 
for which donnmlnators are zero are excluded, ) 



IT 



(•■0 



1 



ID 



- / 

bm ^ 

X + £ 

X - 1 
b 



3x 
X - S 



3;/ 



(J) 



3x 



Pro b 1 0^ 



iC =nc 



In this problein set the values of the variables for vvhich 
denominators are r^rc^ are exclu.dod. 



-ipl 1 fy . 

3 



(a) 



(b) 



1 



1 0" 



1. 

IT 



s 
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2. Simplify, 
(a) 



(b) 



2x 



bx 

T 



3m 

T 

m 



Problem F.et 10 -6a 
( continued ) 



(ci) J 



.simplify , 
(a) 



1 - 1 



X = 1 



(d; 



(b) 



?x = 1 



X + 1 



■ n 



4. 



(c) 



1 ^ 5^ 

3 



■1 



: impl Ify , 



(r) 



b) 



3|L . i 



a. h 



3 ^ 



=2ea-bx 



4 JO 
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limpllfy: 



Pro^ltni Set 10-^6c 
. ^ ( con ulnued ) 



(a) (x + 2)(:x - 2) 

(y ' g)(y - 3.) 

(b) ^ — ^ 1 — 



(c ) (g-x - 



2y + 4) - (I X - h - 6) 



(d) 



4x 

3 



7 



4a 
1" 




.2a 


1 




a 






T 








15 




5 



{el 



6. Find the truth set of each of the following sentenceE 



(a) (x - 4) (x + B) = 0 



5^ 



(c) -7x + 4 - 3x = -c 



2x + y 



X , 1 X _ 3 
7 + 'I ~ 1 ^ 5 



/ 



4?9 



Problem Het lO-bc 
( contlnuea) 



(f) i-six 



1 'H 



(g) + K = (=7) < y - (^x) ^ ( = 



3x(x - S) 

(n) lax + J =■ X = 9 I 



• . (J) x(x - 3) (:c -i 2) 0 

7, Draw thcf graphs of the truth sets of parts (f), (b) , (l), 
(.1) of Problem &. 

You can probably see how to "obtain the answes'S to the following 
problems without using a varUble, Use this as a checlc of your 
v;ork after you solve them by writing an open sentence and 
finding the truth set of the sentence. 

B. The sum of three successive positive integers is 1080. ^ 
Fyid the integers. 

0, The sum of two sucfjessive posttLve integers is less than 2tn 
Find out wh£.t^you can about pairs of ir^tegers which satisfy 
this condition. ^ ' 

IC . Find two consecutive even integers whose sum Is ^6, 

11, The sum of a whole number and Its successor^ Is ^-^5. What 
are the numbers? 

12. The sum of two consecutive odd m- rs la 75. What are 
the numbers? ? 



. Problem Sat 10-6c 

(continued) 

One number LeA^ times another^ The sum of the two number 
is lb more than 4 times the first. What are the number 

Two trains leave New Yorlc at the same time; one travels 
north at 6o m.p.h. the other south at ^ . m.p,h. 

After how many hours w^l they be 12^ miles apart? 



Summary - ■ ' 

Subtraction of real numbers is def.ined as follows: 
To subtract a real number b from a real 
n urn be r a , a d d t h e o p p o s 1. 1 e o f b to a . 
ThuSj for any real numbers, a and b 

a = b - a f ( =b) . 

Subtree tLori is neither associatXve nor commutative. 
However J a rule has been established for dealing with 
expressions of the fdrm 3 

a = b ^ c . 

We say that 

a - b - G ( a ^ b ) = G 

- a f (^b) + {^c)\ 

For any real numbers b^ and g^ 

a - ( b f c ) = a - b ^ c . 

Mul t ipl i c a 1 1 on i s d I s t r 1 bu 1 1 ve o ve r su b t ra c t Ion, Thus ^ 
if bj anri c ar^ any real riumbers, then 

a ( b = c ) ~ a b = a c . 

« 

For any two real numbers a and b, the distance from a 
to b on the number lin-'^ is b - a. The distance be tween 
a and b on the number line la |b ^ a| , 
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6. The multiplicative Inverse? of a real number Is also cnllf^.i 
the rcciprocrfl of the number. The symbol = Is used to 
denote the re c i p ro c a 1 o f x , 

7. Division of real numbers Is defined as follows; 

For any real numbers a and b, b ^ 0 

a — b = a ^ = 
D 

8. a ^ b can also be written ^ , 

b 



') , We adopted the followlnc convf2ntlons with recard to find ins 
a common name of a phrase, 

(l) i\ common name contains no Indicated division if it can 
be avoided. 

(ii) If a common name must contain an indicated division 
. t h en t he e x p r e s s L o n shall b ^^^^^ "lowest t e rm s " , 

IC . For any real numbers a and bj b ^ 0, 
- a a 

are names for the same number- 

\ 

- ^ is the common name. ^ 

D 



Pev^lew Problem He t 
1. Find the reciprocal of f^ach ni.imber. 

; (a) I (a) .33 ■ ^ (k) /2 

(b) C.3 (c) 1 (h) + 1 

(c) =t . 3 (D , 



1 
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(j) ^ 1 
(k) = i 

(1) ^ 



Review Problem Set 
( continued ) 

(•'^^ Wo 
(n) -D.a 

(p) .^5 



For what values of a do the following expressions have no 
reclpr-ocals? (Hint- What number "hag no reciprocal'') 



fa) a - 1 

(b) a t- 1 

(c) = 1 
(cl) a (a + 1) 



(r) a" + 1 
(G) =^ 



a" + 1 



3 



a 1" 



Consider the aentence 

% 

(a^^^t^ ^ 1 ) ^ a ^ 3. 

which has the truth set [013]- Check this. If both^ sides 
of the sentence are multlpllied by the reciprocal of (a - 3), 
that is^ by.^ ^ 



a 



and aome propert^les of rpal numbers are 



used (which propert Los ? ) , we obta. Ln' 

a -f 1 ^ 1. 

If we let a bj ^3 in this last sentence we get 3 + 1 = 1^ 
which Is clearly a false sentence. Why doesn't this new ^ 
sentence have the same truth set as the original sentence? 



-J U 



H 1 i 



Review Problem Set 
(i^ntinued) 

Obtain the sLmpTest expression fdr each of the following: ' 
'(a) (19x^ + 12x = 15) = (20x" = 3x - 1) 

. (b) (8a ^ 13) - (7a + 12) ^ 

(c) (l^e^ . 5a + 1) = (6a^ - 9) ^ 

(d) (3n + 12p - 8a) - (5a ^ 7n = p ) 

(e) (7x^ ^ 7) = (3x + 9). 

(f ) (a- ^ b^) - (a^^ - 2ab + b") 

' (g) From 11a + 13b - 7c subtract 8a - 5b - ^c/ 

2 

(h) What is the result of subtracting -3x +- 5x ^ 7 
from -3x + 12? i 

(1) What must be added to 3s - 4t + 7u to ^obtain 
-9s = 3u7 X 

Consider three pairs of numbers: (a) a = 2, b ^ 3: 
(b) a - 4, b - -5^ (c) a - b - -7, Does the 

^n^nce 4"^' | - ^ hold true in all three cases? 

Is the sentence ^< ~ trir^ in all Uhree cases of Problen 

b? Plot the pairs of recLprocals on the number line. 

Is it true that if b < a and if a and b-^^are positive, 

^Y\en = '^-^ = ""^ Try this for some particular values of a 
a b 

arid b. ■ % 

Is It true that if b < a and a, b are negative, then 

1^1^ 5^!ibBtltute some particular values of ,a and b, 
a ' b 



^3^ 

4 J u 
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Review Problem Sat 



/ ( continued ) 



9. Cou-ld you tell immaorately which reciprocal is greater than 
another if one of the numbers is positive and the other 
negative? . 

10, }4 b< a, what can you say of a - b? Complete this 
/statement: If a is to the right of b on the number line, 
\ then the difference a ^ b is . 

11, If (a - b) is a positive number ^ which of the statements / 
a < b, a = b, y > b, is true? What if (a = b) is a 
negative number? What if (a ^ b) is zero? 

12, If a, bj and c are real num'bers and b < a, what can 
we say about the order of a - c and b - c? 

13, sbsplify these expressions using the distributive property 
wheV^ necessary. 



/{a) a^ + 3a- / (g) C - 5a 

i 

(b) TT ^ (-tt) (h) (^25pq) = pq 

^ (c) I 8k ^ .(-Ilk) (1) (-I2y) ^ 4y 

/ 

(d) - Qv^ (J) (=3b) ^ (^3b) 

' (e) fax ^ 2x (k) (=4y) . 0 

(f) 9x^ + (^4x^) (1) 0 ^ (^3m) 

14. The temperature drops' lb" from an initial temperature of 
4° above zero. Express U>4^ statement as a subtraction of 
real numbers and find the resulting temperature, 

15. A submarine has been' cru Ls inf3 at tf) feet below the s^urface. 
It then goes 30 feet deepor,^ Express this change as a 

, subtraction of real numbers and find thp rnsultlng depth. 




Review ProMl 



Set 



( continued ) 
less than some number. 



Find the number. 



If the time at 12 o'clock midnight is;~considered as the 
starting time, that is^ a^t 12 o'clock midnight 't ^ 0, ' 
what is the length of the time interval fpom 11 o'clock, P,M 
to 2 o'clock A.M.? From 6 o'clock A,M. to ^ o'clock 
A . M J the next day? 

John and Rudy ride bicycles on a straight road on which 
there is a point marked O-.^ ^John rides 10 miles per 
hour and ^^Rudy rides 12 miles per hour. Find the distance 
between them after 3 hours if 

■ 

(a) They start from the 0 mark at the ■ same time and John 
goes east and Rudy goes west. 

(b) John is 5 miles 'east and Rudy is 5 miles west of 
the C mark when they start and they both go east. 

(c) John starts f rom^ the 0 mark and goes east, Rudy 
starts from the 0 mark 15 minutes later and goes' 
west. 



Cd) 

I 

If 

(a) 
(b) 

(e) 
(D 



Both^start at the same time. John starts from the 0 
mark and goes west and Rudy starts 6 miles west of 
the 0 mark%anc^ also- goes west, 

b Ls the multiplicative Inverse (reciprocal) of a. 
What values of b do wa obtain if a Is larger than 



1 ? 

What values of 
0 and 1? 



'J 



What Ls 
What is 



If 
if 



do we obtain If 



Is ! 1? 



is between 



Ls ^1' 



What values of b do we obtain if 



i..3 less than ^1^ 



What values of b Jo we obtain if a < ^0 and 



> =1? 



m - 



Review Problem Set 
(continued) 

(g) What kind of number is b if a Is ^positive? 

(h) What kind of number Is b if a is negative? 

^1) WhtJ^is b if ]a is 0? 

(j) If b Is the reciprocal of a^ what cm, you say 
about a? 

20, (a) What Is the value of 8? k (^9) x O x |^ x 642? 

(b) Is 8*17 = 0 a true sentence? 

(c) If n*50 ^ 0* what can you say about n? ^ 

(d) 'If p*0 ^ 0 , what can you 'say about p? 

(e) ** If p*q ^ 0, what can you say about p or q? 

J ^ (f) If p*q^Oj and we know that p > 10, what can 

. w.e say about q ? 

\ is) If 7^5)'7 - 0, what must be true about (x - 5)? 

^^^^^Vs^h). 'Explain how we know that the only value of y which 
will make 9xy>^iY><3^0 a true sentence is 0. 

(l) How can we, without Just^ guessing, dete™ine the truth 
set of the equation (x - 8)(x - 3) ^ 0? 

i 

21. Find the truth set of each of the following equatlonsi 

(a) (x*20)(x^ 100) - 0 

(b) (X +.fa)(x + 9) m 0 

(c) x(x - 4) ^ 0 

fd) n(K + sn) - 0 ' 

(e) (x - 1) (x - 2) (x = 3) = 0 
_ (f) 2(x = |)(x + |) = 0 

(s) (3x - 5) fax + 1) = 0 
(h) 9]x - 6| = 0 

a) ■ -3x =H ^f.:3 = -7x - 3.5 * 



4374 J j 



Review Problem Set 
(continued) 

(J) -4.3x - 2.7 < -E.3x + 



(ic) I -4 1 - |=3x| > -4 +.3x 
(1) + 



Simplify each of the fQllowlng expressions. Assume that 
the domains of the variables exclude values for which 
denominators are zero. 




*(S) 



3 
a 



5 

m. 







a » 






a - 




6x 
5 


X 

" TT 


2 


Sx 


X + 


i) 
t.J 




3 


X + y 



(J) (l- 1) + + 

/ =, \ a + 6 . a + g 

2 - 2 

= 3 

W 



(m) 



(n) 

(□) 

(P). 



a" - 3 - 3 



1 = 1 + 

X 



1 



1 - 



a b 
F + a 
1,1" 
a + F 



X - a . x - 3 

T"^^ 2 - X 



4 *</ 



Review Prohlmmh^t 
( continued ) 



3 



3 , T 



- 1 



(i) 



a - 1 a + 1 



% 

Find the truth set of eaeh of the following sentences; 
a - 1 

5x X 




Write the fli*3t step In using the distributive property to 
^e^^and "^(3x + 5) (2x - 3)* 



Use properties of addition to show that the following 
sentence is true. 

(25 + (;10)) + (-25) - (25 + (-25)) + (-IO)/ 

Show that § < ^ and ^< ^ are true senten^s^j^,.^fhen 
tell why you know Immediately that § < Is^true, 

If the length of each edge of a square Is multiplied by 2, 
by what number is the perimeter multiplied? By what number 
Is the area multiplied? 



Ra-vlew Problem Set 
(continued) 



23, A - to, Nil I and ,B - (-1, 0, 1).. \ . i 

(a) Under vihtch of the operations (addltlpgj, subtraetionj 
multiplication, division) is set A;^ ^closed? set B 
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(b) If C la the sit of numbers obtained by^ squaring 
elements belonging either to set A or set^ B/ 
enumerate set C, Is It a subset of A? of B? 

29. Given the fraction |^^^ ; what is the only value ol 
for which this Is'not a real number? 

' B 2 

30. ' Let p and b be positive numbers such that J* 

(a) If a < gU, What inequality does b satisfy? 

(b) If b < 24, what inequality does a satisfy? 

31. The product of two numbers is 2. If one of t^e numbers 
i^ less than 3j what is the other? If one is less than 
-3, what is the other? 

32. Does division have the associative property? That Is^ is 
(a ^ =c - a+ (b = c)? Give reasons for your answer. 

33. Is division commutattve? Give reasons for your answer. 

34. If X ^ a + - J and a ^ f ^ what is the value of ax + a ? 

a ^ 

35. If a is between p and is |- between i and i? 
Explain . 

\ 

36. Translate each of the following phrases into open phrases\ 
Describe the variable carefully where, necessairy* 

(a) The number of feet in 6y yards 

(b) The number of inches in ^ 2f ■ feet 

(c) The number of P^^fff In quarts / 

( d ) A girl ' s age 10 years ago 

(e) The number of ounces In k pounds and t ounces 



f ) 
1 4^ 



* I ^ J^tvlew PTOblem Set 

(oen'tinued) ' 

(f) The number af square Inchea In f square feet J 

(g) The number af cents In d dollars and k quarters' 

. , . .. ^ . . > 

(h) The number of cents In dollars^ ^ quarters, t 
dim&s and n nlckelP , 

(l) - The succesior of a wttoie number ^ - 

(j) The reciprocal of a number' 

(k) The number of feet trtveied la k mllei 

(1) Twice the number of feet traveled in' ^ * miles 

Write meaningful word sentences which are translations of 
the following open sentences. 



(a) 


X < 8c^ 




(b) 


y 3600 






z > 100, ceo, 000 




(d) 


u )■ V + w = l8c 




(e) 


z{z 'r l8J » 360 




(f) 


x(3x) < 300 




(s) 


(x + 1)- > x(x + 2) 




(h) 


30(20.00) < (30 - x)(a4. 


,00 ) 


(1) 


3a ■ 4b 




(J) 


n+(n+l)+(n+2)+ 
and n > 13 


(n + 5) + (n + ^) < 90 



V/rlte open phrases corresponding to ^ '"allowing word 
phrases, being careful to ■ieacrlbe ^ fiumber the variabl 
represents . 

(a) .s number diminished t^y 3 

(b) A rise of 20 degrees in temperature ^ 

(c) Cost of n pencils a- 5 cents each 
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' ^ Review Problem Sst 

Continued) ' ■ • ^ 

^ (d) ffi® amo^"^ ot" money In my pocket ^if I have ^ dlm^-^^ 
y '^Ick^^s, and 6* pennies » . 

,(e) ^Umbef Increased by twice number :^ 

(f) A^^mfcer Increa.^ed by twice another numb'^r 

(g) HP^ mm^e^ of days In^ w weeks 

(h) c^^^^ of purchasing ^ ^melQns at- fig centi ^ich and' 
y ^Qunds of hambtrrg'Br at^ 59 cents a pouri^ 

(U Af^^ of a rectangle having ©ne side 3 IncJ^^g longef 
tl^^^ another ' i , 

(J) on® ttillJion mor^ than twice the pcpulation c>t g 
c^^^ain city In Kansaa 

(k) An^^^ti salary equivalent to x dQllar& per ^^onth 

(1) .^ft^^Vis^ allowance^ which Is one .dollar mdr^ than 

(m^ Tn^ diBtance travele^^ Ir h hours at an av^^age 
sp^^d of ^ m.p.li. 

(n) Th^ ^eal Estate tax on property having a val^ttiof^ 
of V dollajs, th^ tax rate being $25. Oq 
%iOOq valuation 

(o) Do^^ld's ^oj/sht, which is to poinds more th^^ Earl'S 
(p) Speeq pf b/ car which la one mile per hour i^s^ than 
tn^^ of ^ foilowiiig .car 

(q) Co^^ of ^ pounds of steak at $1.59 per p°Und 
(r) Catherine's earnings for 7. hours it "c^hts an 

(s) Cn^^ of gallons >«f gasoline at^ 33,2 ce^^t^ a 



, (aontlnued) 

39.. Wrlt^ open sentences corresponding; to the . rollowlhg word 
7 sentences, and carefully describe the Variable used. 

, - (a.) Mar^, who Is '16,^* k years older than htir slater. 

(b) ^,B111 bought b ^ananas^at 9 cents eac^^ and ppld 
5^ cents , ^ ' - 

' C 
(a) If a number Is added to twice the number, the sum li 

less than 39^ 

(d) Arthur's fallowanee is one dcllar more than twice 
Betty's but is two dollars less than 3' times Betty's 

(e) The distance from Dodge City to Oklahoma Cityj 26o 
miles, was traveled t hours at an average speed 
of ^0 miles an hour. 

(f) The auto trip from St. Louis to Memphis, 300 miles ,= 
was made in t hours, the maximum speed being 50 
miles an hour. 

. (g) Pike's Peak is more than .14,000 feet above mean sea 
level. 

(h) A book, 1,4 ^inches thick, has n pages; each page 
Is 0,003 Inches thick, and each cnver Is ^ 
inches thick. ^. ^ . 

(i) Three mlllLnn Is over one million more than twice the 
population of any city in Cnlorado. 

A square havinf^ a side x inches long 'has a smaller 
area than a r€ctannlc v/hlch is x f 1 Inches long 
X = 1 inches wide. 
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The tax on real estate is calculated at #2^,00 per 
SlCCO valuation. The tax asnessment on property 
valued at y dollars Is ftl^b.rO, 

Donald's wolsht, 15? pounds. Is at least ^0 pounds 
more than Earl*s. 



\ 
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' ^Review Problem $et 

(continued) ' 

, (m) Th^ sum 'of a Gountlng number. and its successor la 575* 

= (n) The sum of a counting number and Itl, successor is 576* 

(o) The *s urn of two numbers^ the^^second greater than the 
S , first by 1, is 576. "'^ ... ^ ' . 



(p) board * lb' .-feet long is <ut In two plecee such that 

one piece is one foot longer than twice the other. 

(q) Catherine earns ^.$2. S5 baby-sitting for 3 *hours'at 
X cents an hour. ' . - ^ » 



(r) A familiar formula for making coffee le^ "Use one 
tablespe.on of doTfee for each cup of watery anS add 



one tablespoon of coffee for the pot," Use C for^ 



* the number of cups of watery and T for the number 

of tablespoons of coffee. ' ^ 

(s) In ^ years Mary will be twice as old as she was 6^ 
years ago . 

(t) A two-digit number la 7 more than 3 times the sum 

of th2 digits. 

(u) A number. Is increased by 17 *and the sum Is multiplied 

by 3. The resullLng product is 192* 

(v) If 17 is added to a number and the sum Is m.ultlplled 
by 3, the resul ns product is less^than 192. 

4o . Mr. Yorl< is reducLng, During each month for the past 8 
months he has lost 5 pounds. His weight Is now 175 
pounds. What was his weight m months ago If m < 8? 
Write an open □entanco stating that m months ago his 
weight was 200 pound-s. 

.J 



A ^ > 
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u 14 n 



Review Problem Het 
(cpntlnued) ^ 



i 



In a "gueks 't^e number" game Befety le asked to' pick a 
counting numbpr less than or equal to 7. 

(a) ^ V/lthi X for the numberj write the Inequalities which 

Indlcata the restrictions on the number, = ^ , 

(b) If Betty ^plcks^a counting number less than or equal to 
r? and Paul picks a* counting number less than or 

equal to„ 5, what can we say about the sum of Setty's 
'number and 3 times Paul's number? 

(c) If Eefcty picks' a ccuntlng number le.^s than or equal to 
7 and Paul picks a whole ^number less than or equal to 

what can we say about the sum of Betty's number 
and three times Paul's number?* ^ 

(a) At an auto parking lot, the charge Is 35 cents fo^ 
the first hour, or fraction of an hourj and * 20 cents 
for each succeeding (whole or partial) one-hour 

^ period. What Is the parking ^fee for 4 hours of 
parking? 

(b) If t la the number of one-hour periods 'parked after 
the Initial hour, write an open phrase for the parking 
fee, ' 

(c) With the same, aharge for parking as in the preceding 
problem> if h is the total number of one-hour 
periods parked^ write an open phrase for the parking 

.fee. 

(a) Two water-pipes are bringing water into a reservoir. 
One pipe has a capacity of 100 gallons per mlnutej 
and the second 4o gallons per minute. If water 
flows from the first pipe for x minutes and from the 
seconfi for y minutes, write an open phrase for the 
total flow in gallons. 



I 
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Review Problem Set 
, ( continued j 

(b) In part (a). If the flow from the first pipe Is 

- stopped after two hours, write the expression for the 
total flow in gallons in' y minutes, where y Is 
greater ahan 120. 

*-(c) With the ^sn^e data, write an open sentence stating 

that the total flew is 20,000 gallons. Find five ^ 
or more pairs of numbers for the varlab^s wliich 
yield true numerical sentiences, ^ 

The raadlng on^a Fahrenheit^^ermometer is 32^ more than 
1.8 times the reading on /a Centigrade thermometeri If the 
temperature is less than 50^ Fahrenheit, what Is the 
temperature Centigrade? ^ 

The amount of p05 la to be divided among Tom, Dick 
and Harry. Dick Is to have ^$15 more than Harry and Tom 
is to have twice as much as Dick. How must the money be 
divided? 

Last year's tennis balls cost d dollars a dozen J This 
year the price Is c cents per dozen higher ^han last 
year. . What will half a dozen balls cost at the present 
price? 

n man distributes ft 24 between his two children in 
amounts proportioned to their ages. The older is 7, and 
the younger 3. How much should each receive? ^ 

In a class of 10 pupils the average grade was 7?. The 
students with the two highest grades, g4 and g8, were 
transferred to another class, and the teacher decided to 
find the average of grades of the 8 remaining 

students. What was the new average? 
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(continued) ' , 

k$. Consider the sefi S of all the even Integers (positive^ 
negative J and zero) . Which/ of the five operations j 

- (l) addition, (?) subtraction, (3) mul^tlpllcatlon, 

(k) division J (5) flndlhg^the average---applied to pairs 
of elements of Sj will give only elements of* S? Describe 

^ your conelusion in terms of "closure" 

50. A haberdasher sold two shirts for $3.75 each. On the flt'St 
ha lost 25 percent of the cost and on the aeeond he 
gained 25 percent of the cost> How much did he pay for 
each shirt? Did he gain or did he lose from ^.he sale? 

51. A. boy has ^ 95 cents in nickels and dime^. If he has IP 
coins, how many of each coin does he: have? 

52. William has 5 hours at his disposal. ^How far can he ride 
his bike into the spooky woods If goes In at the rate of 
4 miles per hour and return? at the rate of 15 miles 
per hour? 

^ 53. A plane which flleg at an average speed of 200 m.p.h. 

(when no wind is blowing) Is held back by a head Wind and 
takes 3^ hours to complete a flight of 630 miles. 
What is the average speed of the wind? 



CHALLllNaE PROBLIlMS 

1. Let uo v/ritG /' for .the phraGe "1g f urther from 0 than" 
on the real nLimbcr line. Doug " have the comparison 

pro party J that is^ if a and b arc cliirTerent real numbers j 
iG It tnie that a b or b^ a . but not both? DoeG ^ 
have a tranGitlve propei^ty? i^or \:hich GubGot of tae set of^ 
roal numborG *do ^nd have the name meaning? 
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i Challenge Problems ^ 

(continued) 

Prova that the absolute value of the product ab Is the 
product |a|-|b| of the absolute values for any real ' 
numbers a and b. Hint: You' must consider all possible 
combijjfitlons of positive and negative numbers and zero. 

Prove: The number 0 has no reciprocal, - ^ 

Hint: Ariaume 0 does have a reciprocal and see what 

happens when you apply the definition of reciprocal, 

Provej The reciprocal of a positiv^e number is positive, and 
the reciprocal of a negative number Ib negative. 

Hint: The product of a number and its reciprocal is 1* 



Prove: 



Hint: 



The reciprocal of the reciprocal of a npn-zero real 
number a Is a . 



Consider the product (i) 

=. a 

a(i). Comparo th^ results. 



and the product 



6. ■ For each of the following pairs of express ions , fill in the 

symbol or " < which will make a true 

r 

sentence. 

fa) |9 - ?! ? |J| - 

(d) I ( = 3) = ;| h:: I = |9| 
(g) I (-0) = n| ? Mil = \?\ 

(n \p - (--)| ? |r| - 1-91 

(n) \(-^) - ('J)\ ' l-'l - 1-91 

7. Wrtte a symbol between |a - bp and |a| - |b| which will 
make a truff sentencp for. all roal numbers a' ., and b. Do 
the same for la = b| and lb I ^ |aL For la = b| and 



i Challenge Problemi 
(continued) 



8. Describe the resulting sentences in problem 7 In terms of 
dietanoas on ttte nianber line. ^ 

9. V/hat are the tv/o numbers x ^ on the number line such that 

|x - 4| = 1, • 

that ISj the tv;o numbers k such that the dlotance between 
X BXid 4 is- 1? ^ ^ 

.10. VlhBt is the truth set of the sentence 

N - ^ < 1, 

that ISj the set of nimbers x such that the distance 
between x snd k ^Is less th^ 1? Draw the graph of this 
set on the number line. 

11. Dravf the graph of the truth set of the compound open sentence 

X > 3 and x < 5 

on the number line. Is this set the same as the truth set 
of ifx - < 1? (V/e usually \rr±tm *'3 < x < 5" for the 



sent 


ence 


"x > 3 


and X 


< 5" 


.) 




Find 


the 


truth set 


of each 


of 


the 


following sentences j dra^ 


the 


graph of each 


of these 


set 


s * 




(a) 




.61=3 






(c) 


" |y ^ 3 1 < 4 (Read this- 


(b) 












the distance betv;een y 




i-6| = 10 


















and Q is less than h 


(c) 


|10 


^ a| = 2 










(d) 


|x| 


> 3 






(h) 


|zj V 12 ^ 5 


(e) 


|v| 


> -3 






(1) 


|x - (^19)1 - 3 


(r) 


'|y| 


+ 12 = 13 






(J) 


|y + 5| - 9 



13. 



15. 

16. 
17. 



18. 



19. 



V i 1 
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Challenge Problems 
. (continued) 



Hinti We have proved ^ ^ a ' f ' consider the 

^reetprocal of -1, How eould It be used td ^^-iin„ 
.^is proof? _ 

If a < 'to and a and b are both positive real iiumber| 

11 - \ 

prove that . J & h ' \ 

Hint'. Multiply both sides of Inequality "'a < b-^^^^y ^TW^' 

Prove that If a < b, where a ^ and b are both negative^ 

11 ^ ^ ■ 

then ^ > g . 

Prove that If a < 0 and b > 0 'then j < I' ' 

Prove that J + ^ ^ ^ for real numbers a^ b, and c 

Hint: Coneller the definition of division, then the 
dlstrlbutivf#prQparty . 

Prove that |+ i * j ~^ ^^^^ numbers a, b, 'c, 

and (c 0, d / c). 

Hint: Use the mul tlplilcatlon property of 1, choosing the 
form of ^1 carefully. 



Given the 


set 


(1. 


-I, 


J, -J) 


and 


the 


mul tlpllce 


itlon 


table: 














1 


^1 


J 


-J 






1 


^ 1 


-1 . 


J 








-^1 


^1 


1 


-J 


. J 






J 


J 


• -J 


-1 


1 






-J 


-J 


J 


1 


^1 




'C hall ongo P ro bl nms 
(cuntLauod) 

(a) Is'-theset closed under mul t- Lpl Lea t Ion ?' 




(b) Verify that- this multlpl icauUm is commutative for 
the cases (-1, j), (j, -j), and ^ (=1, ) . 



(c) Verify tha.t this multiplication Ls associative for 
the cases (^1, J, ) agd (1, =1, j), 

(d) Is it true that a x 1 ^ a, where a Ls any element 
of [1, ^1, J, =J)^ 

(e) Find' the reciprocal of each element In this set, 

I_f i£ a_n unspec if Led member of the set , f Lnd the 

tr;^i th so ts of the f ol lowljif^ j rriak Ini^ u s e o f y o u r re^sul ts 
Ln par_t LpI - 

(f ) .) x" X - 1 (h) J' X X - =1 

(p;) X = 1 \ J 5 ) XX--,] 

, A man travels 35o miles due west at a rate of 3 minutes 
per mile and re turns by plane at f; rate of 3 miles per 
n^lnlte. What was his total traveling time? What was his 
average rate of speed for the entire trip? 

21. M set uf ten numbern has n sum t. 'If each number Is 
Lncr-eased by ^-^ ^ then multlpllfKl by ?j and then 
decreased by that Ls the new sum? If you had tw^^nty 

numbers instead of ten and uhe same conditions, hat woulci 
be the n^n^; to ta i 
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GLOSSARY CHAPTERS 6^10 

ABSOLUTE VALUE - The absolute value of any non-zero real number 

is the greater of that number and Its opposite . The absolute 
value of zero is zero , 

ADDITION PROPERTY OF EQUALITY - For any real numbers a_, b, and 
if a ^ b, then a + c = b + c . 

ADDITION PROPERTY OF OPPOSITES. - For any real number a, 
a + (-a) = 0 , 

^ADDITION PROPERTY OF ^RDER - If a_, and c are- real numbers 

and i-f a < b, then a + c < b + c. 
ADDITION PROPERTY OF ZERO - For any real number a, a + 0 - a. 
ADDITIVE IhfVERSE - If there are real numbers x and y such that 
X + y = 0, then y is the additive inverse of x, and 
X is the additive inverse of y. 
ASSOCIATIVE PROPERTY OF ADDITION - For any real numbers a, b, 

and G, (a +- b) + c = a + (b + c) . 
ASSOCIATIVE PROPERTY OF MULTIPLICATION - For any real numbers a, 

bj and c , a(bc) ^ (ab)c. 
COMPARISON PROPERTY - .For any real number a and any real number 
b, one and only one of tne roll owing sentences is true: 

a < b 
^ a - b 
a > D . 

COr'lMUTATIVE PROPERTY OP AQDITION - For any two real numbers a 

and D, a + b-b + a. 
COMMUTATIVE PROPERTY OF iCJLTI PLICATION • For any real numbers a 

and u , a 'b ^ u ^ a , 
DISiT^IBUTIVi: PROPERTY = For any real numbers a, b, and c, 

a { b + c ) ^ ab + 16 . 
EQUATION "-^ A senii^^nce with the oyrTibol is called an 

equation , 

EQUIVALENT SENTENCED = Two open sentences with the same truth set 

are called equivalent ^entencen , 
IJteQUALITY - A sentence with uhe symbol or is called 

an inequality. - -^^^^ 
INTEGERS - The set oi jounting numbers, zero, and the opposites 

ov the count inf= numijers make up the set ot integers. 



IRRATIONAL NUTOERS - A number that is not rational but Is 

associated with a point on the number line is called an 
^ Irrational number. 

MULTIPLICATION PROPERTY OF EQUALITY - For real numbers a, b, 

and c , if a ^ b, then/ ac = be , 
MULTIPLICATION PROPERTY OF ON^^-^^For any real number a, 

a ^ 1 = a . , ^ 

MULTIPLICATION PROPERTY OP ORDER - If a and b are real ntmberl 
such that a < b, then ca < cb if c is a positive 
y number, but cb < ca .if c is a negative number. ' 
~TOCti PLICATION PROPERTY OP ZERO - For any real number a, 
a X 0 ^ 0, 

MULTIPLICATIVE INVERSE - a and b a^£ two real numbers such 

that ab ^1, a is : t multiplicative inverse of b.. and 

D is the multiplicative Inverse of .a. 
NEGATIVE REAL NUMBERS - Ttio set of real numbers assoaiated with 

points to the left of zero on the number line is the set of • 

negative real numbers . 
OPPOSITE - The opposite of any non-zero real number is the number 

which is at an equal distance from 0 on the number line 

and on the opposite side of 0. The opposite of zero is 

zero . ' 

POSITIVE REAL NUMBERS - The .set of. real numbers associated with > 
points to the right of zero on the number line is the set 
of positive real numbers . 
RATIONAL NUMBER - A number that can be represented by a fraction 
indicating a quotient, of two integers, excluding division 
Dy sero, is called a rational number, 
REAL ftJUMBERS = The set of numDers which- ihcludes the rational 
numbers and the irrational numbers' is the sat of real 
numbers , 

RECIPROCAL = The muliiplicati ve inverse of a real number is called 
the reciprocal of the number. 
^flANSITIVE PROPERTY OP' ORDER ^ If a, b, and c are three real 
^ numbers such that a < b and b < then a < c. 
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ofmultlplication, ^ 93, 133 
azis of parabola, 827 
bas^, 471 

between, IR, 19, 389^337 
blnar-y oper'atlon, 49, 5'^ 
bra-ces, 23 
Glause^ 99 
closure, 127, 128 
coef fl^-lents, 98'^ 

of a quadratic polynomial, ol'^ 
leading, 984 _ 
cornmon name , 27 
commutative pr-oper-ty, 91, 9' 

of addltloru 4;, ^13]/ 243-244 
of multiplication, „ 92, 133, 273 
comparison property, 208 
complete t he .^squar^e , 9'7;^-' '02 
f^omp 1 'U enes n property, ^j^9i=979 
compound open senten-en, ';'9, ^ ^''"j 8' 7 
>:^raph of, 10^ 
M-u^h of, 100 

cons t ai d. , -1=^3 
^'oordinate , Hi, 'i?0 
coordinate axes, 72rj 
correspQiidence , 1-'?, ^-'21 
counting number', 4 
cube root , 9^8 = 9^ ■ > 
det^ree , 

senten-e of f 1 c.-t , 71 1 
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prl::.v, -7^ 
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7 rai^a iun.^ , a . . i : ' - ■ 

iai bi ■■a ' ■" ; p ['U' la a rab ■ a-; ^ ■. r).- ^ 

i r 9 r r:; i ) if . : ; 

I a^ ;n r -a 1 a u r- a' : 1 1 a 1 r-i ^7 , -M - 1 ' < 

ri<jM.-C;- of 'WO la-a'aior.-^ ;;j:.:^^:a5' 
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function, 8^i3.ii^'^3 

defined by c^n^^^pj-gd palry, 850 
domain of d^^lnltion of, 3^^9 
graph of B'^g-^"^^ 
notation* 
range oV » 'rV^x^ 
graphs , 21 , 98 

of function^ ^ 9fy^J-W}l 
of orderaci p^lrs"^^ real 
of quadr'at^f:^ J^cj lyr'^^'^^nlals 
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sentenc^e^ in t^o variables,,, 790 = 739 
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systefHs 0^^ equations, T7^-7?2^ 
sy;stams in^^a'\aIit.lf^G , dOB^Roc) 
se^s . 107 



numbera , 718 = 7?^ 
H15-82B 



of 
of 
of 
of 

of - tmth 
identity e 1 a meri t / 

for addltipfi. ;^if , 
for' niul tlpii^^tiorw 
index of a radir^i^ . ' ^^^9 
lnequalit.les , 3^^^, 3^f9 
oqulvalont , ^244 
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11?^ 
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aet of, 



513. 

line 



graph of 
systems of^ 
truth setg .D^T, 
infinite set, i'3 
integer^ 19'- 

negative , 19'"" 
positive, 19;- 
, squares of^ ^in 

square ro^{ 
Intercepts , :"-^q^7 

inverse, 

addillve, 
mul tlpllc^t^iv% ^ 
of squarlh,:^ ^^^patio 

irr'ational nurih^r^ , 2^^* 

least ^■Qinmori '^On^^'^'lna 1 * 

least* coniinor: ::uri 1 i t% ^ ^ 7; 

line , 728-73 1 , 83. '^-y-^ 
slope of, 1^-' ^-v:7 
Ir.t en -r-pf ^T^, ' 7-1 

inonotnial, 7 

rnul ' ip len . ^ 

1 eas t fQ^'^niof; » . 

rnu 1 1 ipi 1 -a t lori* 

^ usscK^la ' iv.. r^-Qp.-^ 
■O'tunut a ' IVf, P '\)p. 
'jlosiine fop^ 
Identity oi^^n^r^r 
of auolient-53 p^^ 7 
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pt^opert y Of ^-dM;. ;it y , 
prope rt y 0 j> ^'u^ ^ ] L , 
pr'op--r'ty Of ^^^'78^-, 
prope f'Ty Of :^"'ro, ^ ^ 
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mult Ipl l^:at.ivh Inv^/rno, 30? ^ ' ^ 

natural number, 27 
negative , 

integer, ig? 

riUEfiber , ic^b 

ra t iona 1 numb e vn , 2 00 
non^negatlve number, 221 
null set,, 11 
number' line, 1^^, 

addition on, . 232=23'^ 

multiplication on, 52 

real, P02 
number's , 

absolute value of, 219-222 

counting, U 

even, 5 
( irrational, 202, 51^--522 
\ natural , 2? 
^ riegatlve, ing^S-OO 

non-negative 22 1 

odd, 5 

of arlthrnet 1^: , 19 
power- of, Bo, .5IO 

prime, 

rational, 17, r^9, 9l9, b21, 640-644 
real, 202, 521, ^ 55*^-558 
square of, 9, 510 
truth, 83 
whole, 5 
numerals, 2? 

numerical phrase, 2b, 37, 68 
one, multiplication property of^ 40, II8 
on e = t o - on e c o r re 3 p 0 nd en c e , 27, 721 
open phrase, ^;8, 83, 191, 194 

opeo^ sentence , 98, 83, 9S , 151. 15^, 158, 16O 
compound, 99 
ijntalnlng fi'act.lons, 425-429 
^oktalnlnr^ rat ional expr'esslonG , 075 = 662 
equivalent", m95^^'^M2 
in tv/o vardaMes, 7l|-71^'^ 
solurions of, 313-31^ 
truth sets of, 91. 

y-t'nf^fi of, 71'' 
opf't-'i ' lori , b1 riafy , - \> , 9' ' 
oppori^^;S, 20;>2I2, 3^''>- 

addition p:'0p^;r;ty of, 24 1 -^2^12 
or-d^vf^, 2^9, 333 

I'i il- \ o\^ pr'op^u''y or', 33^f, Oo^ 

for rea I nirnber:: , 333 039 \ 

rnult Ipll :at Ion pr'r.p^.r^ty of, 351/-359, 699 

t r'anGli Ive prop''- rty of, 335 ' 
order of opera^lonn, 2\^-30, 31 = 33 
or iere i p'^lr^ oV riu:il 'M-:: , 'd2 

^rraphs of , 71 ^^^ = "^2-y 
or" I Lni t , 922 =723 ' 
pa r'abo 1 a , '"■27 

axis Old ' 

\-';r'tex uf, I 
par*uit. here:.; , 3.1 
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perreut squaff;:i, ' /jf -hOO 
perimeter of a r^eotanglo, 
phrase , 

numerical , 2? , 32 , 
open, ibl . -i 
word, 151, 
polynomial, 5^3-5^^^^ ^'?1, 622 
coefficients of quadr'at ln , 
degree of, J^S3 , ' 8IO 
dividing, n^y , r^jS 
equation, 609, Oil 
fai^toring , 56f ^6l 1 
o V e r ' t he i n tege rs , 5' -5 
over- the rationale, 5^■5, o07 
over the r^eals, Snh, hO4=60S 
prime, 568, 587 
quadratic, 573^589, 815-837 
quotients of, 623^639 
posl tl ve , 

integers, 197 

lonal numberB, 200 



)0^^#?T of 
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prime factor, 
p r i me fa c to r i z a 1 1 o n 
of polynomials 
p r i m e n u mb e r , 4 o 6 
p ri me p o 1 y nomi a 1 s , 
pro due t , 

Indl^-'ated, 27 
of fractions, 
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prope rty 
proper^ty 
add It ion 



proper' factor, ^.57 
proper subset, 27 
property , -'mD 

a d d 1 1 1 o n p r 'O p e 1^ t y 

addition proper-ty 

adds t ion property 

addition p rope-? rty 

asooclative 

ars so relative 

closure for 

closure for 

■ommu t atlve 
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^■omparlson , 

completeness , 5fjiufj55 
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transitive proper' y 

proportion, ^^2 3-'iS4 
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t ruth s^^ts of , 3't^ 

quad rat 1^ pol ynomla hj , 

gi'aphs of, Hl'j = c2^^ 
standard form o:7 - 



of ■^quality, 2^160^7 
of opposites, pird''=2'42 
of order, 339, '^96 
of zero, 117, 2^n=2U2 



of addition, h*], 133 

of rnultiplicitlon, S3, 133 

127 

multiplication, I2B 

property of addition, -Ss 131 

property of mul t Ipll cat ion , S2 , 133, 273 



139 

of equ.a^ ity , 
of one, 'iO, 
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of zer-o, 



310-311 

286 

119. 318-319 
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real number's , SS4-S^8 
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inqi-at , u ■ 
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3 quar-e root , 

approxlrnai=^ , f^J[2=.5i;/ 
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rational , 1 7 
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